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PREFACE 


In th <5 WA: “Th'rory nf Eia^ff-icit.y ” f r^r ^P^fonnatlon 


of bodifi^ £ll (.hroo dim'-n.-jon.-; of v/fj!';}i fcro o! r-rsfno ordor of 
TfiZi^jTiJtfjdo oon.ddorod, Ifio pr<r-/;rit book di.'-^cip.HO'i only 
th'/H'i proo1orri>; in which one fiirnon.-.ion of a h^i^ly ^t.ho tiiickriOr..-; 
of a pla*o or shell; can }^; corisiderod a- small in companion V/if.h 


the other dirnerision-. 


Tliere are many engineennci -tnielnra-: in v/hieh rjlaf^’r'-: and 
she!!.-; are u.sed extensively. N'otahle exarnfde-':' iriclude tlie steel 
plates' of ship hnlis: s:i'hmitt/;d to the action of water j;ros-iire, 
concrete and reinforced concrete slabs under the action of Iat':ral 
loading, dornc'-s and thin-waJIed tank.- and containers of variou.- 
sljapes submitted b. the action of internal or external pre-sure. 
A variety of problems; concemirifr the l/indirig of circular platns 
or of conical and spherical shell.s is encotjntered in the of 

boilers, h/';omot!ve en;rines and st/.arn lurbitjes:. Particularly 
at the present time thin-walled stnietures are findins? a wide 
applieatiori in the rnr/lerri development of airplane .stnietures. 


In all cases in whieh one dimension of a hviy is; 


.small if! com- 


pan.sori with the others, the problem of finditiac .stres-ers and 
defleetion.' can bo simplified and variou.s approxinsate rnethod.s 
of analys'is: have Wrn detmlop^rd. Tliis; book is: occupied jirin- 
cipally with the discussion of srueh methvJ-;, 

7.Tie bvjk is; vrritten principally for en^'neers en^a^ed in the 
deisigu of thin walled .stnicturos, V/U.h .specific- applications in 
view, d£.s-^;ussion of the general theory* of platos is: limited to a 
minimum, most of the spaee l/^dng devoted to the in'/e-.tigation 
of particular prohlem.S', 7’he tneitrnent of the-e prohlem.s is; not 
YiTMt/A to the development of a general solution, hut in many* 
eass;S complete numerical calculatio.n.s are carried out and pre- 
sented in the form of tables containing the '.'alue- of the defiee- 
tJ 0 .n.s' and str^ssrses for */arioas proporf.iori.s of plates and for variou.s 
load 'coTidition.s'. 


of 


The preliminary* knowledge of_ rnathematies and strength 
material.-; that i.s taken for granted i.s that u.sually eovered by 
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PREFACE 


our schools of engineering. Where additional mathematical 
equipment is nece.s.«ary, it is given in the book witii appropriate 
explanations. To simplifj' the reading of the book, the portions 
■which, although of practical importance, are such that they can 
be omitted during a first reading are put in .small typo. The 
reader may return to the stud^' of such topics after finishing the 
more essential portions. 

Numerous references to papers treating problems on bending 
of plates and shells are given in the book. I'lie.-e references 
may be of interest to engineers who wish to study some special 
problems in more detail. They give also a jneture of the modern 
development of the theory of plates and shells and may be of 
use to graduate students who are jfianning to lake their work in 
this field. 

In writing this volume the author made free use of his earlier 
Russian text dealing with jdates and .shells.' 'I'he numerical 
table.s for laterally loaded plate.s were taken, in many eases, 
from the books by J. G. Boobnov" and by B. G. Galerkin,' 
In the preparation of the chapters on thin .slu'lls, the author 
con.sultod often the recent work on this subject by W, Fliigge.'* 

In the preparation of the manuscript, the author wa.s helped 
by his former puiiils. Dr. Stewart Way, Dr. Mikl6s IIet<?nyi, 
and Dr. Elmer Bergman, and he takes this oi)porttinity to thank 
them for the ro.ading of portions of the manuscript and for various 
valuable .sugge.stions which they have mafic. llt> also expre.sses 
thanks to Mr. W.altcr Vincenti, his present student at Stanford, 
for help in the final pre[)aration of the manuscript, for the pre- 
paration of the figures and for the reading of i)roofs. The author 
wishes here also to exi)re.<s appreci.ation to tin; University of 
Michigan and to Stanford Univei>ity for financial assistance 
in the preparation of table.s, diagrams and figures. 


Stanford U-vivkicsitv, 
Augttxl, 1910. 


S. Timoshk.vko. 


1 “Thcorj' of Elnsticily,” vol. 2, 1910. .Si. IVtcrslnirg 
= “Thcorj' of Structure of Sliips,” 1911. .St. Pi-ierstnirg. 
= “ Elastic Thin Plate.s,” 1933, Mo.sc(>\v. 

* “Statik und Dynuniik dcr Selinlen,” 193-1. Berlin. 
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THEORY OF PLATES AND 
SHELLS 

CHAPTER I 

BENDING OF LONG RECTANGULAR PLATES 
TO A CYLINDRICAL SURFACE 

1. Differential Equation for Cylindrical Bending of Plates, — 
We shall begin the theory of bending of plates with the simple 
problem of the bending of a long rectangular plate that is sub- 
jected to a transverse load that does not vary along the length of 
the plate. The deflected sur- 
face of a portion of such a plate 
at a considerable distance 
from the ends^ can be as- 
sumed cylindrical, with the 
axis of the cylinder parallel to 
the length of the plate. We 
can therefore restrict ourselves 
to the investigation of the bending of an elemental strip cut from 
the plate bj’’ two planes perpendicular to the length of the plate 
and a unit distance (sa}" 1 in.) apart. The deflection of this strip 
is given bj’’ a differential equation which is similar to the deflection 
equation of a bent beam. 

To obtain the equation for the deflection, we consider a plate 
of uniform thickness, equal to h, and take the xy-plane as the 
middle plane of the plate before loading, i.c., as the plane midway 
between the faces of the plate. Let the y-axis coincide with one of 
the longitudinal edges of the plate and let the positive direction 
of the z-axis be doATOward, as shown in Fig. 1. Then if the wdth 
of the plate is denoted by I, the elemental strip may be considered 

^ The relation between the length and the width of a plate in order that 
the maximum stress may approximate that in an infinitely long plate is 
discussed later; see pp. 130 and 130 . 

I 
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as a bar of rectangular cross section which has a length of / and 
a depth of h. In calculating the bending stresses in such a bar 
we assume, as in the ordinary theory of beams, that cross sections 
of the bar remain plane during bending so that they undergo 

only a rotation with resi)ect to their 
neutral axes. If no normal forces are 
applied to the end sections of the bar, 
the neutral .surface of the bar coincido.s 
with the middle surface of the plate, 
and the unit elongation of a liber par- 
allel to the X-axis is proportional to it.s 
distancec from tin* middlesiirface. The 
curvature of the deflection curve can be 
taken equal to — d'e/dx-, ^vherc u\ the 
deflection of the bar in the r-direction, 
is a.'-sumed to lie small comp.ared with 
the length of the bar /. I’he unit elongation o of a fdjcr at a 
distance z from the middle surface (I'ig. 2) is then — r dhr/dx-. 
Making use of Hooke’s law, the unit elojigations e. and t.j in 
terms of the normal stre.<.ses and Xy acting on the clement .«hown 
.shaded in Fig. 2a are 



(b) 
Fui. 2. 


= 


E 



_ Xy _ 

“ E E 



( 1 ) 


where E is the modulus of elasticity of the material and r is 
Poisson’s ratio. The lateral strain in the ?/-direction must be 
zero in order to maintain continuity in the plate during bonding, 
from which it follows from the second of eejuations (1) that 
Xy — I’Xi. Substituting this value in the first of equations (1), 
we obtain 


and 


_ (1 — r-)xx 

“ E 

Etx __ Ez il-w 
1 - r- " 1 - r- dF’ 


( 2 ) 


If the plate is submitted to the action of tensile or comprc,s.sive 
forces acting in the x-direction and uniformly distributed along 


BESDlXa OF WF'G RECTANGULAfi PLATES 


th*? longitudinal riders of tho plate-, the corre^p^jnding direct stro:^-; 
mu?t bo added to the rtro-.r ('2; due to bending. 

Having the e>:pre.->rion for hK;nding .etrr^?.-: c., v/e obtain by 
integration the bending rrioment in the elemental strip: 


M = 



f2 £ 2 - dV 

1 - 12(1 - v') dx' 


Introducing the notation 


Eh^ 

12(1 - yy 


= D, 


(S) 


vre represent the equation for the deflection cur/e of the elemental 
strip in the following form: 



-3/, 


^4) 


in v.hieh the quantity D. taking the place of the quantity El in 
the case of beams, Ls called Ihf: f.rxvral rigidibj of a plate. It is 
seen that the calculation of defieeiion-s of the plate reduces to the 
integration of Eq. f4i v.-hich has the .‘■arne form as the differential 
equation for deflection of l.K,'arn.s, If there is only a lateral load 
acting on the plate, and the e<lges are free to approach each other 
as defection occurs, the erepression for the bending moment 3/ 
can be readily derivcfi, and the defection cun'o vrill be obtained 
by integrating Eq. f4). In practice the problem is more com- 
plicated, since the plate is usually attached to the boundary, and 
its edges are not free to rno're. Such a method of support, sens 
up tensile reactions along the edges as soon us defection takes 
place. These reactions depend on the magnitude of defection 
and afreet the magnitude of bending moment 3/ entering in 
Eq, (4;. The problem reduces to the investigation of bending 
of an elemental .strip .siibrnitted to the action of lateral load and 
of an axial force the magnitude of v/hich depend.s on the defec- 
tion of tKe .strip.* In the follovdng v;h consider thi.s problem for 


* In rich a forr.a the prohhm fin-:t dL=cu.-%/l hr L G. Eoohnov; see the 
E.egli?h tr&rvAazhm of his work in Trar^-:. Jmi. Nncnl Arc}^., vol. 44, p. 15, 
V.xfl, and hk “Tfieor;/ of Straetare of Ships,” vol. 2. p. TAT), St. Pr-ten-hurg’, 
1014. Sfx; ab:o the paper by Ste-vart V.sy prr.-:ented at the National 
hleeting of Applkfl hlf:^;hanies, A.S.^/I.E., Ne*// Haven, .June, 19-32; from thk 
are taken the ctir-.-es used in Art.--. 2 and 3. 
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a, particular case of uniform load acting on the plate and for 
various conditions along the edges. 

2. Cylindrical Bending of Uniformly Loaded Rectangular 
Plates with Simply Supported Edges. — Ltd, us consider a uni- 
formty loaded long rectangular plate the longitudinal edges of 
which arc free to rotate but cannot, move towarrl each other 
during bending. An elemental .‘-•trip out out from this plate, a.s 
.shown in Fig. 1, is in the condition of a unifftrinly loaded bar 
.submitted to the action of an axial force H (I'ig. 3), the magnitude 
of which is such a.s to prevent the end*-- of the bar from moving 



along the j--axis. Denoting by 7 the intensity of the uniform 
load, the bending moment at any cro.-s section o'’ the striji is 




Substituting in Kcj. ( 1 ), we obtain 

d-tr ^ ,SV _ ijlx rjX' 

dx-' T) 21) ' 21) 

Introducing the notation 


the general solution of Eq. (o) can be written in the following 
form: 


. , 2t{x 


tc == C, si h CL cosh -1- (h) 

' / Sifl) Sii-1) iGidD ^ 

1 he constants of int gration C i and C; will be determined from the 
condition.s at the euiis. Since the deflections of the strip at the 
ends arc zero, tve !i:iv(> 


ie = 0 for 


J = 0 and for 


3 - = 1 . 



BEirnryG or loeg recta::gvlar plates 


o 


S:ib' 3 tittitinc for ir its expression Oi]. vre obtain from these two 


coxoitiorj? : 


r . = ' f -* I - < t<ish 2’-i 

IBj-PD sirih 2'j. 




and the- expres-sion (h) for deflection tr becomes 


ci‘ f ^ ~ co^h 2’c 
^ I^V smh2u 


2>ix , 2-tt- 




. cJh- ql'x- 

‘ Sidjf) $«-£>■ 


S'ibstittitias 


r-fjsh 2u = cosh- -r sinh- n, sinh 2’; = 2 siuh u co=h tn 
cosh- 1 ; = 1 -f- sinh- i/. 


we can represent this expres.don in n simpler form: 



Thos. deSections of the elemental strip depend upon the quantitv 
u. which, as we see from Eq. (5;. is a function of the axial force S. 
This force, so far. is urinown and can i>e determined from the 
condition that the ends of the strip fFiz. 3j do not move alons the 
r-axis. Hence the extension of the strip produced by the forces S 
is equal to the difference between the length of the arc along the 
deSection curre and the chord length 1. This difference for 
small deflections can be represented b:v the formula^ 



-See anmors “Srrength. of yiaterials." voL I. p. .3S, 19-30. 
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In calculating the extension of the striji produced by the 
forces S, we assume that lateral strain of the strii) in the y-direc- 
tion is prevented and use Mq. (2). 'I’lien 


X 




(d) 


Substituting expression (G) for tn and performing the integration, 
we obtain the following equation for ealeiilating S: 

5(1 — t’-)] _ r/T-f o buih » ^ 1 tanli- » _ ^ 1 Y 

D\2r)6 ii^ 2oG»' 38-}!/7 ’ 


or suiistituting S = 4u-D/l-, from Eq. (o), and the expression 
for D, from Eq. (3), wc finally obtain the equation 


EVi'^ „ " I tanh- u 

~ “ 10 u" 


13*) 1) 

lOn’' ‘ Sid'’ 


(f^) 


For a given material, a given ratio Ji/L and a given load q the 
left .side of this etpiation can be readily calculated, and the value 
of u satisfying the equation can be found by trial-and-error 
method. To simplify this solution, the curves .-^hown in Fig. 4 
can be used. The abscissas of these curves rejirestml the values 
of ii; and the ordinates, the quantities logio (10‘\/fV), where f'o 
denotes the numerical value of (he riglit side of Eq. (S). \/f 'c is 

used because it is more easily calculated from the plate constants 
and load; and the factor 1(1’ is introduci'd to make the logarithms 
positive. In each particular ca.se wc begin with calculation of 

the square root, of the left .side of Flq. (S), equal to 

which gives us s/lJo- The quantity logi„ (10*%//'^) then gives 
the ordinate which must be taken in Fig. ■}, and (he corresponding 
value of u can be readily obtained from the curve. Having n, the 
value of the axial force 5 is obtained from Eq. (.a). 

In calculating stresse.s we observe that the tot.al stre.ss at any 
cross .section of the strii) consists of a bending strc.ss propor- 
tional to the bending moment and a tensile stress of magnitude 
S/h which is constant .along the length of the strip. The maxi- 
mum strc.ss occuns at the middle of the strip whore the bendine- 



C urve C jo Log 10‘^VUo 

Curve B LoglO'^VXlo 

Curve A LoglO'^'Vljo 
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Substituting expression (6) for lo, we obtain 


where 


ii/...., = |-V«(t0, 

( 9 ) 

, 1 — .scch It 

(e) 

^0 = 

2 



The values of \}/o arc given by curves in Fig. o. It i.s .«ocn that 
these values diminish rapidly with incroa.=e of u, and for larger 
n the maximum bending moment is s<*veral times smaller than the 
moment gl'/S which wo\ild be obtained if there were no tensile 
reactions at the ends of the strij). 

Tlie direct tensile stress o-j and the maximum i)ending .stress 
(To arc now readily expre.-'sed in terms of ii, f/ and the plate con- 
stants as follow.s; 


_ .S' ^ -iiYD ^ Ell- /JiY\ 



( 10 ) 

( 11 ) 


The maximum .strc.«s in tlie plate is then 


To show how tile curves in Figs. 1 and 5 can ijo tiscd in cal- 
culating maximum stress, let us take a numerical exatnple and 
a.s.sume that a long rectangular steel }date oO in. wide and ’ in. 
thick carries a uniformly distribiiteil load c/ = 20 lb. jier squ.'ire 
inch. We start with comimtati'in of \/T^: 


Then, from table.s, 


•iO • 10' 1 

- o.:v-)2o ib'^ 


= 0.01 CIS. 


logio (10'\/T^ ) = 2.217. 

From the curve A in Fig. -1 \s.- lind u = :i.705, and from Fig. '> 
we obtain vo = 0.1320. 

Now, cumputing stro.s.ses by using Eqs. (10) and (11), we find 


O’! 

(To 


30 


10' -3.795= 1 

2^4 = lo,8.i0 lb. per .square inch, 
10,930 lb. per square inch, 


3(1 - 0.3=) 

J • 20 • 10' • 0.1329 

= (Ti 4- (T; = 35,700 11). pci" squaro inch 
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In calculating the maximum deficction we .substitute r — 1/2 
in Eq. (6) of the deflection curve. In thi.s manner wo obtain 

aw = 0 ^) 

wlicrc 

.'^(>cll tt — \ 

^ ^ 

21 

To siinjilify calculation-; the values of /p(») are gi\'en by the 
curve in Fig. ii. If there were no tensile n-actions at the ends of 
the strip, the maximum dellection wouk! !>e ~->qV/'SSAl). The 
effect of the tensile reactions is given by the factor/p(»} which 
diniinishe.s ra])idly with incre.asing ». 

U.«ing Fig. o in the numerical e.xajni)!e pn-viou.sly discu.s.-ed. 
we find that for u — .3.70.a the value of /o(i() is 0.14.a. Substi- 
tuting thi.s value in Eq. (12), we obtain 

»W. = -l.T-l • O.l}') = O.OSS in. 

It is seen from i']q. (S) that the tensih- i)aratneter u depends, 
for a given mat('rial of the plate, upon the intensity of the load 
q and the ratio l/lt of widtli to tliickncss of the plate. From 
Eqs. (10) and (11) we .see that the strc.s-i's (t\ and <t; are also 
function.s of a, q and l/h. Therefore, the maxinmm stre.ss in 
the plate depcud.s only on the load q and the ratio l/h. This 
means that we can plot a .set of curves giving maximum strc.ss 
in terms of q, each curve in the .«ct corresponding to a particular 
value of l/lt. Such curve.s are given in Fig. 0. It is seen that 
because of the presence of tensile forces S. which increase witli 
the load, the maximum stress is not pnjportional to the head q; 
and for largo values of q this stre.ss does not v.ary much with the 
tliickn(s;.s of the plate. By taking the c\irv(' marked l/h ~ 100 
and assuming q - 20 lb. per square- inch, we obtain from the 
curve the value a-c»i. calculated before in the numerical examjde. 

3. Cylindrical Bending of Uniforml}' Loaded Rectangular 
Plates with Built-in Edges.— -We assume that the longitudinal 
edges of the plate arc fixed in such a manner that they cannot 



Ii't'aa In Uh. p<ir 

Ixt f>t ’ 


isE::b!::G of rf:cta::gulah plates 1 1 

TfjZ&ZF. Taking an '•-k-rrtant.al .-.rip of unit v.idth in tha sarna 
mannar a? iKrfora fFia. 1;. arfU aanotina by 3/.-. tha bandina 
moraant nar unit lan^Lh. aatin" on tha longitudinal adg's-: o: tha 


piata. tna torar- acting on tiia .=trip trill ba a= shotvn in Fig. 7. 
Tha ^jcnding moma.nt at any cro— .aaction of tha .atrin i.a 

Substituting tbi.= asrpraarion in E-g. f4) v/a a»btain 

V'' -'■^'5 / - 

d'jA U 2D 2D D' 

The ganaral .solution of thi.= aquation, u.ring notation (.5), vdll be 
rapresantad in tha folio 'ring form: 






12 


THEORY OF PLATES AND SHELLS 


IV 


= Cl sinh — Y — }- C" cosli — ^ 


82 /=/) 8//=/) 

qP 


Mol- 


il') 


WuW ' 4»=/J 

Observing Hint the deflection curve is syin/nctrical with respect 
to the niicldle of the strip, we determine the constants of inte- 
gration Cl, Cs and the moment Mo from the following thi'ce 
conditions: 


't;! = 0 

(It 


for 


and for 


(/:) 


X = 0 

w — 0 for X = 0. j 

Substituting expression (h) for /e, we obtain from these er>ntiitions 


Cl = 

_ A' 

c.= 


10i/=/) 

lOn-U 

il/o = 

_ '?!: 
4i(= 4» 

eoth u - ~ ^^4' 


t / \ 

3(i/ — tanh u) 


i'm(i/) = 

xt- tanh 1 / 


( 13 ) 


where 


The deflection //' is therefore given by the expression 


qP 


enr 


qP 


■JUT 


j. 

8 (/= 7 >> SiPJ) 


qP 

nhPD 


eoth ?/. 


This can be further simplified and fimdiy pul in the following 
form ; 


w = 


qP 

1 

i 

o 

u 1 

10//=/) tanh XI \ 

[ cosh 


(M) 

For enioulating the pai-ameter w we proceed Jis in the previous 
article and use Lq. (d) of that article. Substituting in it ex[)res- 
sion (14) for xv and performing the integration, we obtain 

/S(l - N-)l ^ 0 3 I 

liE D'\ 2~y(iu^ tanh ii 2ol3ii^ .sinir u 


+ 


4. „ M 
Oil/® ■^384i/V‘ 
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Substituting S from Eq. (5) and expression (3) for D, the equation 
for calculating v. finally becomes 

E-¥- ^ ( 81 27 a- a. JLY 

fl — v-)-q-P \ 16w‘ tanh u IGu'^ sinh* u ' 4u’ ' 8>v.') 

(15) 


To simplify the solution of this equation v/e use the curve in 
Fig. 8, in which the parameter v. is taken as abscissa and the 
ordinate.' are equal to logjo (lO’V^j), where D'l denote.- the 
right side of Eq. (1-5). For any given plate we begin with cal- 
culation of the square root of the left ^e of Eq. (15), equal to 
EV-fiX — v-)qlK which gives us \/6'i. The quantity iogn 
then gives the ordinate of the cun,'e in Fig. 8, and the 
corresponding abscissa gives us the required value of «. 

Ha'i’ing n, we can begin with calculation of maximum .stress 
in the plate. The total stre.ss at any point of a cross .section 
of the .strip coasists of the constant ten.silc stre.ss ci and bending 
stress. Tlie majnmum bending stre.ss er; will act at the built-in 
edges where the bending moment is the largest. Using Eq. (10) 
to calculate ci and Eq. (13) to calculate the bending moment 
ilfc, vre obtain 



O^cai- *7” ^3* 


To simplify the calculation of bending stre.ss o-;, the values of 
the function ^i(u) are given by a curve in Fig. 5. 

The maximum deflection is at the middle of the strip and is 
obtained by substituting x = 1/2 in Eq. (14), from vdiich 


where 

/i(w) 

To .simplify the calculation of deflections, the function /i(u) is 
also given by a curve in Fig. 5, 


(18) 

24/^ ^ n \ 

‘ .sinh u tanh uj 




2 

(j 

10 

VoV''; of u 

i.„= V m - 


Wc illustrate the us(’ of curves ii\ 
example. A long rectangular steV 
I = 50 in., h = h in. and 7 = 10 lb\ 
ca.se 


.__5 and S by a numerical 
-obH* j],j, dimen.''ion.s 

ire inch. In .^uch a 


,a> 
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^ E {h\ _ 30 -K/' 

V 0 1 - (1 _ ) (1 _ 0.3-) 10 • 10^ 

log lO^v^f' i = 2.5181. 


0.032960, 


From Fig. 8 v/e now find u - 1.894; and from Fig. 5, = 0.8212. 

Substituting the.=e value.s in Eqs. (16) and (17), we find 




(Te 




30 - 10' • 1.894= 
3(1 - 0.3=) 10< 


3,940 lb. per .square inch, 


\ ■ 10 - 10' • 0.8212 = 41,060 lb. per .square inch, 
Cl + c -2 = 45,000 lb. per .square inch. 


Comparing the.se stre.s.s values with the maximum .stre.-.s obtained 
for the plate of the .same .size, but for a doubled load, on the 



Fra. 9. 


a.s.sumption of simplj' supported edges (.see page 8), it can be 
concluded that, owing to clamping of the edges, the direct tensile 
.stress decrease,s comsiderably, wherea.s the maximum bending 
stress increa.ses several times .so that finalh^ the maximum total 
stress in the case of clamped edges becomes larger than in the 
case of simply .supported edges. 

Proceeding as in the previous article it can be shown that the 
maximum stress in a plate depends only on the load q and the 
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BEX DING OF LONG RECTAXGULAE PLATEG 


17 


ratio l/h, and vrc can plot a set of cun'cs giving maximum stre.'S 
in terms of q. each curre in the set corresponding to a particular 
value of l/fi. Such curres are given in Fig. 9. It is seen that 
for small values of the intensity of the load e, vhen the effect 
of the axial force on the deflections of the strip is small, the maxi- 
mum stress increases approximately in the same ratio as q 
increases. But for larger values of q the relation Ixjtn-een the 
load and the maximum stress becomes non-linear. 

In conclusion vre give in Table 1 the numerical values of all 
functions that •n'ere given in Figs. 4. 5 and S. This table 
can be used instead of curves in calculating maximum stress and 
TDP.-nmum deSections of long uniformly loaded rectangular plates. 

4. Cylindrical Bending of Unifonnly Loaded Rectangular 
Plates vrith Elastically Built-in Edges. — Let us assume that when 
bending occurs, the longitudinal edgc.s of the plate rotate through 
an angle proportional to the iK-nding moment at the edges. In 
such a case the forces acting on an elemental strip tvill again be 
of such kind as shown in Fig. 7, and we shall obtain e.xpre,s.sion (h) 
of the previous article for deflections ir. However, the condi- 
tions at the edges, from which the constants of integration and 
the moment 3/r are determined, arc different; viz., the slope 
of the deflection curve at the ends of the strip is no longer zero 
but is proportional to the magnitude of the moment il/c, and 
we have 



where ^ is a factor depending on the rigidity of restraint along 
the edges. If this restraint is veiy' flexible, the quantity ^ is 
large, and the conditions at the edges approach those of simply 
supported edges. If the restraint is verj' rigid, the quantity ^ 
becomes small, and the edge conditions approach those of abso- 
lutely buHt-in edges. The remaining two end conditions are the 
same as we had in the pre^dous article. Thus we have 



= 0 . 

Using these conditions, we shall find both the constants of integra- 
tion and the magnitude of in the expression (6) of the pre\'ious 
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article. Owing to floxibilitj' of the boundary, the end moments 
Mo will be smaller than those given by liq. (13) for absolutely 
built-in edges, and the final rc.sult can be put in the following 
fonn: 

Mo = (JD) 

where 7 is a numerical factor smaller than unity and given by the 
formula 

taiih It 

~ 2 ^ 

-~Du -f tanh u 


It is seen that the magnitude of the moments Mo at the edges 
depends upon the magnitude of the coelTifient defining tlie 
rigidity of the re.straint. Wlum /i is very small, the coefiieient 7 
approaches unity, and the moment 3/o approaelies the value (13) 
calculated for absolutely built-in edges. When is very large, 
the coefiioiont 7 and the moment Mo become .'•mnll, and the edge 
conditions approach those of simply sttpiiorled edge.a. 

Tlio deflection curve in the ease under consideration can be 
rcpre.scnted in the following form: 


1C 


ql* tan h u — vttanh u — »)-j 
IGii^Zi tanh 11 I 


cosli 


( 20 ) 


For 7 = 1 this expression reduces (o expression (I-l) for deflec- 
tion.s of a plate with absolutely built-in lalires. J'or 7 = 0 we 
obtain expression ( 0 ) for a plate with simply supported edges. 

In c.alculating the tensile parameter u we proceed as in the 
previous ea.ses and determine the tensile force S from tiie con- 
dition that the extension of the elemental strip is equal to the 
difference between the length of the are along the deflection 
curve and the chord length 1. Hence 


Si I - 
■ hK 




dx. 


bubstituting expression ( 20 ) in this equation and performing the 
integration, \.o obtain 
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IG 


- vC: - vn - y,i\ m, 


a - y^rfl 

L'\ arid K : 'h‘: 

ar;*’! 




r 


iO '.ar;}i' 'j: 


w Vir.h' H — u -r *'-r.ri 


Tf;<’; V&I:; 


lo:?:-, 2 r/':r. i:; Tab>: 1. By trona: 

;,?£•-■ tab'"- I->J- ''21/ rri:: fr'; rfA^lity rWr/^A hy r.rial-and-'rrror 
for any parr.brjlar r/aV: r.-f; fir-r oa!''niaV.' t'oo b;:'^ 
rffio o: r.r.’.o '■: 0 -;a'.:or- ar.'i, by r;.'.:n:r rf.a C'lr'/o^ in- ■? <an''i % 

Cf;‘.or;r.:r.'r ?i:n of tf;0 r)ara:r.n*or m ''i ; for rfi rr.pfy .-ripportod 

ar-'i •% for aW>!:i*.o-!y b’liivin f.'a*,*:r£ny 5vt for 

V ir-*^:r“rr;*’;^lr^V; 1 /;* '■//^'^;r-i 

or.*; }ry:h vr:;!'ro for j/- ''•*•*0 

an/f f/i by Tab:*-; I ar.c cJoVrrrnino ?,r.o '/aino of tr.o rf^bt 
•;:do of Eo. '^21;- Gonnra'.'y 'bi-f va' io rfb ir'? -'ifEoron*. from ‘bo 
vabro of r.bo lofr. .-:o*o rt^A.'-r-iA’.f-A provio'z-Iy. ano a no'V tnal 
calrzla'-iori v.-bbi a r.ov' a-. ";rr.od va’n'o for >/ rrr;.'*, ir^; rna/io, 7'v/o 
-rrob ‘na'i oalo’ila'.iori-; "ffi rr-r;a!Iy r/; .o-iffi'.'ion*. *o doVrrrnir.-o by 
fntorpoV.ion tbo va!-:o of >/ .-a‘.?.dyin:r f>a .''21 A.-, ^-zy^n an f.Ino 
r>aram.o'.or 1/ b oo'.orrnirzzL v/o o'aio'baV; T.boiy.-nfina^rnomonZrA/-, 
an r.b .0 ondr from Eon AGj. VAr oan abo oalo-ria*/; r.bo rr.omon* 
an f.bo rnidoio of *,bo Hfrfp and firzi ‘bo rnaxirn’irn .^‘.ron-. 'Ibl*; 
sfro?* r.fii oomzr a*, r.bo ond-. or a*, ‘bo rnid'Eo doro.-n'iir.^ on 
•bo njif'ff'rr of ooT,.~*,rain‘ a*. *b.o odco-n 
5. The ESect on StresEea and DeEoctfons of Smaii Dbaplace- 
ireni; of Longitudinal Edges bo the Plane of the Plate. — It v/a-, 
aoo”imod in tbo previons dborradon tnat during landing tbo 
ior.Kt'idinal edge- of ‘biO n!a‘,o Pjavo no dizniaoemont in tbo pdano 
of r.b.o rj'a'd. On tbo of 'bb; a' 0 “;nnry.:on tbo to.n-.ilo foroo .S’ 
"'a= oaio'iiavz! irz eaoln narrio-ular oa-e, Jzn anrirno novr that 
tbo tbato odgoa r^rA^fiTiy) a dioplaoornont torrard r*ob otnor 
-‘b^omdoc opr d. O'/.'ing to this oioTbaoemont the <^:Zf/:TAoTi of tPiO 
oiomontal strip rd:i P^f; dirninbryzi Pyr r.bo .sarno arno'xrrt. and tbo 
eorzarron for caL'rdating tp.o ten-ilo force .S Pyy;omor-' 


AE 2joVdy/'^- “ 


0 


c; 


At tno .samo rirno Eo-, r%, AAj, and f20> for tbo dodoction cur/o 
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hold true regardless of the magnitude of the tensile force .S. 
They may be difTerentiatcd and sui)Stituted under the integral 
sign in Eq. (a). After evaluating this integral and substituting 
S = Au-D/r-, we obtain for siinplj su})portefl edges 




If A is made ;'ero, Eqs. (22) and (2.'-}) reduce to E({s. (8) and (lo) 
obtained ])reviously for immovable edge,-;. 

The simplest case is obtained by idac.ing compression bars 
between the longitudinal sides of the lioniulary to prevent frcie 
motion of one (slge of tlie plate toward the other during bending. 
Tensile forces S in the jdate jjroduee eontraidion of these bars 
whiedi results in a displaeenu'nt A proportional to .S’.‘ If /; is the 
facdor of ])roj)onion;iliiy dep('niling on ela.sticity and cros.s- 
sectional area of the bars, wt* obtain 


.S’ /:A, 

or, substituting. .S' = -UrD/l-, we obtain 


and 


1 Ku-h' 

1 : 87 = 11 ^ 7 ^) 




Thus the second factor on the left .side of Eqs. (22) and (23) i.s a 
constant that can be readily calculated if the dimensions aitd the 
elastic properties of the structure are known. Having the magni- 
tude of this factor, the .>^011111011 of Eqs. (22) and (23) can bo 
accomplished in exactly the same manner as was done before for 
the cases of immovable edges. 

* riio edge support is assuaicd to be such that A is uniform along the edgc.s 
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In the general case the second factor on the left side of Eqs. 
(22) and (23) may depend on the magnitude of the load acting 
on the structure, and the determination of the parameter u can 
be accomplished only by trial-and-error method. This pro- 
cedure v.-ill now be illustrated by an c.xaraplc that v/e encounter 
in analyzing stresses in the hull of a ship. The bottom plates in 
the hull of a .ship are subjected to a unifonnly distributed water 
pressure and also to forces in the plane of the plate.s due to 
bending of the hull as a beam. Let h be the width of the ship 
at a cross section run (Fig. 10) 
and I be the fore-and-aft distance 
betvreen the frames in the bot- 
tom. ^^^^en a vessel is resting on 
two vraves, as .shown in Fig. 11, 
bending of the hull is produced, ^ ^ 

and the normal distance 1 between j-,,;. jo. 

the frames at the bottom will be 

increa.scd by a certain amount. To calculate accurately this 
displacement we must consider not only the action of the bending 
moment M on the hull but also the elToct on this bending of a 
certain change in tensile forces «S distributed along the edges mn 
and mini of the bottom plate vinviitii (Fig. 10) which will be 




Fk:. II. 

considered as a long rectangular plate uniformly loaded by water 
pressure. Owing to the fact that the plates between the con- 
secutive frames are equalh' loaded, there will be no rotation at 
the longitudinal edges of the plates, and they may be considered 
as absoluteh' built in along these edges. 

To determine the value of A, wiiich denotes, as before, the dis- 
placement of the edge mn toward the edge niiUi in Fig. 10 and 
which is produced by the hull bending moment M and the tensile 
reactions »S' per unit length along the edge.? mn and mini of 
bottom plate, let us imagine that the plate mum^ni is removed 
and replaced by uniformly distributed forces S so that the total 
force along mn and rn^ni is Bh (Fig. 12). We can then .say that 
the dLsplacement A of one frame relative to another is due to 
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the Ijending moment Af and (o the eccentric load Sb applied 
to the hull without bottom plating. 

If A, I and c are cro.'^.s-.seclional area, central moment of 
inertia and distance from liie Imtfom i)la(o to (he neutral axis 
of the complete hull section and if /li, /i and ci are (he corre- 
sponding fiuantitie.s for the hull .«eetion without bottom plates, 



i_U/dpxLI 

3b' 



Ceniroici A) 



Cvniroia' j 

1 f 

t 4_4_ 

..-LJ— .J 


ihT 


h 


fii. I.'. 


the latter set of quantities can be derived from the former by 
the relations 

.1 1 = /I - hh, 

Ac 

Cl - 


A 


-ii 


(«) 

l\ ~ ! — bhr- — .1 ifci — {•)•] 

The relative displacement Ax j)rodueed by the eeeentriealK 
api)Iied forces .Sfj is 

_ l(.^b SbrA 

’ “ j\a\ ' t; )' 

1 he di.splacernent due to the bending moment AI is 

Afi'tl 


A, = - 




Ilcncc the total displac' m^r ' is 


A = Ai -h i.- 


/ Sb , (Sbcx — 


SubsLiruting in this exi)ression 


.max 


S 

wo finally obtain 


■iu'D ^ 

I- :i/=(i - w)' 



(W 


(r) 
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This quantity must be substituted in Eq. (23) for determining 
the tensile parameter u. 

Let us apply this theorj' to a numerical example. Assume 
b = 54 ft., I = 1,668 hr, A = 13.5 ft.^ c = 12.87 ft., h = 0.75 
in. = 0.0625 ft., I = 45 in. = 3.75 ft., o = 10 lb. per square inch. 
M = 123,500 ft.-tons. From Eqs. (n) we obtain 


Ai = 13.5 - 0.0625 • 54 = 10.125 ft.=. 


Cl = 


13.5 ■ 12.87 


= 17.15 ft. 


10.125 

Ji = 1,668 - 559.5 - 10.125(17.15 - 12.87)- = 923.1 ft.-* 
Substituting these values in e.xpression (c), we calculate A and 
finally obtain 

^ = 1.549u= - 11.49. 
n- 


Equation (23) then becomes 


or 


E-h^ u- 4- 1.549W- - 11.49 
q-il ~ v-y-P u- 


= 


IMQEh^ iu- - 4.508 /tt- 
g(l - v-)l^ u' ^ ^ ’■ 


Substituting numerical values and taking logarithms of both 
sides, we obtain 

3.609 -f logic = logic (lO^VUl). 


Using the curve in Fig. 8, this equation can be readily solved by 
trial-and-error method, and %ve obtain u = 2.12S and, from 
Fig. 5, •^i(w) = 0.788. The maximum stress is now calculated 
by using Eqs. (16) and (17) from which 


au - lU'' - 4.2o8 . , 

O'! = 3 . ~ o 91 • 501 ~ 13,840 lb. per square mch, 

cTz = i • 10 ■ 60- • 0.788 = 14,180 lb. per square inch, 
tTnai. = Cl -f <72 = 28,020 lb. pcc square inch. 

If the bending stress in the plate due to water pressure were 
neglected and if the bottom plate stre.ss were calculated from 
the formula c = Mc/I, we .should arrive at a figure of only 13,240 
lb. per square inch. 

6. An Approximate Method of Calculating the Parameter n . — 
In calculating the parameter u for plates the longitudinal edges 
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of which do not move in tl»c plane of the plate, we n.s(;d the 
equation 


5/(1 - y-) 
hE 



(«) 


whicli ?tate« that the cx(on«ion of an elemental Htrij) produced hy 
forces 5 is equal to the difference iK-tweeii the length of the are 
along the deflection curve of the strip and the chord length /. 
In the particular cases considered in the previous articles, 
exact expressions for the deflect j(, ns ir were derived, and numer- 
ical tables and curves for the viKht siile of liie Mq. (n) were given 
by the use of which the eqtiation can be readily .-olved. If such 
tables are not tit hand, the .-oiuiion of the (■ouation iKtcomes 
complicated, and to .‘'implify th<- [iroblem recour.se .•-hould be 
had to an approximate mctho(|. From the discncsioii of bending 
of beam.s it is known' thtit. in the ,,{ sinspiy supjtorted ends 
and when all Intend loads .are .acting in the .s.ame directioji, the 
deflection curve of an (‘lennaiial striji produced by a coinbijiation 
of a lateral load aiu! of an axi;d teti-iic force (Fig. .'I) can be 
rcpro.sontcd with sufricicnt accuracy by the eqtitilion 


ir 






in which tco denolc.s the <i('(lccfi»m .at the middle of the .strip 
])roduced by the lateral load tdmie, .atifi the qtiantity « is given 
'i->y the equation 


5 

5 /. 


SI- 

r'Ti 


(r) 


Tlius, ft repre.scnt.s the r.atio *.f the tixial force .s’ to the Kuier's 
value of tile force for the elianental strip. 

Substituting expression in Fq. {oj tind integrating, wo 
olitain 


5/(1 - 


hE 



Now, using notation (c) and substituting for 1) its expression 
(3), we finally obtain 


o(l -Fa)* - 



'See author’s “.Strength of Materials,’’ vot. 2, p. -ilT. 


( 24 ) 
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the error in the inaxiimiin stress is only 0.065 of 1 per cent and 
tliat for u = 12.20, whicli corrcsjjonds to very flexilde plates, 
it is about 0..30 of 1 per cent. 'Pliese values of n will cover the 
range ordinarily met with in practice, and wo conclude Unit 
Eq. (24) can bo used with suflicient accuracy in all practical 
ca.ses of uniformly loaded i)lales with simply supported edges. 

It can also be used when the load is not tiniforml.v distributed 
a.s, for example, in the cas(‘ of a hydrostatic pressure non-uni- 
formly distributed along the elemental strii). If the longitudinal 
force is found by u.sing the approximate Kq. {24), the deflections 
may be obtained from Eq. (It), and the bending momeni at any 
cro.ss section may be found as the algebraic .sum of the moment 
produced by the lateral load and the moment due to the longi- 
tudinal force.* 

In the c.ase of built-in edges the appro.vlmate expression for 
the deflection curve of an elemental strip can be taken in the 
form 



in which iCo and « have the same meanings as before. Substi- 
tuting this expression in Eq. (<i) and integrating, we obtain for 
determining « the equation 

which can bo solved in each particular case* by the mi'thod sug- 
gested for solving Eq. (24). 

When n is found, the parameter n i.s determined from ICq. (d): 
the maximum strc.ss can t)o calculated by using bhjs. (IG) and 
(17)-, and the maximum ucncction, by u.sing bap (IS). 

If during bending jiie edge; mov(“s tpwani the other by an 
amount N, the eqti;' aon 1 



* Mice nccvirate viiluos for the deflect ioie, ami for the heading moments 
can be obtained I)y substiluling the aiiprovimute value of the longitudinal 
force in Eq, (-1) and integriiting this equation, whieh give.s Eqs. (12) and (9). 
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must be used instead of Eq. (a). Substituting expression (h) in 
this equation, v/e obtain for determining a in the case of simply 
supported edges the equation 


a 


12 


^(1 -h «)-- 


ttVi- 


a 


fE ' 


(20) 


In the case of built-in edges v/e use expression f/j. Then for 
determining a v/e obtain 


«(i + !)■ 


J2 


Al 


tVi- 


37/;g 

fr- ' 


(27) 


If the dimensions of the plate and the load // are given, and the 
displacfirnent A is knov/n, Eqs. (26) and (27) can both be readily 
solved in the same manner as before. If the disj)lacernent A is 
proportional to the tensile force S, the second factor on tfie left 
sides of Eqs. (20) and (27) is a constant and can be deU;rmined 
as v/as explained in the previous article (see page 20), Thus 
again the equations can be readily .‘•olved. 

7. Ixjng Uniformly Loaded Rectangular Plates Having a Small 
Initial Cj'Iindrical Curvature. — It is seen, from the discussions in 
Arts. 2 and 3, that the tensile forces S contribute to the strength 
of the plates by counteracting the bending produced by lateral 
load. Tills action increases v/ith the increase in deflection. A 
further reduction of maximum stress can be accomplished by 
giving a proper initial curvature to a plate. I’hc. efiect on 
stre.s.s'’^s and deflections of such an initial curvature can be readily 
inve.stigated^ by using the approximate method developed in the 
previoas art.icle. 

Let us consider the case of a long rectangular plate v/ith .simply 
supported edges (Fig. 13), the initial curvature of v/hich is given 
by the equation 

Wx = 0 sin y- (a) 


If ten.sile forces H are applied to the edges of the plate, the 
initial deflections (a) vdll be reduced in the ratio 1/(1 -f- a), 

author’s pap/;r in “Ff^techriffc zum sicbzifcsteri Gohurtstfigc August 
Foppl,” p. 74, Berlin, 192-3. 
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wlicrc o has the same moaning as in the previous article' (page 
24). The lateral load in combination with the force.s S will 
produce dcfleetion.H that cuti be expro-sed apj)roximately by 
Eq. {h) of the i)revion.s article. Thii.« the total deflection of the 
plate, indicated in Fig. 13 by the doited line, is 


w 


0 

1 4 - « 



1 



.‘'in 


s-x 

T 


0 -r JC.' 

1 + n 


.‘■in 


TTX 

T 


{h) 


Assuming that the longitudinal edges of the [jlafe do not move in 
the plane of the plate, the tensile forcr- .S’ will bf; found from the 



1 I... 1.!. 


condition that the extension of the elemental strip prodtitaa! by 
forces S is eqiud to tin' difference b'-tweeii tlu' length of the arc 
along the deflection curve of the element'll strip :inrl the initial 
length of the strip. This diffen-nc!', in the ea‘-(> of small deflec- 
tions, is given by tlu' equation 



Substituting expressions (o) and (f<) for tc ami ir, atid integrating, 
we obtain 



Putting X equal to the extension of the strij) .S’ffl - v~)/hE we 
finally obtain 


«(1 - j - rt )- 


3(5 4- ir„)* 
h- 



If wo take 5 = 0, this eqntition n'duces to Eq. (21) for a plate 
without itiilial curvature. 

lo .show the efTect of the ’'nitiul curvature on the maximum 
.strc.s.s in a jdate, let us tipiily Eq. (2S) to a numerical example. 
’ See author’s ".StreuKth of Xfntirials," vol. 2, i>. -102, lOttO. 
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Ac^r nm o a Ht/rel pls.t^ tisrhig I = 45 in., h = I in. and rJihrmitcA 
to tho motion of a uniformly di'--trihfit/:d load <7 = 10 Jb. par -ouaro 
inah. If thoro L= no initial dofloation, 0 = 0 and Eo. 12S/ booomo.-; 


from v/hiah 


« = -0.9/ 


a'l ~ ar ^ 290, 


ind 7i = ~ 3.8.3, 


From Eo, ^10) v/o thoTi obtain 

ct — 11,300 ib. par ronaro inch, 

and from Eq. '^11} 

«!•- = 14,200 lb, par .sqnara inch, 

Tha maximum in tha p3.ata h 

. ~ cz — 25,500 ib. par rouara inah. 

Ijii m rio-.v a.smjrna that, tnara i.-: an initial dafiaation in tija plata 
Kuah that ij ~ h ~ \ in. In .=^iah a aa-:a Eq, fjiva.-r 

afl -r ar = 351.0 - 3(1 -f or. 

Lotting 

1 -r a = X , 

v;a obtain 

X* -f 2x- = .351.0, 

from v.'hich 

z = 0,45, a. — 5.45, u = = 3.07. 


TTia ta.nmla ‘■trasq from Eq, (10), is 

<ri = 10,200 lb. par .squara inali. 

In calculating banding strass v/a must corisidar only tha ciianga in 
dai! actions 


rr — Wj 




ao 






Tha maximum banding .stress, corrasponding to tha first term 
o.n tha right .side of Eq, id), Ls tha sarna as for a fiat plata with 
u = 3,07. From Table 1 wa find •^'r. = 0,142, and from Eq. (II) 

<^z = 15,300 ib. par squara inch. 
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The bending moment corresponding to the second term in (r/) 
is 



«5 . tx 

_ sitl 
1 + « 


r) 


«r' dl) 
(1 + a)l- 


sin 


■rx 

7‘ 


This moment has a negative sign, and the corresponding maxi- 
mum stress of 


cri' = 


G rwr- 61) 

F- (1 + a)T- 


O.oOO lb. ))er square inch 


must be .subtracted from the bending stre.-^s ai calculated above. 
Hence the maximum stre.-fs for the plate with the initial deflec- 
tion i.s 

= 10,200 -f If), .300 - 9,.')00 = 10,000 lb. per .square inch. 


Comparison of tlii.s result with that obtaim-d for the plane plate 
shows that the effect of the initial curvature i.s to reduce the 
maximum .stre.ss from 2.‘>,.o00 to 10,000 lb. per squar** inch. This 
result i.s obtained a-^suming the initial deflection equal to the 
thickne.s.s of the plate. By incre.a.'-ing tlu' initial deflection, the 
maximum slrc.-^.s can be roiluced still further. 


8. Bending to Cylindrieol Surface of Pintos on Elnstic Foundntion. — 
JjUf us coii.'-idcr tlif i)rolilcin of IicikHiii; 4if ti lent; uniformly l4):iiii'(l n-ft.nniiulur 
plate .supporlfil over the l•llIire .Mirfaef Py iin fiuimlatioii ninl riyidiy 



I k.. M. 


Kupporlotl nlong the e<l(;e.s (FiK- 1-1 '. futtinc out from the plate an elemim- 
tn! strip, a.s before, wo may coii.'itler it as a beam on an el.astic foundation. 
As.stiniiuf; that the reaction of the foundatton at any jwint i.s proportional 
to the deflection ii> at that point, and usint^ Ktp pi), we obt.ain by double 
JifTercntialion of that equation* 


, (I'tr 


( 20 ) 


where q i.s the inton.sity of the load acting on the plate and 1: is the reaction 
* See author’s “Strength tif M.iti riftls,’’ vol. 2, p. *102, 1030. 
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of the foundation per unit area for a deflection equal to unity. Introducing 
the notation 




rih 

2\4b’ 


(30) 


the general solution of Eq. (29) can be written as follows: 


q 23z . ,2^x . 2^1 23r 

tr = j -f Cl sm — smn ~ "P ~ 


2^x 23 z 

Cl cos — s:nh ~ 


^ 23z , 2Bz , , 

-f Cl cos —— cosh — — (a) 


The four constants of integration must now be determined from the con- 
ditions at the ends of the strip. In the case under consideration the deflec- 
tion is symmetrical adth respect to the middle of the strip. Thus taking 
the coordinate axes as shown in Fig. 14, we conclude* that C; = Cj = 0. 
The constants Ci and Ci arc found from the condition that the deflection and 
the bending moment of the strip arc zero at the end (x ~ 1/2). Hence 



Substituting expression (a) for tc and observing that C- = Cj = 0, we obtain 

-r Ci sin B sinh B -F Ci cos B cosh ^ = 0, 

Cl cos B cosh B ~ Cl sin B sinh ^ = 0, 



from which we find 


g sin B sinh B 

/;sin' B sinh- B -r cos- B cosh- B 
q cos B cosh B 

h sin- B sinh- B -f- cos- B cosh- B 


q 2 sin B sinh B 
/: cos 25 -{- cosh 2B 
q 2 cos B cosh B 
h cos 2/3 -f- cosh 2B 


Substituting these values of the constants in expression (a) and using Eq. 
(30), we finally represent the deflection of the strip by the following equation : 


■tc 


qP ( 2 sin 0 sinh B . 2^x . 2Bx 

64E>B\ ~ cos 23 -b cosh 2B ~T T 


2 cos B cosh |3 
cos 2B -f cosh 2B 


2Bz 

cos — ^ cosh 


¥)■ 


(d) 


^ It- L; sssn tlijit- tbs tsniis with, coefficients C7; and. Cj change sign when x 
is replaced by —x. 
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Tho deflection at the middle is obtained l)y fiiihstitutiiiK x - 0, which pives 

qP 




(31) 


where 


vHfl) " 


2 eos ft co“h ft 
cos 2;t -{- eosTi 2,t 


To RC) (ho niiRles of rotation of the cdRcs of the plate, wo differentinto 
expression (d) with respect to x and put x f "2. In this way we obtain 


where 



s'lfd) 


3 sinh 2t} — sin 2;l 
T/i^rovl) 2.1 ■!■ c.M 2.J 


(32) 


The bcnditiR moment at any cross 
equation 

.M ■ 


si-etion of the strip is obtained from the 


-I) 


I'.'tr 

ilx' 


Bubstilutinp e':prt"-sion (<li for ir, we find for the middle of thestrip 


where. 


(.V),_, 



2 itih ft siti d 

v-;fd) ' 

fi- roAi 2.1 J:i 


(3fl) 


To simplify the caleul.ation of deflect joie* and .•'tresse.s, the numerical valuer of 
functions v' . vi tind v"; are nivi ti in Table 2. For -mall value-: of ,s. t.r.. for 
a yicldinp foundation, the funi tam <1 — and s'; do imt diller much 



t 

1 

— 

L 1 

1 9 

1 

1 

1 

i . 

f ) 


‘ 1 S • 1'! $ . \ 


zzn 

1 /; 


\ 

[ — f*-:: — 
1 

j 

\ 

Fui. 15. 




from unity. Tlui.s tho max'iinum deflection anil bemlini; .'•tresse.s arc clo-:!' 
to those for a simply supiiortcd strip ssiihout elastic foundation. With the 
ine.rc.a.sa of ft tho effect of tlic lonn-latioii beconii's more and more important. 

Conditions .similar to tiio'-e repri-.'cnted in Fip. 1-1 are obtained if a Ions 
rectangular plate of width / is iire.'.'-ed into an elastic foundation by load.s 
uniformly distributed along tlie edge.s and of the amount /’ jier unit length 
(I'ig. lo). The plate will be pre.'sed into the ela.stic foundation and bent, 
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O'} 

•JO 


a= sbov/n hy t.lKj iloiuA Vm':. If o th': AAvAion at tfia fAfij:". of tiia 

plata, tha r^raation of tha foJin'Jafio/i at awy point j-H 

/:'/> — w) — /:•> — /:w, 

v.-’nara k L“ (;ivan by I>i. ('h v/itfi q - ho. Tfia niafrriiturla 5 i.“ f.ban obtaina'l 
from tba condition that tha load i- balanaad by tha raaation of tha fonn- 
datiori, Hanaa 


I 



Plalaa on ala?:*(a foondatton v/ith othar aondition." at fha lon^dtudirjal adKa"! 
aari al-;o ba di.Hajrv-ad in a <-'if(iiIar rnannar. 


T/aaj; 2 


a 

1^ 

i 

i t 

<pi \ 


i ^ ; 

V". 

Vi 

i 

0.1 I 

: 1.000 : 

i.<m ' 

1,07) i 

1.0 ; 

-0.01.3 

0.271 

fl.Uri 

0.2 

1 0.909 

O.fJftO i 

0.999 1 

1.7 ! 

-0,0.32, 

0.100 

0.129 

0.3 ! 

: 0.993 : 

0,f/9.a . 

0.993 j 

Ufi ! 

-0.081' 

0.138 

0.101 

0,4 i 

1 0,979 : 

0,983 ; 

0.983 i 

1.9 1 

-0,102. 

O.IIO 

0.079 

O.o i 

i 0,9.7) ' 

o.f/;i ' 

0,9.39 

2.0 i 

-0.117 

0.099 

0.002 

0.0 1 

; 0.901 

0.923 1 

0.919 

2,2 1 

-0.133 

0.072 : 

0.037 

0.7 i 

i 0,f.,27 : 

0.800 i 

0.8.39 j 

2. .4 i 

-0.13.3, 

0.033 

0.021 

O.S \ 

0.731 ! 

0,791 ! 

0.781 ! 

2.0 1 

-0.1 27i 

0,013 

0.011 

0.0 j 

0,019 ; 

0,702 ! 

0.089 ! 

2.8 [ 

-0,114 

0.03-1 

0.0<'J3 

1.0 

0,493 1 

0.009 i 

0..39', i 

3.0 j 

-0.098,' 

0.028 

0,002 

1.1 

0,380 ! 

0.,7l7 i 

0.491 j 

3.2 i 

-0,081; 

0.023 

1 0.000 

1.2 

0.272 ‘ 

0.431 1 

0.40.3 1 

3.4 1 


0.019 

; -0.7)1 

1.3 

O.I7« j 

0.3.07 • 

0.327 I 

3.0 1 

-0.019’ 

0.010 ! 

-0.r/i2 

1.4 

i 0.100 : 

0.291 : 

0.202 1 

3,8 ; 

-0. 0.3.3,' 

0.014 ' 

-0,7)2 

1.0 

I 0.037 ; 

0.212 ' 

0.208 j 

1 4.0 1 

-0.021 

0.012 ; 

-0.7)2 






CHAPTER II 

PURE BENDING OF PLATES 


9. Slope and Curvature of Slightly Bent Plates, — In di.scuf.'ing 
small deflections of a plate we lake the iniddh: phnu’ of the plate, 

before bending occurs, as the jij- 
plane. During bending, the particle.s- 
that were in tlie j-y-plane undergo 
small displaecinent.s te perpendicular 
to the r//-planc and form the middle 
siiejnce t)f the jilale. I’hes'e di.-^place- 
monts of the middle .surface are called 
dvfledione. of a plate in our further 
discussion. Taking a normal section 
of the plate j)aral!el to the xr-plane 
(Fig. lOo), we find th.at tlie .slope of 
the middle .surface in the x-direction 
is j'r — «ic/(V. In the same manner 
the .slope in the j/-direction Is iy ~ 
du'/dij. Taking now any direction an in the xy-plane (Fig. 101/) 
making an angle a with the r-axis, we find that the difference in 

the deflections of the two adjacent points n and oi in the an 

(liroction is 

, air , , dtr , 

ate — -r-dx + rr-dtj 

dx dij ■ 

and that the corro.sponding slojie is 

air air dx , air da Ow . air . , . 

-x- -ij- • T + T" • T~ “ -r" cos ft -f- v" ?in ft. (o) 

an dx dn dij du ox Oy ' ’ 

To find the direction cii for which the slojie i.s a ma.vimum we 

equate to zero the derivative with rc.spect to « of the exjtression 

(a). In this way we obtain 

(du\ 
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Substituting the corresponding values of sin ai and cos ai in (a), 
we obtain for the maximum slope the expression 


l/dwY , /dwV 

wJ ■ 


(c) 


By setting expression (a) equal to zero %ve obtain the direction for 
which the slope of the surface is zero. The corresponding angle 
a- is determined from the equation 



From Eqs. (6) and (d) we conclude that 

tan ai ’ tan = — 1 ■ 


which shows that the directions of the zero slope and of the 
maximum slope are perpendicular to each other. 

In determining the cun'ature of the middle surface of the 
plate we obser\'e that the deflections of the plate are verj' small. 
In such a case the slope of the surface in any direction can be 
taken equal to the angle that the tangent to the surface in that 
direction makes n-ith the zy-plane, and the square of the slope 
maj^ be neglected compared to unity. The curvmture of the 
surface in a plane parallel to the xz-plane (Fig. 16) is then 
numericall}' equal to 

^ d / dw\ _ __d-w 

We consider a curvature positive if it is convex downward. The 
rainiLs sign is taken in Eq. (c), .since for the deflection convex 
downward, as .shown in the figure, the second derivative d-wfdx' 
is negative. 

In the same manner we obtain for the curvature in a plane 
parallel to the yz-plane 

1_ 

ru ^y\d!// ~ dy^' ^ 

These expressions are similar to those used in discussing the 
cur^'ature of a bent beam. 
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In considcrinK the curvature of {lie middle Hurface in any 

direction an (I'ig. 16) we obtain 

*■ 

r„ j 

Substituting expression (a) b»r Oir//)!! :uid oltserving that 


J) 

On 


we find 


eVll' 

il.T- 


~ COS* « 
Jr 





= -r- COS rt 

-f" T— Sin a, 


Ox 



, 0 . ^ 

\/0w 

, Oir . 

d- r- sin ft 

11 — CO-; (t 

... 

(III ) 

'\ilx 

d(/ 

. d-(/' 


, (T-ir . 

a -}- 2---- 

sin ft C//S 

-h sii 


sin 


sin- n. 


(ft) 


It is scon tiiat tin' curvature in any dirceiion r. at a noint of tiw 
middle surface can lie calculated if wc know at that point the 


curvature-s 



1 

O-w 

i 

r.- 

Ox- ’ 

r. 

and the quantity 

1 

0-ir 


r.-v ’ 

Ox On 


which is called the tirbt af lit- ; arfan wiili respert to x- aiul i/-axcs. 

If instead of the din'ction c ^I'ig. 16'/) wi> take the direction 
at perpendicular to «;i, the curvature in this new direction will he 
detained from exi>ression (p) by sub'^tituting r/2 -h n for a. 
Thus wc obtain 


11.-. 1 . , I 

- = - sm- rt -{- - sm 2a -f- ^ cos* a. (-•) 

r< lx r ..j Ty 

Adding expressions (g) and (/). v.c finil 


1 

7'„ 




(3-1) 


which shows that at any (loint of the mitidle surface the sum of 
the curvatures in two perjicndicular ilirections such as n and / is 
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inden5nd<?r!t of the angiC- a. This sum is usiislly call'id the 
curru'urt of tho surfaoo at a point. 

The- of tho siin'aoo at a -K-ith respoct to the an and oi 


directions is 



In cak-ulatins the dorivati'/e \nth respe-ot to /, vre obser/o that 
the direetio.n o( L= perpendicular to an. Thu.t v;e obtain the 
reqmred derivative by substituting (~/2j -7* a for a in Eq. 

In this manner vre find 



In our furr.her discussion vre shall be interested in finding in 
terms of a the directions in which the currature of the surface 
is a marimum, or a minimum and in finding the corresponding 
values of the crirrature. We obtain the necessar;/ equation for 
determining a by equating the derivative of expression (ff) vdth 
respect to a to zero, which gives 


' 'hence 


— .sin 2<2 -r — cos 2-2 — — .sin 2 ce = 0, 

r=r ry 


(Jo 


2 _ 

tan 2 a = - (35^ 

JV 

From this eoTiation we find two values of a, diEering by x/ 2 . 
Substituting these in Eq. fe} we find two values of l/r., one 
representing the maximum and the other the minimum curvature 
Et a point a of the surface. These two cur/atures are called 
the jrrinrdpal oxnaiurez of the surface; and the corresponding 
planes naz and toz, the f/Hncifal planes: of mrvalure. 

Obsening that the left side of Eq. (}:) is equal to the doubled 
value of expression (j), we conclude that, if the directions an and 
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ai (Fig. 16) nro in the principal plane.';, the eorre.'iponcling tivist 
l/r„( is equal to zero. 

We can n.'-'c a circle, .‘similar to the MolirV circle repre.«cnfing 
combined .stre.w.';, to show how the curvature and tin; Iwi.sf of a 
surface vary with the angle «.* 'J’o .‘;imi)lify the discu.'-'.don wo 
assume that the coordinat<‘ planes iz and are taken parallel 
to the principal planes of curvature at the point a. Then 



and we obtain from Eqs. (p) and (j) for any angle a 



Taking the curvatures as abscis.'-.ns and the twists as ordinates 
and con.structing a circle on the diameter l/r. — 1 /r,, as .«hown 



1 

'^nt 


I'n:. 17. 

in Fig. 17, we sec that the poict .-1 defined by the angle 2o has 
the abscissa 


0,> = 00 ' + CH = 1(1 .. 0 + '(1 - ij „„ 


1 - , 1 . . 

= — COS' a — — sin- a 
Tr 

and the ordinate 


" * aC; - 


Comparing these rfsui:= with formulas (.36), wt? conclude that 
the coordinates of ti\c pt)int d define the curvature and the twist 
‘ Kco author’s “Strength of Mntcri.nU," vol. 1, p. r,0, lP3n. 
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of the surface for anj* value of the angle a. It is seen that the 
maxiniuin tvist, represented by the radius of the circle, takes 
place when a = 7r/4, i.e., when we take the t%vo perpendicular 
directions bisecting the angles between the principal planes. 

In our example the cur^-ature in any direction is positive, hence 
the surface is bent convex dovmward. If the cun-atures l/r^ 
and l/r^ are both negative, the cur\'ature in an}* direction is also 
negative, and we have a bending of the plate convex upward. 
Surfaces in which the cur\-ature in all planes have like signs are 
called syndasiic. Sometimes we shall deal v.-ith surfaces in which 





^ni 

Fig. is. 



the two principal cun'ature-s have opposite signs. A .saddle is a 
good example. Such surfaces are called anlidastic. The circle 
in Fig. 18 represents a particular case of such surfaces when 
l/r„ — It is seen that in this case the curx'ature becomes 

zero for a = -JA and for a — 3r/4, and the tv,ist becomes equal 
to 

10. Relations between Bending Moments and Curvature in 
Pure Bending of Plates. — In the ca.se of pure bending of pris- 
matical bare a rigorous solution for stres.s distribution is obtained 
b}' a.s.suming that cross sections of the bar remain plane during 
bending and rotate only with re.spect to their neutral axes so 
as to be always normal to the deflection cun'e. Combination of 
such bending in two perpendicular directions brings us to pure 
bending of plates. Let us begin with pure bending of a rectangu- 
lar plate by moments that are uniformly distributed along the 
edges of the plate as .shown in Fig. 19. We take the ary-plane to 
coincide with the middle plane of the plate before deflection and 
the ar- and y-axes along the edges of the plate as shown. The 
z-axis, which is then perpendicular to the middle plane is taken 
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positive downward. Wc denote hy tht; hendinp; moment j)C;r 
unit lonRth acting on the edges jjarallel to tin- r/-:ix-is and by M., 
the moment per unit length acting on tlie edge.' parallel to the 
2 :-axis. ''Jdiesc moments we con.-ider po'-itivc? when they are 
directed as shown in the figure. {.<•., when tlujy finxliice corn- 


pre.s.sion in the upper surface of the plate and tension in the lower. 
The thickness of the jilatc we denote, as befr)re. by h and consider 



it small in comparison with the 
<ifher tlirnen'.iott.s-. 

Lot us com-ich-r an element rut out 
of (he plate hy two pairs of planes 
parallel to the j-:- and //r-planes ns 
shown in I'ig. 20. Since the c:i.se 
shown in Lie:. Ittrejin sent-. the com- 
bination of two tinifnrtn bending-', 


Fi(i, ‘JO. 


the .stfi " conditions tin- sdentie.al in 


all (dements, such as shown in I'ig. 20, and w(- liavit a uniform Is'iui- 
ing of the plate. .Assuming that during bending of the plat** the 
lateral sides of the element remtiiti plan** timl rottite about the 
ncutrtd a>:*'S nn so as to ri'inain norma.l to the deflected middle 
surface of ill** plate, it can be c*uichid‘ d that the middle plane of 
the jilate does not undergi. any exle!!'i<)n during this bending, 
and the middle surftice i- :.'ier<-fo.-e t!i<* rurjar.-.’ Let 

1/r. and 1/r.j fh'tiote. a.s b'-fi.n-, the curvature^s of this neutral 
surface in .sections )):ir:ilhd to th>* a.- a:id y-'-plane-, re.-pectively. 
Then the unit (dongations in the x- anil n-directions of an elc- 
menta! lamina uhat (Fig. 20), at a di-tam-e r from the neutml 
snrhice, are found, as in the e.i-.- a beam, and arc cfjual to 



Using now Hooke's ■ fl'.r|. ; , pagi* 2j. the eorre.sponding 

strc.s.sc.s in the lamina, <ibal ar-- 



'■ It will be shown in ,\rt. 13 ih.-.t 
deflect ioti.H of the plate nu- snialt in 


th:'< ciinchi^iim i-i m'cunite enough if the 
c*mip:iri-tm with the thiekne-s 



FXJEE BEEDIEG OF PLATES 


41 


They sre proportional to the- dhtance- z rA the Ismiria abed from 
T.ho noutrai stinsce and depond on the magnitude of curraturea 
of the bent plate. 

Thete normal =tre=:tes dhtributed over the lateral ~idet of the 
element in Fig. 2-0 can be redueed to coupler, the magnitudes of 
Trhieh per unit length ethdently mu.st be equal to the external 

A 

dv dz = 3/r dVj 


moments 3/^ and 3/-. In this v/av tre obtain the e^juations 




'^.<7;2 dx dz = 3/;, cfz. 


(c) 


Substituting expres-dons (h) for <r- anO c--. vre obtain 


3!^= D 


/l', i\ r-Av . ohA 

a-t)-- 


,02- 

oy- / 

dhr , 

ohA 

P]f~ ' 



r37; 

(3S; 


•prhere D is the P.exrirA rigidity of the plate defined by Eq. (3;, 
and tc denotes .small deSectioas of the plate in the r-'-iirection. 



Let us no.v consider the stresses acting on a section of the 
lamina ehed parallel to the z-ards and inclined to the x- and 
?/-fi-xes. If acd fFig. 21; represents a portion of the lamina cut 
by siich a section, the stress acting on the .side ac can be found 
by means of the egTiations of .statics. Resolving this stress into 
a normal component and a shearing component r„;, the magni- 
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tildes of these eomponcnts arc obtained by project inp; the forces 
acting on tlie element ned on the ;i and / directions respectively, 
which gives ns the known equations 

cr„ = (T, cos= a -r c,j sin* a,! ,, 

- <yr) .«in 2a, / 

in which a is the angle lietween the normal n and tlie j-axis or 
between the direction I and the (I'ig. 2Ia). Tliis angle is 

considered positive if measured in a clockwise direction. 

Considering all larninas. such as arj in I'ig. 21/;, over the thick- 
ness of tiie plate, the normal stresses give u« tiie bending 
moment acting on the .section ac of the jdaie, ihc magnitude of 
which per unit length along oc is 

k 

Mr. — J ~ 

The .shearing stre.-ses r„, give us the twisting moment acting on 
the .section oc of the plate, the magnitude of which per unit 
length of oc is 

>. 

d/„, = - dz - ! sin 2o(.U, - .1/.,). (40) 

The .signs of Mr. and Mr.-, arc chosen in sueli a manner that the 
po.sitive values of these moments are represcntcfi by vectors in 
the positive directions of n and / (Fig. 21a) if tiie rule of the 

right-hand screw is used. When a 
is zero or r, Ftj. (.'(P) gives - M^. 
For a — r/2 or 3r/2, we obtain 
.1/n = .Ifj.. Tiie moments .Vm be- 
come zero for tlii'se vtilues of «. 
Thus we obtain the conditions 
shown in Fig. ]p. 

ICquatiuns (.‘10) and (40) are 
) similar to Kqs. (3G), .and by u.«ing 

them the bending and twisting moments can bo readily calculated 
for any value of «. \N e can also use the graphical method for 
the same purpose and find the values of M., and Mn, from the 
IMohr .s circle wliicli can be constructed as shown in tlic previous 
article by taking M„ a.s abscis.s.a and Jl/„, n.s ordinate. The 
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diameter of the circle vrill be equa l to lie — M,j, zs shovm in 
Fig. 22. Then the coordinates OB and AB of a. point A, deSned 
by the angle 2a, gi%'e us the moments and Mr.t respecti^'cly. 

Let us novT represent Mr. and Mr.-, as functions of the curva- 
tures and of the t^^dst of the middle surface of the plate. Sub- 
stituting in Eq. (39) for 3/= and My their expressions (37) and 
(38), vre find 



Using the first of the equations (36) of the pre^dous article, we 
conclude that the expressions in parentheses represent the curva- 
tures of the middle surface in the n- and /-directions respec- 
tiveh'. Hence 



(41) 


To get the corresponding expres.sion for the t\\dsting moment 
Mr,i, let us consider the distortion of a thin lamina abed udth the 



Tig. 23 . 


sides ah and ad parallel to the n- and /-directions and at a dis- 
tance 2 from the middle plane (Fig. 23). During bending of 
the plate the points a, h, c, and d undergo small displacements. 
The components of the displacement of the point a in the n- and 
/-directions vre denote by v. and v respectively. Then the 
displacement of the adjacent point d in the n-direction is 
n -r {du/d£)dt, and the displacement of the point 6 in the 
/-direction is i; -f (dvjdnjdn. Owing to these displacements, we 
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obtftin for llio .slicaritig .strain 


ir.l 


Ou 

in 


l)v 

On 


(f) 


The corresponding sliearing .^trcvs i.s 

li)' ^ 

From Fig. 23h, rojire.'^onting the seinion of tlie middle surface 
made by (he normal plane (hrongli the a-axi.-'-, it may be .‘-■een 
that the angle of rotation in eounten-lockv.'i.-e direction of an 
clement pc/, wliieli initially was perpendicnl.ar to the zy-plano, 
about an axis perpendicidar to jir-plane is (apial to —dir/Oii. 
Owing to this rotation a point of the element at a distance : 
from the neutral surface ha.s a disphicement in the n-direetion 
equal to 

Oil- 
'tin ' 


u - 


Considering the normal .section thrfnmh the /-a.xis, it can be 
slioun that the same point has a displacement in tiie Miireetion 
efiual to 

oic 

HI' 


r = — : 


Substituting these values {)f the di^pl.•lcf•ments ii atid c in expres- 
sion if), we find 

- - _or- 

■nf — — /'l- . 

« 0 ) 01 

and ex'pre.ssion (40) for the twisting moment become- 

K 


(- 12 ) 


Mr.t = - (h = V' -.i 

J A o On 01 




It is seen that the twisting moment for the given j)erj)endictilar 
directions r; and { is proporticunil t«) the twist of the middle 
surface corresponding to those directions. Wlnm tin* n- and 
/-diroction.s coincide with (he x- and f/-axe,s. there are only bend- 
ing moments and A/.^ acting on the s('Ctions }ieri)emlicular to 
tho.se axe.s’ (Fig. 19). Hence the corresponding twist is zero, 
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and the cun'atures l/r= and l/r^ are the principal curi'atnres of 
the middle surface of the plate. They can readily be calculated 
from Eqs. (37) and (38) if the bending moments and My are 
given. The cun-ature in any other direction, defined by an angle 
a. can then be calculated by using the first of the equations (36), 
or it can be taken from Fig. 17. 

Eegarding the .stresses in a plate undergoing pure bending, 
it can be concluded from the first of equations (//) that the 
ma:dmum normal stress acts on those .sections parallel to the 
xz- or f/z-planes. The magnitudes of the.se stresses are obtained 
from Eq. (b) by substituting z = h/2 and by using Eqs. (37) and 
(38). In this v/ay ive find 




6 . 1 /. 

h- ’ 




GMy 
h- ■ 


(44) 


If these stresses arc of opposite -sign, the maximum shearing 
stress acts in the plane bisecting the angle between the xz- and 
y 2 -planes and is equal to 






(4r>) 


If the .stresses (44) arc of the .same .sign, the maximum shear acts 
in the plane bisecting the angle between the xy- and xz-p]anes or 
in that bisecting the angle between the ary- and yr-planes and is 
equal to or depending on which of the two 

principal stresses {<7y)r=^r. or is greater. 

11. Particular Cases of Pure Bending. — In the disciLSsion of 
the pre^uoas article we started with the case of a rectangular plate 
along the edges of which uniformh' distributed bending moments 
act. To obtain a general ca-^e of pure bending of plates, let u.s 
imagine that a portion of any .shape is cut out from the plate 
con-sidered above (Fig. 19) by a cylindrical or prismatical surface 
perpendicular to the plate. The conditions of bending of this 
portion v.ill remain unchanged provided that bending and twist- 
ing moments that satisfy Eqs. (30) and (40) are distributed along 
the boundary' of the isolated portion of the plate. Thus we 
arrive at the case of pure bending of a plate of any shape, and 
we conclude that pure bending of a plate is alway's produced if 
along the edges of the plate bending moments il/„ and twisting 
moments Mr.t are distributed in such a manner as given by 
Eqs. (39) and (40). 
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Let us take, as a first example, the particular case in which 
Mt = Mv = can he concluded, from Kqs. (39) and (40), 

that in this case, for a plate of nn\' shape, the bending moments 
arc uniformly distributed along the (uitire boundary and twisting 
moments vanish. From lifjs. (37) and (38) we conclude that 

i-i- <Ar\ 

r,~ r., 74(1 + r)’ 

f.c., the plate in this case is bent to a splurrical surface the curva- 
ture of which is given Ijy lOq. (40). 

In the general ca.se, when Mr i.s different from M^, we put 


= Ml 

aufl 

M, 

1 and (38), we 

fimf 

O’w _ 

Ml ■ 

- i-.U. 


/;(! 


d'w _ 

Mt ■ 


cV " 

J){\ 

- ;-■> 


Wc have also 


(5'ir 

dir 


Integrating tlic.-ic equation,'., we find 
“ 3/Ji I - 

where Ci, Cj and (,'z arc constants of integration. ’I’hc,«e con- 
stants d(*finc the plain.' from wh ch tlie dcflci'tions ic an* mca.siircd. 
If this plane is taken tangeiu to the middle surface of the jilatc 
at the origin, the constants of integration mu.st be equal to zero, 
and the deflection surface is given by the equation 


M , - r- Mr , 

■2i)(l - ,-f' 


Mj - ^,M^ . 


2 L >(1 - , -)' 2 / 4(1 - ,.^)‘' • 

Let us consider the particular ca.s-o where Af. = — d/,. In this 
case the principal curvatures, from Fqs. (n), arv> 

1 = _i _ Ml , , 

J-r r„ Ox- ' 1){1 _ ,.)’ 



PUEE be::ui:>g of plates 47 



icii.-: til'; poTti'j':! cbcd cz the pl 2 .te L? in the condition of n pintc 
undergoing pnre bending produced by t-dru'ng moment? uni- 
formly distributed along the edges fHg. 2-5u>. These tvdsT.inn 
moments are formed by the horizontal shearinr stresses con- 
tinuously distributed orer the edge [Eq. (40;]. This horizontal 
sstress dnstrt'critron can be replac'ed by vertical shearing forces 
rhic-h produce the same eSect as the actual distribution of 
stresses. To shorn this let the edge ad be divided into fnfinitelv 
narro— rectangles, such as mnpq in Fig. 25b. If A is the small 
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width of the roctaiiKlo, the oorrespoiuliiiK twi^linp; couple is 
MiA and can l)e formed hy two vertical forces etpiai to Afi acting 
along tlie vortical sides of the rectangle. 4'his ro|)lacement of the 
distributed horizontal forces by a statically equivalent system 
of two vertical forces cannot cause any sensible disturbance in the 
plate, except within a distance comparable with the thichness of 
the plate,' which is assumed small. Procecfling in tlur .‘•nine 
manner with all tin; rectangles, we find that all forces i acting 
along the vertical sides of tlie rectangh s b.alance one anotlxT 
and only two force.s at the corners n ;tnf! d an; left. Making 
the same transformation along the other edgo- of the plate, we 
conclude that tlu' bending of the {date to the anticl.astic surface 
shown in big. 2oa can be |)roduced by forces cfincen(raf*-d at the 
corners- (Fig. 2oc). Such an expi-rimeiit i-. eo)nj);tr.ativeiy .simple 
to perform, and was used for the e\:i)eritnental verificalion of 
the theory of bending of plates disciis-ed above," In the.se 
exiterimenis the dcdlections of the phite along the line fa»d (Fig. 
24) were measured ami were found to be in very sati.~factory 
agreement with the theoretical rcstilts obtained from Fq. (/;. 
Some discrejtancies were found only near the edge.-, smd they 
were more j)ronounced in the ca-e of <-<>mparatively thiek platc.s, 
as would be expected from the foregoing diseii--ion of the tran.s- 
formalion of twisting couple.v along the edge.-. 

As a last ex.'imple let us co.nsider the lieiiding fd* a plate (Fig. 
1!)) to a eylindrieal surface having it.- generating line [larallel to 
the j/-a.\is. In such a ca.se (). amf ^y,. fmd, from 

Kqs. (37) and (3.8), 






(ft) 


It i.s scon that to produce bending of the plate to a cylindrical 
surface wo must apply not only the moments .1/. but aho the 
moments Without th •- Intp.r moments the plate will be 

^ this followi, from tie* se-t^illcd ,str:ir;* 1% Mir:**;: jirittciph'; .sec aiith*'>r*s 
“Tlieory of Mhistirity,” p. :>I, Itutl. 

lliis Irunsforniatioa of the foro“ ^y.st<•m acting along the cilKc.s '.vas first 
sttggesteti hy Ixird Kelvin and P. G. Tail, Ser; ‘‘Treatise on Natnrtd 
Pliilosophy,” vol. 1, jiart 2, p. 2u;t, ISSo. 

Such experitnent.s wen* made hy Dr. A, Kiidai, /*(>.".;cAtir;r7^or'frei7ra, 
vol.s. 170, 171, Berlin, 191.7; .-ec abo lii.s hook '* KhLsti-che Platten," p. ■t2, 
Berlin, 1925. 
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bent to an anticlastic surface.' The first of the equations 0/) 
have already been used in Chap. I in di.=cussing bending of 
long rectangular plates to a cylindrical .surface. Although in 
that discu-s.sion %ve had bending of plates by lateral load.s and 
there v/ere not only Ixinding stresses but al.so I'ertical .shearing 
•stre-s-ses acting on .sections perpendicular to the z-a?;i.s, it can be 
concluded from a comparison vdth the u.siial beam theory that 
the effect of the shearing forces is negligible in the case of thin 
plates, and the equation developed for the ca.so of pure bending 
can be ased vdth sufficient accuraej.' also for lateral loading. 

12. Strain Energy in Pure Bending of Plates. — If a plate i.s 
bent by uniformly distributed bending moments M- and 
(Fig. 19) so that the xz- and i/z- planes are the principal planes 
of the deflection surface of the plate, the .strain energy stored in 
an element, such ns shov.m in Fig. 20, is obtained bj' calculating 
the work done by the moments M- fhj and My dx on the element 
during bending of the plate. Since the sides of the element 
remain plane, the work done by the moments Mz dy i.s obtained 
by taking half the product of the moment and the angle between 
the corre.sponding sides of the clement after bonding. Since 
-dhx/dx- represents the curvature of the plate in the a’s-plane, 
the angle corresponding to the moments Mz dy is —(phzldx-)dx, 
and the work done by these moments i.s 



d-w 


dx dy. 


An analogous e?qtre.s.sion is abo obtained for the work produced 
bj' the moments My dx. Then the total work, equal to the 
strain energy' of the element, i.s 


dV = 




dx dy. 


Substituting for the moments their exprcs.sions (.37) and (-39), 
the strain energx' of the elements is repre-sented in the following 
form; 


dV = iD 


i\fjx~J \f^yy ox- (jy-_ 


dx dy. (a) 


^ Elvray?. anmimc vc-.n- .‘■rn&Il dcfJocf ion.= or ckc bonding to a devoJopablo 
sarfaco. The c&sn of bonding to a non-dwelopahlo .sunacc v.-hon the dofloc- 
tionj- are not .small vdll bo diHoussod later; sec p. 51 . 
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Since in the ense of pure henflinfr the curvature is constant 
over the entire surface of the plate, the total strain enerRy of the 
plate will he obtained if we substitute the area .-I of the plate 
in place of the elementary area </x dy in exi)rcssion (a). Then 


F = |D.4 


a- 

\0xV ■ \0yy 


+ 2 


d'w d‘IP 
dx- dy- 


(.17) 


If the directions x and y do not coincide with the {jrincipal planes 
of curvature, there will act on the sides of the element (I'ip;. 20) 
not only the l}endinp: moments 3/.- dy and M,j dx but also the 
twisting moments dy and M.j; dx. 'Fhe strain energy due to 
bending rnoinenfs are represented by the (‘xpression (a). In 
deriving tlie expression for the strain energy du(‘ to twisting 
moments M-vdy we observe (fiat tlie corresponding angle of 
twist is erpial to the rate of change of the slojjc Oir/dy, as x varies, 
multiplied wilii dx; hence the .strain energy due to Mrjdy is 



ti-ir 
''dx dy 


dx dy, 


wliich, applying 1-iq. (-13), becomes 


The same amount of energy will also Im* produced by the couples 
dx so that tlie strain energy due to both twisting couples is 

fld _ , ,ls ((,) 

Since tlie twist does not affect the work produced by the 
liending moments, the totai strain ent'rgy of an element of a 
plate i.s obtained liy adding together the energy of bending (a) 
and the energy of twist (5). I'lms we obtain 


dV 






+ 


Ot.: 


d'u' d'w 
dx- dir 


dx dy 


or 




dl 


ti 


2(1 


+ D{\ 

(l-ie d'-w 
dx- dy- 
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The strain energy of the entire plate is now obtaine<l by sitb- 
stituting the area A of the plate for the elemental area dz dy. 
Expression (4S) wiil be used later in more complicated cases of 
bending of plates. 

13, Limitations on the Application of the Derived Formulas. — 
In discussing stress distribution in the ease of pure bending 
(Art. 10} it was assumed that the middle .surface is the neutral 
surface of the plate. This condition can be rigorously satisfied 
only if the middle surface of the bent plate is a dfxelopahlc mrfacfx 
Considering, for instance, pure Ix-nding of a plate to a cylin- 
drical surface, the only limitation on the application of the 
theoiy wiU be the requirement that the thickness of the plate 
be small in comparison vrith the rarlius of cur/ature. In the 
problems of bending of plates to a cylindrical sun'ace by lateral 
loading, discussed in the previous chapter, it is required that 
deflections be small in comparison vrith the %ridth of the plate, 
since only under this condition vriil the approximate expression 
used for the curvature be accurate enough. 

If a plate is bent to a non-developable .surface, the middle 
sunace imdergoes some stretching during bending and the 
theorv' of pure bending developed previ- 
ously will be accurate enough only if the 
.stresses corresponding to this stretching of 
the middle surface are small in compari.son 
with the maximum bending stresses given 
Eqs. (44) or, what is equivalent, if 
the strain in the middle surface is small in 
comparison with the maximum bending 
strain h/2r~ . This requirement puts an 
additional limitation on deflections of a 
plate, viz., that the deflections w of the plate must be small in 
comparison with its thiclmess h. 

To show this, let us consider the bending of a circular plate 
by bending couples 31 uniformly distributed along the edge. 
The deflection surface, for .small deflections, is .spherical of a 
radius r the magnitude of %vhich is defined by Eq. (46) . Let AOB 
(Fig. 26) represent a diametral section of the bent circular plate, 
a its outer radius before bending and o the deflection at the 
middle. We as.sume at first that there is no .stretching of the 
middle surface of the ^late in the radial direction. In such a 

f-t'J UBRACT 
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case the arc OB must be equal to the initial outer radius a of the 
plate. The angle v"* radius b of tlie i)late after bending 

arc then given by tlie following equations; 


T ~ 


a 

r' 


U ~ r sin v'. 


It is seen that the assumed bending of (he plate implies a corn- 
pre.ssivc .strain of the middle surface in the eireiirnfc'rential 
direction. The magnitude r)f this strain at tlu' edge of the plate i.s 

ft — b r sin . 


For small deflections we can take 


.MU y 




i; 


which, substituleil in Kfi. («). gives 


V" 





To represent this strain .as a fuiieiinn of the miivitntim deflection 
S, we observe that 


Hence 


0 ~ r(l — cos ^-) 



o 


V 




r 


Substituting in ICq. (b), we -ibiain 



Thi.s re;'rc.sont.s an upiii'r li ..it for the cireumferetuial strain at 
the e'igc of the plate, t- vas obt.ained by a.ssuming that the 
rad:al strain is zero. L aer actual conditions there is some 
radial strain, and the circumh'rentinl compression is somewhat 
smaller* than that given l)y hap (•!'.)). 

I'rom this discu.-:sion it follows that the equations obtained in 
Art 10, on (he nssumjuion that the midtlh' surface of the !)Cni 
plate is its neutral .surface, are accurate provided the strain given 
by exprc.ssion (•}(») is small in comparison with the maximum 

‘ This question i.s distaisscil Inter; .see Art, 07 , 
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bending strain h/2r, or. what is equivalent, if the deflection o i.s 
small in comparison with the thiclaiess h of the plate. A similar 
conclusion can also be obtained in the more general case of 
pure bending of a plate when the two principal curvatures are 
not equalri Generalizing these conclu-sions we can state that 
the equations of Art. 10 can always be applied vrith .sufScient 
accuracy if the deflections of a plate from its initial plane or from 
a true developable surface are small in comparison with the 
thickne-ss of the plate. 

14u Thermal Stresses in Plates with Clamped Edges. — Equa- 
tion (46) for the bending of a plate to a spherical surface can be 
used in calculating thermal stresses in a plate for certain cases of 
non-uniform heating. Assume that the variation of the tempera- 
ture through the thickness of the plate follows a linear law and 
that the temperature does not vary in planes parallel to the .sur- 
faces of the plate. In such a case, by mea.suring the temperature 
from the temperature of the middle surface, it can be con- 
cluded that temperature expansions and contractions are propor- 
tional to the distance from the middle sun'ace. Tims we have 
exactly the same condition as in the pure bending of a plate to a 
spherical .surface. If the edges of the non-uniformly heated 
plate are entirely free, the plate will bond to a spherical surface.- 
Let a be the coefficient of linear e.xpansion of the material of the 
plate, and let t denote the difference in temperature of the upper 
and lower faces of the plate. The difference between the maxi- 
mum thermal expansion and the expansion at the middle surface 
is a//2, and the cun,'ature rc.sulting from the non-uniform heating 
can be found from the equation 


at _ Ji 
'2 ~ 2r 

from which 

1 _ at 
r~T 


(a) 

(50) 


This bending of the plate does not produce anj' stresses, pro-vided 
the edges are free and deflections are small in comparison with 
the thickne.ss of the plate, 

^See Lord Kelvin and P. G. Tait, “Treatise on Natural PhDosophy,” 
vol. 1, part 2, p. 172, lS-S-3. 

* It is assumed that deflections are small in comparison witii the tliiekness 
of the plate. 
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Assume, now, that, the middle piano of tiio plate is free to 
expand but that tiie cdKos are clanii)rrd so (hat thej' cannot 
rotate. In .sucli a case the non-uniform heat inf;: will produce 
l)cnding moments uniformly dislribiiied alonK tiio edf'cs of the 
plate. 7’ho magnitude of these moments is such as to eliminate 
the curvature produced by the non-uniform heating (Mf]. (.aO)), 
.since only in this way can the coiulition at llio clamped edge be 
satisfied. Using liiq. (40) for the eurvamre produced by the 
bending moments, we. fiufl for determining the magnittide M 
of the moment per unit length of the boundary the equation 

M _ cR 

y>(l -i- c) ■ 7.' 

from which 

tf c:-. (h) 


Tlie corresponding maximum stress can be found from ]-!qs. (44) 
and is equal to 


G.U _ OnlDil :•) 

cr,..., - 

Subslititting for D its expression (.‘1), we finally (d)taitt 

_ nth 

■■ 2(1 - c/ 


(51) 


It is seen that the stress is proportional to the ooefiiclent of 
thermal expansion n, to the tenvperature difTcrence / between the 
two faces of the plan* and to the modulus of elasticity K. The 
thickue.ss It of the plate does noi enter into formula (51); btit 
since tlie difference t of temperatures U'Ually inert-ases in pro- 
portion to the thickness of ihe plate, it can be conclndctl that 
greater thermal .stres,ses are to be f'Xpected in (Itiek plate.s tlian 
in thin ones. 


It will be shown later (see .\rt. SO) that the .simple formula (51) 
can be also used in calculating thermal stre.-ses in non-uniformly 
heated thin shells, such .ns thin cylindrit'al tubes or thin spherical 
containers. 1 he change in curvature duriitg non-uniform heating 
of such shells is prevented by the shape of the shell itself, and 
the maximum bending stresses (ol) ar(> produci'il. Since the 
temperature difii'rcnco / is usually i)roportional to tin* thickness 
of the shell, it becomes evident (h:it thin glass containers wilt 
ju'ovc more satisfactory th.an thick ones in cases where thermal 
stresses are the controlling factor. 
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15. DiSerential Equatfon for Symniotrical Bending of Laforaliy 
Loa.ded Circular Plates.' — If r.he load acting o.o a circular plate 
is syraraetnca'Jy distributed aV/ut tlue ax:=; f/';rxK:ridicn!ar to the 
Tilate throo'gh its center, the deflection surface to v/hich tloe nniddie 
plane o: tine relate is f/cnt *vi!I also tc; ,g 


syra.'Tiet.dcaL Lo a'l rw.ets equally 
di-starit fror.e the ce.nter of the plate 
the defection's vdll ry; the same, and 
it issufficie.nt to consider deflections 
o.ely m one dia.metral sectio.o 
ihrouglu the atcis of symrr.et.-y fldg. 
27/, ry;t fts take the ongi.n of cry 
ordinates 0 at the eenter of the 
tindeflecterl plate and de.cote by r 
the radial dista.cces o.^ points in the 
middle pla.r.e of the piate and by •</: 


I 



their def ectiorjs in the doronv/ar 
of the defIr:y;*.iori srinace at any 


'd direrrt.ion. I'ne rnaxirnurn -lope 
point ,'s is then equal to —rbnldr, 


and the curvatu're of trie middle mn'o-f/t of the plate 
diarnetra! rsection rz for ssmafl deflections is 


in the 


J _ dhr. _ r/c 
dr~ dr ' 


(a) 


tvhe.'e (s is the simal! angle between the normal to the defiectior* 
s-irface at d and the azis of symmetr;.' ()H, From rsymmetiq/ we 
eonclude that i/r^. is one of the principal cur/atures of the 




d'he second pnrt^apfA ra.^/atfjre vdll fy; 
iri the sr^r'.ior; t.oroo’gh the normal d A and perjjendtrrufar to the 
?:& plane. Observing that tine normals, such as d .'or all points; 
o: the muddle rrirface voth radial di.sta.nce r fono a rv/nica! s,7/rface 

i Tr.esol-riori of f.ryac prohraws of fy- urng of frf.''Cifar pfsy.oo was gi'/wi hy 
PoIko.v; of r.f.a Aca/'lwr.y," '.'ol, rj, Pa.q.o fS;2q, 
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with apex B, we eonclutle that, llie lenRlli AH i.s the radius of 
the second princiinil curvature which we denote by r,. Tiicn, 
from tlic figure, we obtain 


1 _ I die _ c 
fi ~ r dr r 


((>) 


Having expres.dons (n) and (b) for tlie j)rincii)al curvatures, wc 
can ol)tain the eorrespondini: values of the bending moments 
assuming tliat relations (:{T) and (dS), derived for jiure bendinc, 
also hold between these moments and the curvatures,* Using 
those relations, we obtain 




m 




where, a.s before. .U, and .U, den()te the I)r-nding moment.s [kt 
unit length A/, along eireiiniferential .'•eetions of the plate, .such as 


. dMr . 

t hi. f t lir ! 





r j 

— tr-t 

! X ^ 



1 1 
U -clr- >4s •• r >•' 



and by two diametral .‘■■eeMons <id 
the .side cd of the element is 


the .'i.etioti mad'* by the coni- 
cal surfai'i' with the jipex at /f, 
and Ml .along the diametral 
.-•ection r; of tin* plate. 

Uuuations (.■)2) :ind (53) con- 
tain only one varittble tr or v, 
v.’hicii can be defertnined from 
the consideration of equilil)- 
rium of an element of the plate 
.sucli .a.-, element abrd in Fig. 2S 
cut out from the plate by two 
cylindrice.l s'-ctiotis rJ> and cd 
and b/\ The cotqile acting on 


MrC dO. (c) 

* The efTeet on (tefIcetioaN' of ...henriut; artiug oa noriiis.! seeitons 

of the plate peri>i'i .leiilnr to nieriilian.., aueh a-* tin' section cut liv the conuasl 
Slirfaee witli tlie ,)ex at I!, i- le aleeted Irerc, Tii<-ir efTeet Is Mtiall in tlie 
case of plaO'.s the thiehne^s of wlueli jv stnull lu eoaipe.reon w ith tiie (itnmoter. 
Further (liseussinn of this Mil)jeet will he ^iveii in ..\rt. 20. The ,«trc.s<es 
perpendieiilar to the .Mirfiie(> of the plate an' ni.<o negleeteil, whii'ti i.s justifial'le 
in all ca.'-c.s wiien tlu' load i.; imt liifjhly cfuieentnited (.see p, Viii. 
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The corresponding couple on the side ah is 


(.V, -r ~ drjdrj. 


The couples on the sides ad end ha of the element are each 3/- dr, 
and they give a resultant couple in the plane roz equal to 

3/s dr dfJ. (e) 

From symmetry' it can be concludc-d that the shearing forces 
that may act on the element must -'anish on diametral sections 
of the plate but that they are usually present on cylindrical 
sections such as sides cd and ah of the element. Denoting by Q 
the shearing force per unit length of cylindrical .section of radius r, 
the total .shearing force acting on the .side rd of the element is 
Qr dS. and the corresponding force on the side ah is 


Q -h m dr'jde. 


Xegiecting the small difference bettveen the .shearing forces on 
the ttvo opposite sides of the element, tve can state that these 
forces give a couple in the rz plane equal to 

Qr do dr. (f) 

Summing up the moments (c), (d), (c) and (f) vrith proper .sign-s 
and neglecting the moment due to the extenial load on the ele- 
ment as a .small quantity of a higher order, vre obtain the fol- 
lovring equation of equilibrium of the element ahcd: 

^3/r -r -f dr)de — 3/rr dfl — 3/, dr dO -f Qr dO dr = 0, 

from which we find, by neglecting a small quantity of higher 
order, 

3D -f - 3/, ri- Qr = 0. re) 

Substituting expressions (52j and (53 j for 3/, and 3f«, Eq. (a) 
becomes 

d-(s ^ ^ _ Q 

dr- ‘ r dr “ “!>' ^54) 


or, in another form, 


fC-w Id^ 1 dir _ Q 

dr' ‘ r dr- r- dr ~ D 


( 55 ) 
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In any particular cn.^c of a aymmctri rally londod circular pinto 
theshoaring force Q can t'asily lio caiciilatial by dividing iho load 
distributed within the cireh- of radii!-' r by 2~r; then llq. (/}}) or 
(55) can be used to determine tie* -lojx- i.- iuid tin- defleetion ic 
of the plate. 'I'he intcf^ralion of the-e equations i-' .simplified 
if we ob.serve that they can be jmt in lie- following fonn.s; 


£' 

dr 


1 d 
r (Ir 


bv) 


Q 

J) 


d [ 'iii\ 
tir r (!r\ <!r ) 


Q 

T) 


(57) 


If Q is ropro.sented i)y a function of r, the.so equations can 1« 
integrated without any ditiieidty in eacii p.-irricular rase, 

Sometime.s it is advantayeou- to repre-.-nt the rittiit .-ido of 
Kq. (57 ) as a function of ihe intensity tj of th.* load distributed 
over the plate, loo- ibis pnrpu-e we nuiUiply both .side,-; of tlio 
equation by 2rr. Then, ob.-erviny that 


we obtain 


Q2Tr - I V-’rr >lr, 


dr. 


Differential ins Ijfith of this ecni'.ition with re-peet to r ae.d 
dividing by r, we fniailv obta.in 


Id*" '-d/'/br' 
r d i , r dr\ i.^r 

1 hi.s equation ran e.a.sily be integrated if the infensitv of tlie 
lotid q is given as a funetion of r. 

16. Unifonvly Loaded Circul.ar Plates. —If a circular plate of 
radius a c;’.ries a load of inten-ity q nnifonnly <ii-tributed over 
the enti'C st; jk-,, (,f plate, tin- inagnitmie of the .-hcaritig 
forile Q at ■ listance r from the center of tlie plate is determiiuHl 
fron'i the ctiuation 



2rrO 


rr- 


Q 


<F_ 

o' 


(«) 


fn .1 wliich 
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Substituting in Eq. (57;, vve obtain 


dr 


Lrur\ «r/J 


2D 


Bv one intonation v.e find 


r dr\ dr) AD ‘ " 


(h) 


ic) 


where Ci is a constant of integration to be found later from the 
conditions at the center and at the edge of the plate. Multiply- 
ing both sides of Eq. (c) by r, and making the .second integration, 
we find 


or' 


dw _ 

~ IGO 


C,T- 


-f Cs 


and 


dv; _ qr~ , Chr , C; 
" IGiD ‘ 2 ‘ r 


The new integration then gi’/e.s 


qr'- , Cir- , ^ , r' 

w = d T -r C; log - -f Cj. 

6AD 4 a 


(59) 


( 00 ) 


Let us now calculate the constant.s of integration for %'ariou.s 
particular cases. 

Circular Plate vrith Clamped Edges . — In this case the slope of the 
defiection surface in the radial direction must be zero for r = 0 
and r — a. Hence, from Eq. (59), 



From the fii^t of these equations v.e conclude that C- = 0. 
Sub.stituting this in the second equation, we obtain 


ZD 


With these values of the constants, Eq. (59) gives the following 
expres-sion for the slope: 


<p 


dw 

~d^ 


JL_ 

160 


(a- - r^). 


(61) 
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Equation (GO) sivc.s 


10 = 


f/r* 


qa-r- 


+ Cj. 


OM) 'W) 

At the edge of llic plain tlin dolloction is 7 .cro. Ilcnco. 


(d) 


q(r 


qtr 


G\i) :y2i) 


d- c, = 0, 


and we obtain 


r - id'* 

' oijy 


Substituting in K(i. (d), we fiml 


«• — 



(62) 


'I'lie maxinimn dfllertioii is at the cciit'-r of tlie jtl.'sto atid, from 
Eq. (62), is e<iual to 




qn' 

(iu/ 


(c) 


Tliis dofloclion is erpial to tliree-oightlis of the defleetion of a 
uniformly loaded strip with built-in emls having a flexural 
rigidity e([ual to IJ, a width of uitity, and a length equal to the 
diameter of tin- jdate. 

Having expres>ioii (01) for the slope, we obtain now the bend- 
ing moments M, and Ms by n-jng <->;pres-iot)s (o2) and ('>3) from 
which we find 

Mr - d- ;•) - r^(3 A y)], (63) 

M, - d- r) - )-(l d- 3e)|. (64) 


Substituting r = o in th'-'.- expression-,, we find for the bending 
moments the boundtov of (fie plate 

{Ms)r^. = (.lf.V_, -"Jr-- (65) 

o O 

At the center of the plate wlu'n> r ~ 0, 
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From expre.ssion.s (65) and (GO) it is soen that tlio maximum 
stress is at the ijoundary of the plate where 

, . (I) 

[CrjrnfiT. — 4 

The variation of stresses o-, and <r< at the lower face of the plate 
along the radius of the plate is shown in Fig. 20. 


o-rjcrt 



I'Kt. 20. 


Circular Plate vnlh Supported Edges . — In calculating deflee- 
tion.s for this case we apply the method of superposition. It 
was shown that in the case of clamped edges there are negative 




(b) 

Fxc. 30. 

bending moments Mr = -qays acting along the edge (Fig. 30a). 
If thi.s case Is combined with that of pure bending shown in 
Fig. 30b, the bending moments Mr at the edge will be eliminated, 
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and we obtain the l)endinf: of u i)lato Fupported at the edge. 
The deflection .surface in tlie ea.'^e of j)iire bending by tlie monient.5 
qa-/S, from Eq. (-10), is 


7t’ 


qn- 


lG/;(! -r r) 


{(f- - r^). 


Adding this to tlie deflect ions (02) of th(‘ clamped plate, we find 
for the plate with a .dimply .supported edgo 




q{iT- - r-)/ ■) -t- )• , \ 

\] -fV'' '"/■ 


(07) 


Sub.stituting r = 0 in this e.\pre.'..--ion we obtain the deflection of 
the plate at the center: 


-r : )y/i‘ 

GUI d- :•)/>’ 


(GS) 


For r = 0.3 this deflection is about four time- .'i.s gre.at ns that for 
the plate with clamiied edue. 

In calculating lieiiding mom'Uji- in this c.-e-e we must add 
the constant bi'iiding moment to the moments tO.3) and 

(G-l) found above for the cti-c of clauqied edges. Hence in the 
ca.se of .supjiorted edges 

Mr - j''(:(:) d- ;•)(«= - r'-), m 

- 17.(«=(3 d- >•) - rTl d- :b )i. (70) 


The ma.ximurn bending moment i- at the eejiter of the plate where 


.U 


I 



The corresponding max-imurn .stress is 


(Sr),: 




0.1/, _ .3(3 d- >-)f/(!- 

/(• 8/i- 


(71) 


lo get the maximum stress at any distance r from the center we 
must add to the strc.ss calcuhued for the phite with clamped edge 
the constant value 

7? ' ~S 
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corresponding to the pure bending shov.-n in Fig. ZQh. The same 
stress Is obtained also from Fig. 29 by measuring the ordinate.s 
from the horizontal a:d= through Oi. It may be seen that by 
clamping the edge a more favorable stre-ss di.stribution in the 
plate Is obtained. 

17. Circular Plate with a Circular Hole at the Center. — Let us 
begin with a discussion of the bending of a plate bt' the moments 
Ml and Mz uniformly di.stributed along the inner and outer 


G 










'/y///z/z/y/J^ I i i U//////////A 


\ V 

b ->* 
FtG. 31. 




A 




boundaries, respectively (Fig. .31). The shearing force Q 
vanishes in such a case, and Eq. (57) becomes 


d 1 diA 
dr\^T dr\ dr J 


= 0 . 


By integrating this equation twice we obtain 


^ _ _ Cir C- 
dr ~T ‘ T 


(a) 


Integrating again, we find the deflection 

C'lr- 


w = 


C’l log - -f Cz. 
a 


(h) 


The constants of integration are nov,* to be determined from the 
conditions at the edges. Substituting e.vpression (a) into Eq. 
(52), we find 



This moment mu.st be equal to Mi for r = 6 and equal to Mz for 
r = a. Hence equations for determining constants C'l and Cz are 


D\ 

1 

D\ 


|(l-f ,)_!=(!_,) j 
- ^(1 - i ')] 


= Ml, 
= Mz, 
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Cl = (-r^r)7i(«= - b^-)’ " (V'-viDitr- -ir-)' 

To determine tlie constant 67 in ICq. {b), the deflection? at the 
edges of tlie plate imist be considered. A.‘^sume, for example, 
ihat flic plate in Tig. 31 is supported along the outer edge. Then 
tp = 0 for r = a, and we find, from (h). 


C,n- „ - b-M,) 

■1 ' 2(1 -r v}lJ{n' - b-)' 


In the ]iarticul:ir case when .1/; ~ b we obt.ain 


C, = - 


2h-AU _ 

(1 -i- v)])(n' — b-) 


C, - 


.. _ rt-hhir, 

' " (i -'’c)7Xf7'-7(^}' 
n-b-M, 


2(1 d- t}D\n' - b-)' 


and expressions (n) and ib) for the .-lope .vnd the deflection hecosne 


IP = 


(hr _ <rb'M, ( I . S\ 

(Ir /hi — :H(i- — b'\r ' 1 d' c O'/ 
b-M.. 

n‘b'.\r, , r 

(1 — !•)/)(((• — b-j r. 


( 72 ) 


f (>)( 


.!.« a .‘^ccond e.xample we con-ider tin- ca.^-e of bf-nding of a jdato 
by shearing forces Q unifornilv disU'ibuted along the inner wicc 



I'l... aa. 

total load applied to the imie 
tilting thi.s in hq. (.IT) and inti 


(Fit:. 32). The -hearing force 
per unit length of a cin-umfercncc 
of radius ?• js 



wln're P — 2rh(?;. denotes ihc 
: boundary of ilie jilate. Substi- 
grating. wt* obtain 


f/ir 

dr 


Pr 

S-D 



tr 

t- 


r 

a 



(\r 


£- 

r 


(c) 
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ind 


Pr'{. r \ C,r- 


'f) 


'Th.‘i corL=tanti? of iriT.ozration vdil novr bo caJcuIatod from tho 
boTindar*-' condi'.ions. A-^viniiriS that tho plato is simply sup- 
port'll aloas tKo outor edgo, v.-e havo 




For the inner edae of the nlate v/e have 


-D 


( dhr 


I 


0 . 






W r oV\ _ 

' r (Irjr^. 

Sub-tituting expjres.rior-s fe) and (fj in Eos. (fj) and (h), vrti find 
4tI>\ 1 d- y a- — b- ^ aj I 


^ fl 4- vjP n-h- . h 

02 = —JZ — p- * — ip log -1 

(1 — a b- a 

rt _ , 1 1 — t' &' I 

‘ 2 ■ i -r a)' 


(0 


Yrith these values of the constant.s .substituted in e:cpre.s.sion.s (e) 
and (f;. ve find the slope and the deflection at any point of the 
plate =ho'm in Fig. 32. For the slope at the inner edge, which 
vdli be needed in the further dLsertssion. we obtain in thi.s wav 


\dr)r^. Srj[>[ '< 


1- y 

1-T V 


a 0- fi \ b- 1 ■- V/ 


(J) 


In the limiting case where b is infinitely small, b- log (bfa) 
approaches zero, and the constants of integration become 


c. = Jvir.^, cr, = o. 




Pa 


1 4- r AtU 

Substituting these values in expression (f), we obtain 
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This coincides wi(li (he deflfc(ion of a pl.'ito without a hole and 
loaded at the center [s(‘e I^i- (<S!)), pafje 74). 'rims a very small 

hole at the center does not alToct the 
deflection of the plate. 

ConihininK the loadinRs .‘■hown in 
Fi^s. -‘U and '12, we can obtain the 
solution for the ease of a plate built 
in aloriK the ititK-r and uniformly loaded 
alon^ the outer edge (Fig. '13). Since, 
the .slope at the built-in edge i.s zero in this eu'^c, using expres'^ions 
(72) and (j), we obtain the following efpiation for delerinining 
the bending moment ^f \ at the built-in cflgr: 



<i-lr.V, fl , 1 - >• h\ 
D{1 - c)(«"-"-‘/.-')V; 1 -r c'oV 

_ 1 - c ^ 

1 ' O' — b- 


I’h ' 

's7d 





from which 


Mi = 


P 


Sz 


(1 + c)'i; -{- 1 



-1(1 


. a- n 

ep '■« I 


(o) 


Having this expn'ssion for the moment M x. we obt.-tin the deflec- 
tions of the plate by suiterpo-ing expie--i()n (73) and expre.-sion 
if) in which the com^lants of 
integration are given by (*xpres- 
sions (/). 

By using the .vame method 
of sui)erposi(ion one can obt.ain 
also (he solution for th(‘ (ewe 
shown in Fig. 3-1 in which the plate is supported along the outer 
edge and carriis a uniformly distributed load. In this c.ase we 
u.se the solu'ion obtained in (he previous article for the jdate with- 
out a hole at the center. Considering the section of this ])late 
cut by the cylindrical .surface of radius hand perpendicular to the 
Iilato, we find that along this .section there ai‘t a sluauing force 


q"] 

1 1 < I » i t ! 

1 t T t t t t t 

bp- 

1 UlWm 

^ J 

' -J ' 
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Q = ■rqh-/2-h = qh/2 and a bending moment of the intensity [see 
Eq. (69)] 

Mr = ^(3 d- v){a- - h-). 

Hence to obtain the stresses and deflections for the case shov.-n in 
Fig. 34, we have to .superpose on 
stresses and deflections obtained 
for the plate without a hole the 
stresses and deflections produced 
by the bending moments and 
shearing forces shown in Fig. 3-5. 

These latter quantities are obtained from er-qircssions (72), (73), 
Cose J 


V/max 







Fig. 30 . 


(e) and (J) with due attention being given to the sign of applied 
shears and moments. 


Several ca.ses of practical importance are represented in Fig. .36. 
In all these cases the maximum stress is given by a formula of 
the type 




or 


( 75 ) 
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depending on whclher the applied load is uniformly distributed 
over tlie surface nr concent rat«;d along the edge. The numerical 
values of the factor /:, calcttlated' for .-everal values of the ratio 
a/h and for Poisson’s ratio r 0.8, .are given in Table 3. 

The maximum defi(‘ctions in (lie .same cases are given by 
formulas of the lyi)o 

f/fp I 

^ -'Lh^ 

The coeificients hi an* also given in 'I’able 3, 

T.\nM; ( 'oia-riem.vi . I: ! i is Vai-. '“.'o ssn <7ri} ytii: rtii: EtstiT 
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When the ratio a/b apfuoaeht - unify, th" \-:'.hie> of the eoefTicients 

/: and h: in I'.O'-. [~b) and (70) can be 
obtained with suiiieient fieeiiracy by 
considering a. rarlial strip its a Ingiin 
with end conditions aiul loruling as 
in the actmd plate. 'I’in' effect of the 
moments M, on bending is then 
entirely neglected. 

18. Circular Plate Concentrically 
Loaded. -We begin with the ease of a 
simidy supported phite in which the 
load is uniformly distributed along a 
(Trig. 37fi). Dividing tlu' plate into two parts 


' l.» - • I ‘ 

jo, Q, j (b) 


0(C, 


rci. , 


circle of radius h 
as shown in Irigs. 376 and 37f, it may be seen that the inner por- 
tion of th(‘ plate is in the condition of pure bending produced by 

‘ Tlie.se eiili-ilaliaiis were iiiiulc tiy A. M. Waljl uiul G. I.obo, 7'rnrtf. .-In. 
Snc. Mcch. Eiuj . vol. .'>2, 1930. 
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lilt-. of iho iciotnoni i k. ft, nr A from fho r;ori'li* ion of 

rotit.iriiisfy Aoiii! t.ho c'lrAo r *" h, fr^ttn v/ii'iki if. folio-///-, fh/jf, hotfi 
porf'ioii-r of f.sio plko h/'ivo, !kf. okok, ilio ■■.uri,': Aopo, if/.Ui'/, 
ivi/i. (72) mA (j) of ;ho lOrovfOfr'; y/o firicj ?fio Aopo for tho 

htfior }/)UtAtiry of f.ko ouf.or porlioo of ifio pln.f .0 ooiiA f.o 

A/7Af; h . 1 -- l' h '-. 
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Tho hi'.ior pori-ion of f.}io ph.io k hoof, f.o ?-;»hono/').! ■-.ftrfo.oo, f}io. 
o‘!ryf-J<itr: of -//h'loh k yr/ou }>'/ o'/.pro--.'-.! 0 !s (A('>). 'i'horoforo t.ho 
^/>rro-.'f')[i'liriy i-.lopo i;.f. i.ho hofuAi-.ry k 
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StzD 


(a"- - -h § • j-ijr!; • --A) -f 


f 2b- log - 


0 ) 


To find the dofloctions of the inner portion of tlie plate, we add 
to the deflection (r) the deflections tine to the pure beruling of 
that portion of the plate. In this tnanner wi; tjhtjiin 


7V = 


S~/J 


«.= - e)(> + 5- '"“J. 


a. 

' 2JJ(1 -h >•) 

JL 

S-D 


(, _ + -I '’ ^ 


S-n- 


•fr 


_P 

S-D 


^ t - 5 - ")n- ” {1 - iW 

{b- -I- V) log - r- ~ h- -r (a- - /-) ' 


2(n-~c;o= 


ri 


;-K- 


(rs) 


If the outer edge of the |)lat<' htiilt in, tin* tleflections of the 
plate are olnained by snperpO'ing on tlu' deflections (77) and 

(78) the deflections produced 
by the bending tnoinent.s dfi 
iinifonnly tlistribiited along the 
outer edge of the plate (Fig. f?S) 
anti of such !i ni.'ignitutle th.nt 
the •■'lope of the deflection sur- 
face at that t-dge is erpud to 
zero. From e.xpres-^ion (77) the slope at the edge of it simply 
.supported plate is 



T" ) - _ 1 

k.dr/,„, l~l) i -i- ;• a 


The .slope jtroduced by the moments M~ is 

D{i + c) 

Lquating the sum of expressions (/) jind ((/) to zero, we obtain 


if) 


(9) 



SYMMETRICAL BENDING OF CIRC (I EAR PLATES 71 


DenccUons produced by this moment arc 


M-i r- — a- 


- O')- V>) 


+ 2 HrDil + v) a- ^ ^ ' 

Ailding these deflections to deflections (77) and (78), we obtain, 
for the outer portion of a plate with a Ijuil(,-in edge 


and for the inner portion, 


+ h- 


+ {IP + r-) log i ; (79) 


^ = ^-hr^-h^- + 


(rP - r"-)(a" + IP)' 


_ P 
" Stt/J. 




Having the deflections for the case of a load uniformly distrib- 
uted along a concentric circle, any case of benrling of a circular 
plate symmotricallj' loaded with respect to the center can bn 
solved by using the method of superposition. Let us consider, 
for example, the case in which the 
load is uniformly distributed over the 
inner portion of the plate bounded by 
a circle of radius c (Fig. 39) . lilxpres- 
sion (77) is used to obtain the deflec- 
tion at any point of the unloaded 
portion of the plate (a > r > c). The deflection produced by an 
elementary loading distributed over a ring surface of radius b and 
width db (see Fig. 39) is obtained by substituting P = 27rf/r/ db in 
that expression, where q is the inlen.sity of the uniform load. 
Integrating the expression thus obtained with respect to b, we 
obtain the deflection 



Ffo. 30. 
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or, denoting tlte tof.'il load tt/'-// by }\ 


XI) = 


P i‘ A + 


-(ft- — + 2r- log ” 

IQirDll + P ' <t 


c- 


lor 


1 


(o- - r-) 


(SI) 


n 2{1 d- ;•) ii~ Jj" 
Expression (7S) i-s used to obtain tin- dollcction ;tl tbo r•l•ntl'r. 
Substituting r - 0 aiifl P " 2 -h<i ill> in tbi> i-xprc- .ion atnl inte- 
grating, we find 


(«’)r 




p 


«> 




whert:/-’ - rr“(/. 

'I’lie maximum bonding nio!(ii lit i' ar t In' ( •{((<•{■ ;.r)(f i- I'oimd by 
using expros-ion (»/',. Sub-titutim; ’2rK-.; ilL s'*«r /'in tbi- i-viin--- 
sion and integrating, v,t- find 

f’Yl ~ ; - /-'• 1 -t- 

•1 ■ .1- 

tl 




i' ’ '"S’i) 


h dh 


P 


( 1 I') b'g - 'b i 






wliert*, as before. P denote-, (be i.,;‘.d re-.j-d 

ICxpres-aon i^ u-' d i.iitain tie- b -telin.g moment'. M, ant! 
i\fi at any point of tie- nnbc-.tied outer portion of the plate. 
Substituting tbi-. expri'-ion in tin- geteTa! formulas f'>2) ami 
(o.'i), we find 

!l - liPr’/l 

r lb- (fi-Yj- (SO 

pf 


AP ^ log ' 


M, - 


■Ir 


(I d- .') log ^ -r I 


""■'(i'i) " 


I lie maximum vidui'S of tlie.-e mo;n>’nt.- are obiaiti'-d at the circle 
T ~ c, where 


(! 4- i)P , 0,(1- i')/‘iu- r-) 

Alr=-- ,---!og-d- • 

•itr c IGrij* 


(Sb) 


Mf r. 


P\ 

'Ir 


(.1 -i- a) log -- 1 - I- 


IGtc’ 


* llitji pxpn- '.-ion iipjilii-.-; only v. iir!< r i--, at b-vit r'-vi-ra! tisav - tin- tiuekiu-o 
h. 'I'ho case of a very Mnall r i-. «!i- lat-.-e,! in -\rt. IP, 
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(SO) 


Tlic doflcction at any point of tho plate at a diptanee r from the 
center, bj' Eq. (SI), is 

P 

“ IGr/; 

The bending moment for jmints witli r > r. may be foiimi l)y 
nenleeting tlie terms in ICqs. (SI) and (So) vdiieli contain c-. 
This gives 

jV, = —(1 -i- «•) log", (Of)) 

E' 


M, - 


4r 


(I )•) log 


1 - r 


( 01 ) 


To obtain formnlas for a eireiilar plate with ei.ampefl eflgc-- we 

differontiate hifj. (S'.t) and (Infl for 
the slope at the Ixmiidary of a 
simply supported plate 


(«) 



" 4(1 o. 

^ The bending mom'mt.,- d/; uni- 

formly distribnte(l along the «4ainped edge (I’ig. 41)) produce a 
bending of the i)!ate to a sfiherical surface th" nidio' of which i" 
given by I'iq. (40). and the eorre-ponding slope at the boiitidary i-- 

M:n 

(1 -f- :)// 

Using (a) :iml (b), the condition that tin* built-in edge not 
rotate gives 

P 


(Jo 




(n 


Deflections produced by moments .)/; by ICq. (h) of the preceding 
article arc 

f’(r- - 11 -) 

StD(1 4- ;•)■ 

Superposing these {leflectir)ns on the deflis-tions cjf a simply sup- 
ported plate in Eq. (SO), we obtain the following expre.ssiou for 
the deflections of a elamja-d phite loaded at the center: 


ir — 


HrJ) 



- 1 . 


IGr/; 


(«• - r^). 


( 02 ) 
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Holutioti of this i)rol)lom h!io\vs tlint tl>o maxitruiin l•ornI)^“^niv(• at iho 

center A of the upper face of the plate euti he expre>-e(I hy the foIlov/iiiK 
ai)proxiinatc foriniiln;’ 


P I+2«- 

<T, <=• CT, <Ti ; (1 + e] 


in wliieh at is tlie value of the eoinpre,-5ive hendiiiK stre- ohtniri' fl from tfie 
apprf)xiinate theory, i-ny, hy usini; lap iS-’i; for the ea'.e of n rimj)!y Mip- 
ported plate, and n is a numerical factor depending on 2c ./ j, the ratio of the 



0 0.5 1.0 L5 ?.0 2.5 10 

- >- 2 c 

tr ■ 

Iio. 12 . 

di.ameter of the loaded area to the tliiehne ■ of the p! >te. .‘'’■•Vera! vrdue' of 
this factor are niven in the tahh' hclov. . It.- variaimn v.ito the ratio 2c /•. is 
shown td-o in I'n;. -r.’. When c ai>pri'.o-lit ' rej.i. thi’ '••.tc ■■ e;d'-n!ated hy 
hill, (fio) apiiroaclie^ mtiiuty. 

T.snt.i; 'I,- \'.\t.ri:.'; of I’anoii n la- h... 



The maximum ten.sile .stre.-i oecur- :it R. the renter of tin- lower .•'iirf.aee 
of the plate (I'it;. -tl). When c i-' \i ry small, i.'’ . for a strontj load e.meen- 
tration, this tensile .str('.^s is jiraetically independi-nt of the natio 2c 'V-. and 
fora .simply .siipjiorled {date !•< ftiven hy the follovvim: a|>{iroximate I'ormid.a:* 



p ' , 




il n. isri loK - d- 0..V2 j d- o. hs 


To obtain the rompre.-hive rr, and «•, at the renter of the ti(){KT 

surface of a clamped {date, we mu.st decrease the v:due of the comiire.s.sive 

> When c i.s very .small, the eonii>re.ssive stre.-s P/rc- hecome.s larger than 
the (<Tn,„.) (tiven hy laj. (0.')) (.see l'i{;. -Kt). 

■ Tiiis (piantity .should he taken with iiettative sipn in Ki|. (O.'i). 

’ See |)u]jcr hy Woinow.sky-IirioKcr, loc. cit., j). 75. n i.s outer nidiu.s. 







HYMMHTUICAJ. HENDINd OF CIRCULAR PLATER 


( ! 


ttra-’ifTi if) Kq. (95) \>y nii ninoiinl nqmil to 

P fi 3 
^ ^ " 2r/i« 


(A) 


on rtrroiiiit of Hio notion of llio inoniontH M, ^ —P/Air. Tiio inn>:immn 
|on<-ilo ot ro«‘' nt tlio oonlor of tin! lowor Hurffioo of n clfimpoti plnlt; for n nt rf)n)' 
oonoofitrntion of Ifio lonfl (c ” 0) in foiiiu! !)y HiilitrnolinK K<|. {A) from I'k). 
(95), It in 

«r.M. - 4- «')^0.48r, loK + 0.,52y (97) 

Tho (itrof'i fiif-t rilnition norori fi fliiok oiroiilnr jilfitf: ihfa O.-l) v.’ilti 
Ijiiill-in o(If»os in nliown in Fi^. 4.'{. Tiionontrows nro onlotilfitof] fore O.I« 
nnd V 0,8. For (liin c!i“(! tin; innxiiiunn oomprofKivo HfroHn a, normnl to 

rcO 



tlif porffioc rif 11)0 jilrito i*- li\rKor timii tfio nifixiinniii rompro-’nivo fitrosw in 
Ix iidiin; r;ivon l)y F<|, (95), 'I’lio innxiniiiin looHiio jitronn in rnioiiintod i)y 
iiu oii'' of Fq. (97 ), It in nni.'tllcr tlinn llio t<nini|c tit nivon Ity tlio oloinon- 
tnry tlioory of lictitliii);. Tin- v.'iliio of llio Inltor nonmn the Ihielcnenn of llio 
pinto i'. i-hown in the finnre iiy tho dotted lino. It wjin eidonhitod from tho 
eqnntion for hendini; inomonf 


- '')c' 

fI4-e)|o,; (08) 

r -tfi’ 

trlitfiinid by .'niiiiin; the moment .Ifj —PjAr to I'itj. (8,'}). 

In di p rnnninn the ^^fe diineiixionn of n eircnlnr pinto lotnled nt tho 
n ot* r. v,c enn n"'i;tlty limit oiir invO'‘tiKntiom) to the enleiilnlimi of the 
mnximnm ten-de ixtidinit uirr‘--r-i nt the hott/itn of the plnte hy mf‘nn« of 
f.q«. !!•'')> .ntfd '!t7,'. .Mtliouidi tin- romi»ro--ive ^fre'^■■et^ ,,.1 the lop C/f the 
jil-ite inny he mnny lime.- ni Itirye n“ the ten-ile f.| re- *■■ 1 -'. nt the bottom in tho 
of n j-troiiy t'oiii'entrntion of the load, they »]o not reprei-enl it ilireet 
d-.iqo r bi .-nn-e of lh< ir hl(;ldy lornli.’ed eh.'irneter. The local yielding in the 
f-.‘" <>f ri duetde mnteri.'d will not affec) the d'formntion tif the* plnte in 


•U... 
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Rcnerai if (he tensile stresses n( the hottnm of the |))nte reninin wjtljin safe 
limits. The enmiJres.sive slreiiKth of a hrittli- iimtcrial is iisiinlly iimiiy 
(inie.s greater than its tensile strepKih, so that a plate of s\ieh a iii.alerial tvill 
also he safe if the (ensile stress at llti' holttnn is within the limit (»f safety. 

The loeal ilisinrhanee proilueed hy a l•tlneentrate(l load in the vieiriity of 
its point of appliealion must also he eoiisiilen-d if we want an exact de.-erip- 
lion of the defleetion of the jilale. 'I'liis ili-turhaiict- is maitdy eonfined to a 



cylindrical rcjiion of r.adnts several time; I-., and thus its effect on the total 
deflection heeoine^ of praetic.al importance v.lieii the thickne.-s of the jdate 
is not very .small coniparetl uitli it' ra>!in-. A~ an illu-tratioti theri' are 
shown in I'it;. 11 the deilretioie. of ciroilar plate- v.ith hni!t*in edges' and 
a rentnil concent r.vted load for wlin h the ratio of thieknc- - to rtiiliiis /■./<: 
i.s 0.2. 0.1 .an<l 0 ti ‘ The delleenoti yiven hy the eli-'ai-ntary this>ry (Faj. 
(01)] is shown hy thi' dotted line. It tnav le- se.-a tlast the di-ervpiticy 
hetween thi‘ eleinent.ary theory :ind tie- i-X-act •ohttion i!imini-hc^ rapidly as 
the ratio h^ii ilimmtshes In the next artieie ve -h:'.!'. ‘how that this tli-- 
crepaticy is dm- princtpally to th'- effei-t of .-hearitnr f(*rce. which are entirely 
neftlected in the eh-inetitary theory. 

20. Corrections to the Elemcntar}’ Theor}’ of Symmetricnl 
Bending of Circulnr Plates. Tin* relations (:17) tmtl (8S) hetv.('«'n 
l)ending moments and eiirvatiires, which were derived for the ease 
of pure bonding, litive Iteen used n.s the loisis for thi' .solution of the 
various problems of .symmelrietil bending of eirridar pltites which 
litivo been di.soussod. 'I’lie effect thtit sliearing .stresses ami 
normal p>es,.iiires on planes paralhd to the sm-ftire ttf tlte plate 
[ Iiiivo on bending h;is ntd been taken inltt aeeotinf. Ilmiee only 
I ho solntioii for tt plate bent to a spht'rietd surftiee ttiid the 
.solution for tin* anmiltir plate loath'd witii moments tmiformly tlis- 
tribiited along the inner and otiter btmndnries (I'ig. 31) are rigor- 

‘ 'I’lie cnrx'cs in I'if;. -M arc the rc.siilt.M of the e-Xtict .solution of IVoinowsky- 
Kriegcr, loc. cit., p. 75. 
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OIJ 5 . In nil othc-r di.-c-uasad. tha forrnulaa obtained are 

approxiina'e. and th-’-ir ac-euraey d^’-pc-nd.' on the ratio of the 
triir-kn<--,' of tiie piafe to it.-^ outer radiu5. More accurate for- 
mulas may i>e obmiiU‘d i>y considering in an approximate manner’- 
the f-fTect of .-hearin.a s‘re.->e,s and iau-ral pressure.-; on deflection.s. 

Le- ti- con.-ider first a circular plate 'without a hole supported 
along it- edge and uniformly loaded. The .shearing force Q per 
unit length of arc along a circle of radias r i.= 

Q = Ur. 

From the c-jaact .solution for plates v/hose thickne.s.s i.s not a.s.=umed 
to }>e .--fnalL' it is knovrn that the shearing .stresses r,- var%' acro.s.s 
the thicknes-: of the plate acco.’-ding to the parabolic lave in the 
.'.'irne tray as in l>eanns of narro-.r rectangular cro.-s section. 
Hence the maximum .-liearing .stress i.s at the middle surface of 
the plate, and its magnitude i.s 


< — —'I- 

- 25/;‘ 

The corre-pondina .-hearing .strain i.s 


(hr-, 

dr 


3 qr 
'2W7 Ii 


(a) 


(h) 


vdicre tri i- the additional deflection of the middle .sun'ace of the 
jilatc- due to tlie siiearitig stre-s. By integration the deflection.s 
prodtjc'-d i)y the slicaring strosse- are found to \yi 


tr, = ^ . JLfa= — r-) 
■ 2 AfJh 


At the center of the plate: 


, , 3 nrp 

= 2 Pjh 


(c) 


i'J) 


Kti'.fi <•: C;A 
.t ■■ 


‘ .-t x-.z'ir-.",- :},’'ry of phUe-- vr:,.- r,nria.at'--<5 by Saint Vcnnnt in hLs tr.ans- 
’.'i h'i'A:, “Th'-'jm- <;<• r<e-sti''jt>'- (J'-.- corps .so!i'if'.-/’ p, Z'i7. 
: tL;- -.vort: i- L-r.-f-n irj ‘•Hi--/,.-.- of ihr: Th^-arr of 

!,. I. T-,)?, •me rr-.'i'i K. P--.'-.r.-or:. voi. 2. p-;r» !,p.2J7. Furth'-r 

y a," ti.'ory i- ,i-;o J. If. SFPICI. f'n-c. LorSon .'Inti.. S'k.. 
. p. SO'i, |vs>, on-; a, K, H. I/'.vr-. *• M-.tj.r .-.o-a'-t Tr.e.r-.- of LI.- — 

;•’. p, .ap', \ ]a- .Ij., .j,;.. 

a^ caT: tt.' p'.p-'r i.y V-V.r.oa -'-.y-Kri* -.-‘•r, Ir.r.-r.irur Airclir. 

f -.-.n.p!'-- o: r-coa.';- t!.‘-ors' sre '.rivi-.n in ,A.rt, 2.j, 


■ c- 


‘■T; 


]i. g! j. 
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THEORY OF PLATES AND SHELLS 


Tlic lateral pressure acting on the plate produces a negative 
curvature, convex upward, similar to that whi(;li occurs in a 
uniformly loaded hentn.’ 'I'he {»ressure 7 ijei' unit ar<‘a ju-oduces 
a radial elongation of vq/E at the upper surface of the' plate. At 
the middle surface of the pl.'if<* this elongation is \'(i/2E, and at 
the bottom of the plate it is zero. As.suming a straight-iim; rela- 
tion to hold, an approxim.ate value of the radius of curvature It 
can he found from the equation 

vq _ h 

2 A' 2It' 

from which 

J_ - 

2lt 2hE' 


and the negative deflection is 

I / - 

- -^(n- 




0 ) 


.\dding I'lqs. (c) and (c) to ICq. (07), a more exact expre.'sion 
for detiection is found to be 


7 / ■> ../o d" c , I d" I . 

“■ = - '••'(•rFV - ’■7 w ■ oir-p-,'"- - 

\t the center of the plate this becomc.s 


7n‘ /.') -b e , -1 .3 -f r /i*\ 

hw\\~T-'T' 3 ’ T-'I^ ■ <r-J' 


if) 


The second term in ICq. (/) represents the correction for .shear- 
ing stressi's and lateral pressure. 'I'his correction is seen to be 
small when the ratio of the thickne.-s of the plate to its radius is 
small. Th(‘ value of this correction given by the exact solution is- 


q(P 2 S d- »• d- c* /)- 

(5) 

For i' = 0.3 the o.xact vahu? is about 2t) per cent less thati that 
given by F ;. (/). 

In a uniformly loaded circular plate with clamped cdge.s the 
negative deflection tc; due to pre.ssure cannot occur, and hence 

■ See ibid., j). '12. 

- See A. E. 11. Lovi;, " Miitlieinutir.'il Theory of El!i.‘iUeity,”-llli cd., p.-fSl. 
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onlv iho dc-fic-otion duo to shear need bo oonsidorod. Adding 
thiH dofloction to Eq. (G2j. v.'o obtain as a more accurate value of 
the dofloction 


v: — 


(j4Jj 


(/E- - r-j= 


4k- 
1 - 


(a'- 


r-) 


(h) 


It is interesting to note that this coincides v/ith the exact 
Folufiond 

Consider next the deflections produced by shearing stresses in 
the annular plate loaded mth shearing forces uniformly dis- 
tributed along the inner edge of the plate as shovvn in Fig, 32, 
The maximum shearing .stress at a di.stance r from the center is 

3 P 

(rr.)rr^ = 


v.-Iktc P denotes the total shear load. The corre-sponding .shear 
strain is 


dvH ^ 3 P 

dr 2 2rr/iG' 


(0 


Int^'grating, v.-e obtain for the deflection produced by .shear 
P , a Ph- 




yllJ '"S 7 


<J) 


'riii- deflf'Ciion must }>e added to Eq. (/;) on page 65 to 
""t a more accurate value of (he deflection of the plate .shown in 
Fig. 32. When the nidius b of the liole is very .small, the expre.s- 
.'•ion for the total deflection becomes 


P \ 3 4- 
h-Jj[2(l -r y) 


(a- — r-j -r r- log 


Ph- 


' 8rfl 


1 ^ 
— P log — 
v)D ^ 7 


Ttie deflrction at the edge of (he hole is 


tCr- 


Pc-Y 

.Sr/}\2(1 - 


1 k - , n\ 

log ». 

— V a- h/ 


(I:) 

(1) 


Tiie serond term in thi- fX})re^don repre-ent-: the correction 
dtjf' to .-iif.ar. It inrrr-.a'-'-- imh-finitoly a- b approaches zero, 
O’- a con-' qu":!'"^' of our a‘---um{)fion rliat the load P is ahvavs 
fuiitc. Tiiu- '.vljcn h approaf'hf-- x<'to. th" corresponding shextring 
atid “Iganijg 'train become infinitely large. 

: i:,r- psJ,, f,. 
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Tlio term in Eq. (?) whirh rcpropenls thr rorrretion for .«lio!ir cannot iin 
applied to a jilale without a hole. The correction for a plate withotit a 
hole may he expccteil to he ^oln('wllat .«ina!ler hecjiiise of thi- wedniriR I'ffeel 
prodttcod hy the eoneeni rated load P applied at the center of the upjier 

.•■iirfaee of the jd.ale. Iina;;ine that the central 
portion of tin- plate i-< removed hy tne.iriH- of 
I a cylindrical .•section of -tiiall radiil!- h and 
that it-i action on the remainder of the pl.ate 
: i-i ri'phiecd hy vcrlic;d rhe.-irin;; force.-' eqniv.a- 

j lent to /' and hy nulial force-i S repn-'entinii 
the wcdttinn cfTcct of the load alid di“-trihiited 
alont; lie- upper edj;e of the hole um cliown in 
I'itr. -lij. It ix evident that the I.after force,-, 
proihice ptretchintt of the middle t-nrface of lie- pl.ate toei-ther uith .“-ome 
dellcclion <if tin’ plate in the upward direction. Thi-i indicate- that we 
imixl decrea-e the correction term in l•xpre-'ion if:) to niahe it apply to a 
plate without a hole. To iti-t an idea of the maytiitude of th.e radi.al force-i/', 
let u.s cotixider the plate under the two loadini*. coinlition- xhow n in riq, -10. 


S S 


/// 


/ // 

/ 


/ 

/ 

/ 

/ 

/ 

/ 

//y 

!! 

y 

/ 

/ 

'/ 

/ 

y// 



.. 


* 15 . 


L 





(Cl) 


4— I 

• |....r.4-.-r .J 

(b) 


In the fir-t rai-e the plate i-: comitre--ed hy two equal and oppo-dte force-i 1‘ 
ttetinc aloiiK the axis of symmetry z. In the .•.ecnc.d ca-e the plate i- -uh- 
jeeted to iiniforni <'om[ire-.ion in it- plane hy a iire-'Ure p nniforndv dix- 
trihuted over the cylindrical -nrface houiidiny the plate. .\<4 a r'‘'''ill of 
Intend expan-ion the.-e pre--urc.x produce an inerca-'c of the ihiekner-x of the 
plate hy the amount 


We c.an now oht.dn from tin i expri— ion th • incre;e >• in the rndiux r of tie' 
pinto due to tin- action of the fori’-*< /’ il-'i". -pei) hy applvint: the reciprocal 
theorem to the two condition^ o? hiadinit cl own m I'iit. •{*), Thix ttive.- 


from which 


P Jt?i • Zrrf.v Jkr, 



PM 

’Zrrf.]} 


2 . /• 

1 : Lv 


(m) 


IcOl UH conqiare thix rm'J 
in a thick-walled cylindej( 

of the cylinder i.s vi'ry .a fri../,’ com pa red with the outer radiu-; r, the incren'e 
in the outer radius hy Eame’.s formula' is 


xpaieion with, the radial e.xpan.xion producfsl 
tt<l'in internal proMirc /i.. If the inner radius h 


' Set; author’.s “Strength of -Matcrial.s,” vol. 2, p. oTi. 
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Lt - 


J ;• -pA)' 


(n) 


E T 

Corfipnrini; cxpro'-ion^ (jn) nnd 'n), '.\f; coiicltjflc that tlic radial expansion 
r.hi^di )!/'’ forre^ P in Fjp. Myi pro<lijr<-- in tlic* plate has the fame magnitude 
a^ (h^' radial expan'-ion prodiief-d in a plate v/ith a small cylindrieal hole at 
the eentf-r (Fi:r. -Jo; by internal j)re-sure p, v/ho-.e magnitude is given by the 
equation 

2iP _ I -r 
A'2rr “ E ' T ' 

From this v. e obtain 

yP 


= 7rT~7T^ 

(1 — v)rh- 

I’etuming to the rase of one coiir'^nlrated foreo at the center of the upper 
surface of the plate, the aetion of v.hieh is illustrated by Fig. 4.0, v,'C conclude 
that the force ,V per utjil lermlli of the circumferonee of the hole must be equal 
to the pressure ;),A/2. l.'.sing the value of ]h from Eq. (o), v.-c obtain 

c 

’ 2(1 -f 

These force-- applied in the upper plane of the plate produce upward 
defi'-etions tci, tlie magnitud'ss of v.diich are fount! by .substituting 

Sh yPh- 

in V/\. (7?,) and neglecting Ir in comi);iri‘-on with n‘. In this manner we 
obtain 

ypi.’ a- — r* ypli‘ a 

log — !p) 


tr, 


O' — r- 
' ’ "o- 


40 — y'jyJJ r 

.•\ddiiig this to er-jirc'-ion (hi, we obtain the follov.’ing more accurate 
formula for tie- defl' ction of a plate without a hole .and carrying a load P 
concent rc.teii at ih(! o uter of the upper .‘■urfacc of the plate; 


_F 




Ph- 


Sr(l 


, a 

log - 
yjl) r 

yPIA 


a- — r- 


Srfl -f ypI) a- 


(q) 


This ( q>! 
pi-.'*, th-1* : 
1- c f t!.-- 



j-r.ion ran be i-srd to c.alciil.ate the deflection of all {mints of the 
are not '. . r}' ejo-e to ih.e pomt of ajrplicat'.on of thr: load. Wheji r 
n;c or.h r of m-igiurud- a- the thickne-.- of the {date, Eq. (q) is no 
and to ^‘it-un a -'■.•’.sfnetor;!' solufion the central portion 
/ h.- c.'.:i-fr|'-r<-.i u- ••■cplairied in th." prf'ceding article, 

.'.Jiprosiiaa'.e -..ibic of the deflc? jun „f centnd portion con- 
r. of --n.aij r.-obn- ’> by adding th" deflection rbre to local 

>• m ••'.n d;-t:;b-ilto:. i.e.-.r jminl of .applir.-ition of the load 
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to the deflection given hy the elcmentnrj’ theon,-.* The deflection due to 
Ioe.ll dusturhanee near tlie center i.s nfTectcil very little hj" the conditions at 
the edge of the plate and hence can he evahinted approximately hy jne.ans 
of the curves in Fig. -M. The dolted-line curve in thi.s figure is ohtnined hy 
using Eq. (02). The additional deflections due to local .stress disturh.'ince 
arc equal to the differences between the ordinates of the full linc.s and tho“>r 
of the dotted line. 

As an e.xatnple, eon.sidcr a plate the radius of the inner portion of wliich 
i.s b 5h. 'I’hc deflection of the inner portion calculated from Eq, (1*2) and 
taken ns unity in Fig. 'I-l i.s 


n- 

Tft7/> 


p 

\C>r]) 




ILsing (he eun'e h/a 0.2 in Fig. -l-S, the addition.'d ileflection due to 
local .stn-ss disturhanee i.s 

}> 

i; - 0.215, « U.2\~r-r(bK)’. (r) 

1 i'lTl) 


If wc consider a plate for which b « 2.r,’; and U"'- the curve (arh/a ^ 0.-{ 
in Fig. •11, we obtain 


ej 


O.Sl 


P 

rrv 


•r. 


(-) 


which differs only slightly fnitn that given in e.vpre-.don (r) for h «» 5';. It 
will he iiii-sali.'- factory to take b .stoaller than 2.r,'., .since for .smaller miiii the 
eiige condition of tfie tfiiek {ilate liecomes of inqsirtanre and the curxa's in 
I'ig. -M, calculated for a built-in e<!ge, may not he accur.ite enough for our 
ca.'.e. 

Finally, to obtain the dt flection of the plat" under the load we prtweiHl as 
follow.s: Wc caleuhit,' the deflection at a radius r >“ f> "i 2.5*; hy using 
Ef]. (7). To thi.“ ileflectioii we add the ilefleelion of the r-ntr.il jwrlion of 
the plate which con.sht.s of two parts; tlie fm t ]>art. equal to 


<Vr/>\2^1 *- 7 ) 



is calciilateil hy using the first t-rin of exiin-.-sion (7); and the second part Ls 
given by c.xpre.ssion (.1). 

• In the ea.se under eon.sidenition this tl-fl-etinn can he calculated by using 
the first term in e.x])res.sion (7) .and .- uh.stiluting b for n. 



CHAPTER IV 

SMALL DEFLECTIONS OF LATERALLY LOADED PLATES 


21, The Differential Equation of the Deflection Surface. — We 
Ihat Jhr; load acting on a ])]atc is normal to fls surface 
and that fleflection.s are srnali in comparison with the fi)icknes.s 
of the plate fsee Art. L3}, At the hourifJary we assume that 
tlie edges of the plate are free to move in the plane of the plate; 
thus the reactive forces at the edgffS are normal to the plate. 
With these as-urnptions we can neglect any .strain in the middle 
plane of the plate during bending. Talcing, a.s before (.see .Art. 



10), the coordinate axe;- x and y in tlie middle j)lane of tlie ])!acv 
and the r-axis i)eri)en(licijl;«r to that plane, let us con.sider an 
elfment cut out of the plate by two jjair.s of planes jjaralle! to 
th<- xz- and yr-plane-: a« .-hown in Fig. 47. In addition to the 
bending moment*-- .1/. and M,j and tvd.sting moments M^-j wliich 
v;r' had vd)en conH’fh'Hng the |)urc bending of a plate f.see Art. 10), 
tlwre are vertical .--hearing forces' acting on the .‘*ide;s of the 
i-l'-ment th<- magnitufh--* of which per unit letigth parallel to the 
y- .and x-.ax'"- we denote by Q. and Q.j re.spectively, ho that 

f, h 

Q: " f\ Cx, dz, Q.J T.J, fJz. (a) 

Since the moment- tmd fhr- ,-he.aring force- are futiction.s of the* 
f oorditi.'it'-. j- and y, we must, jn di--'cu-“-ing the condition.s of 

* rh'-T' -■ill l"' r;'> -ta.irir," .-t'c! riO ferc'-i tiortfci! to the 

f • '.r o,< tt.<- itr.uis of It.i- midJ!'; jiianc- of tiie ptale F 

r.- .re- I /.’.■.•JAr. 
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equilibrium of the olcniont, take into couKideration the pnmil 
changes of (lieso quantities wlieii the roordinates x aiul )/ cliaiige 
by tlio small (]uantilies dx and dy. 'I'lie middle jjlane of the 
element is re[)resenled in I'igs. •18u and 48/;, and the directions 
in which the moments ami forces tire taken as positive are 
indicated. 

We must also consider the load distributed over the upj)er sur- 
face of the plate. 'I'he intensity of this load wer denote by ry, <0 
that the load acting on the element' is q dx dy. 



0 

(b) 

I'Ki. IS. 

Projecting all file forces .acting on tin* element on the r-a.\is 
we obtain the following equation of eiiuilibrium: 


“~(/j dy d- -b q dx dy - t). 


from ^vhie i 


dx ‘ t);/ 




Taking moments of all tiie forces acting on the element with 
rc.spcct to the j-a.\is, we obtain the equatiitn of (>quilibrium 

'-r. “ ^^-di! dx 4- Qj dx dy ~ t). (c) 

Ox dy > j V ; 

* 'Ilic wcikIiI of the iiliite il.soU laiiy be i'on.“’ulfn-4 si:* iiiclmli'il in tin.' load < 7 . 



s:f/.LL hEri.!y T!o::s or laterally waj/Ed rlatee S7 


T},'; rr.orr.''-r/ o: 'r.c- iosc; o ‘r.'r 'rK; to cnrinzo in 

■rf- Q- in 'hi- r-0’'J5.tior., irinto th'ty nro -tp.^U 

''""iOi'*:'''- of n rntii-'.'-’' orOt-r thnn tho-o "'hicfj v/o rotsiri. After 
AmoiiEentior;. Eo. ''c; rr-oomoe 




np 

in ‘ho .-titr.o rr.nr.nor. by 
o-ixi-. ^0 ob'aiti 




— Q^ = 0. 




rnorne-n't "-ith ro.-:pec‘ to the 


<13/-,,- h-3r, 

' hot 


- = 0, 




Hit. 00- thf ro &ro r.o foroo- in tho t*- nr.d y-^lirootiontt nnol no 
'vi*?' r-'-'-poot to tho r-othe. -ho throo Ffq^- (h],, A/j and 
oonvpiotoiy doSno tho oqttiiibE'jrn of tho olomont. Lot u~ 
KltrAu.r-A.f: tho -ho-orir." for/--''.- &nd Q, from thoto oqsjnt:ori= by 
dotorr.ojnin? thorn from Eoy, 'V/; tnd •''e; and S'ubo-tituting into 
Ifoi. 'hj. In thi-r mannor vro obvAn 


d-y./,- dy/, .. 6^ _ <y3/.- ^ 

d."' ' c'n’ i?y ’ o<y* oz rEj 


■n. 


O'y 


vro final iv 


Oh-/r/ir.n tha* 3/5.- = — /-f,-,. by vlrtao of = rj.- 
rtnr''-:or.t tho oq'tatron of ooodiibrlnrn ']} fn tho foHordng form: 


»-3r .. ^ d-3f-, _ 

nr- h-f- E-j- dv 




1 o rf p T?i;- '■-qn.otron in U-r::-.- of tho dofiootion.- m of 
tr.'- p'n*''-. rr.a.h''- th''- a-*ornp':on h^ro tha* oxoro-r-fon- f-flj 

no'i -A3;. d-' vAotofl for <-0-0 of p-;ro Eondinq. '"an Ik: ii-od 
a!-o ir. tr.^- ra-.- a; '.:p<-x-:Yr iood'd xA/c-i--. Tnl- aa-ampdon h 
' q-;:va!' r.- 'dan da- <••??■■<- on yndlnz of tho --hoarinn 

- Qr nt-'t Q, a.'.-j ",<• ‘-•o.mpro- C; pro'l':':r-r} bv *?.'■- 
1'>",d o. V.'- hr.'''- a!-- n-"'-'] - y-h -on .a--”mptro.n in tho 
P'-vP/;. rh-;p--'r nr.d -^•<n d.a‘ th<" <--rror- in doft'-otion- 

‘ ' 'r,-ra-I :r d,i- -ay nr--- -n.nh prov;d'-d ti.'-- of tho 

I -rinh ir. - r,d-nr. vidi d,- d;rra-:.-;on- of t*;o pinto in 

fo-di-- d;-- ;--;or; r.f d.^- ^r^rn'- --jfd'O* mi:; ra; 
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Using X- iuul //-dirontioiiK instead of n and I, wliicli wr* liad in 
Eqs. (41) and (-I.'!), avo ol)tain 

( 100 ) 


Mr, - -M,r ^ Di\ - >■) 


rhtr 
hx hy 


Subsliluting these oxjjn'ssions in K<i. Uj), wo obtain 

(Pit' , .j <)'»' j !Pu' _ (j , 
dr' “<Xr- fO/- ‘ r;i/' J) 


( 101 ) 


It is soon tlnit the jirnblfm of bonditig of plates by a laterxil 
load t] rodneos to the inl<‘gration f»f !•/{. (101). If, for a [lar- 
fioul.'ir case, a solniion of tins eqiiatiot) is found tlntt satisfies 
the conditions at the lanindary of tlie plate, the bending and 
twisting moments e.nn be e.'ileiilated from Uqs. (hit) :ind (100). 
The eorre,si)onding normal and shearing s1r('S<(>s are found from 
Kqs. (-l-l) and (4')). ivinalions (d) and (* ) are nst-d to determine 
shearing forces Q. and <1,- from which 



(102) 

(in:i) 


The shearing stres-^es r... and r.j, can now be determined by 
assuming that they are distributed across the- thickness of the 
plate according to the [larabolic law.- 'I'lnm 







2 Q, 

2 T‘ 


It is seen that the slressi-.s in •> plMt<» l•;tn be calculated provi<!e{I 
the di'fleclion surface for a given load distribution and forgiven 
boundary conditions is determined by iniegr.ation of ICq. (101). 

' 'I'ltis (‘<|ii;uioa was oOtained l>y in I si 1 v. lien lie wiis cKiuninin" 

till- memoir pre.-cnled to ilie I'remli .Vnulemy of .Seienee iiy jviptiie CiOrmuin. 
'I'he history of tie' (level(i[>ment of this e<|u:ition is t;iven in 'I’odluinter ntul 
Pear'On, "History of tlie Tlieory of Mitstii-ity,” vol. I, pp. 147, 2 17, SIS, nml 
vol. 2, part I, p. S‘-t’ also the note liy Saint \’en!inl to .Vrt. 7.'{ of the 

French transhilion of ‘‘Thisirie ile I'elastieite lies corps soliiles," hv C'lehsch, 
Piiris, lK,S,'t. 

• It will he .shown in ,\rl. 2.'i thnl in certain c.as.'s tliis nssumiUion is in 
ngrei-ment with the cNivct theory of henilint: of plates. 
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22. Boundary Conditions. — Wc* lir-gin the di=cus.sion of bound- 
ar*^ condition.^^ vdth the ea^e of a reetangtdar plalo and assume 
that the x- and y-axa' are taken parallfd to tlie sides of the plate. 

Built-in Edge . — If the edge of a plate is built in, the deflection 
along this edge i.= zero, and the tangent plane to the deflected 
middle surface along thLs edge coincidc.s \nth the initial po.sition 
of the middle plane of the plate. .-\.s.suming that the ar-axis 
coincidc.s vdth the built-in edge, the boundary condition-s are 

W.-. = 0, (|)^_^ = 0. (104) 

Simply Supported Edge . — If the edge y — 0 of the plate i.s 
.-imply .supported, the deflection u; along 
ihi.s edge mu.st be zero. At the .=.amc 
time this edge can rotate freely vrilh 
respect to the x-axi.s; i.e., there are no 
bending moments d/y along thi.s edge. 

'i'hi.s kind of support is: represented in 
Fig, ‘10, The analytical cxprc.s.sion.s 
of the boundary eondition.s in this case are 





(105) 


Free Edgr. — If an edge of a pl.ate, .«ay the edge x — a (Fig. 50), 
is entirely free, if is natural to a-'sume that along thus edge there 
are no bending and twisting moment. s and also no vertical 
shearing forces, i.r., (hat 


(.V - 0, = 0, = 0. 

d'hf boundary condition.^ were expres.-od by Poi.s.son' in thi.s 
form. But later on, JvircldiofT- j)roved that three boundar}* 
eondition.s an- too many and that two eondition.s are .suflicient 
ff»r liie complete det/Tminat ion of defiection.s ir sati.^-fving Eq. 
(lltl). He slidwcd al.'O that the two reqiiirement.s of Poi.^.son 
dealing with tlu- tvdsting moment and with the .shearing 
force (E mu.-t b'* r.-placf-d ],y one boundary condition. The 


^ S' »■ »!: :■ fix ; h 

< f 'n.'-orv {tf r.i .<•!:*’ 


in .J. ToUiiuntr-r nncJ K. "H!5tor}• 

■. vr>i, 1, g.y), ij, Srn.’it te nant'.- trrin.'-Iation 


o-Tif. tiv C'!i ?,-rh, fiti.-il note to ,\rt. 7.3, 
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physical significance of tliis rerliiction in (he number of boundary 
conditions has been ex|)lained by Tliomson and Tail.' These 
authors point out that (he Ijcnding of :i pl.ate will not be changed 
if the horizontal forces giving the twisting couple Mrj d’j acting 
on an element of the length dy of the cfige x — <i are replaced by 
two vertical forces of the magnitude M..j, dy apart, as shown in 
Fig. 50. Such a replacement doe.s not cluinge the magnitude 
of twisting moments and produces only local changes in the stress 
distribution at the edge of the jdnle, leaving the stress condition 
of (he rest of the plate unchanged. We have already discussed 
a particular case of .such a translormation of the boundary force 



fCi. .V). 


.sy.sfcm in con.sidering a pure bending of a {)late to an anticlastic 
surface (page Al), IVocecding with the fongoing replacemejit 
of tv.'isiing couples along the edge of the plate and conddering 
(wo .adjacent elements of the edge (Fig. 50), we find (hat the 
distribution of twisting moments ,U,y is statically equivalent to 
a distribution of .shearing forces of the intensity 



Hence the joint ref|uirement reganiing twisting moment Mz-j 
and shearing force Qs along the free edge x ~ n becomes 




Substituting for Q. ami their expressions (102) and (100), 
we fmah’)r\obt!un for a free edge j- -- n; 

“it -Td,.:. ' ' -1 


-s;o!. 2, purl I 
Ntelt Iransl! 




^ ^ 0*ir 


* *i\\ rhM<»Hop!iy," vol. l, pari 2, p, I8S, ISSo. Imlopoiuloiitly 

itic was cxpltiiia-d l>y Itoussiiuscp J. Mnlh., S<t. 2, vel. IG, 

IS71, pp. 12^71;Ser. .'i, vol. f),^»p. 32'.>-;> t l, Paris, 1S70. 
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roprcKi'iitiiif; llu; section of the middle surfacf? of the plnte by 
planes i)arallel to the xz- nnd yr-eoordinafe planes. Con.sider- 
ing thc.«c line.s, it may l)e seen tliat near (la; corner A the deriva- 
tive dw/dx, repre.«en(ing the slope of the deflection .surface in 
the ar-dircction, is negative and decrea.ses numericnliy ■with 
increasing y. Hence d'lr/dx dij i.s positive at the corner A. 
From Eq. (100) we conclude that is positive and is nega- 
tive at that corner. From this and from the directions of 
atid Mu: in Fig, ASn it follows that both concentratf-d forces, 
indicated at the corner A in Fig. .'>1, havf; ji dounward direction. 
From .symmetry we conclude .also that the forces liave the s.ame 
magnitude and direction at all b)ur corners of the plate. Hence 
the conditions arc as indicated in Fig. o2h in which 

It = 2;;(i - 

It can be scon that, when square plate i- unifrtrmly loaded, 
the corners in general have a teuflency to ri-'a and this is pre- 
vented by the concenlnited reactions tit the cortit-rs as indicated 
in the figure. 

Eladicnlbj Sm ppurUd and KlnyHndhi Ihnlt-in Kdn>\- If the 
edge X = fl of a rectangular filate js rigidly joim-d to .a supiiorting 



1 1 .,. 


beam (Fig. o3), the dcflcclion along tliis edge is not zero and is 
equal to the deflection of the In-am. Also rotation of the edge 
is equal to the twisting of th<- iieam. I.et B be the fle.vural atul 
C the torsiomil rigidity of the beam. The pres>tire in the 
c-direction transmitted from the pl;ite to tlie supporting l>eam, 
from Eq. (a), is 



and the difTerentitd etiualion of the fleflection curve of the beam is 






(lOS) 
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Thi.s equation rcpre=f'ni>- one of the tv.-o boundarj' conditions of 
(lie piate alon(^ the edgf' x — a. 

To obtain the second condition, the tndsting of the beam 
should be considered. The angle of rotation' of any cross 
.section of the beam is — and the rate of change of 

this angle along the edg Is 


\dx. r'iyj-. 


Hence the twisting moment in the beam j ^ ^{a) * Oy 

is — C(5'ic/f)j()y)._,. This moment 
varies along the edge, .since the jdate, 

rigidly connected with the beam, trau.s- N.n 

mits contimiou.dy di.stribntcd twisting Qn 

moments to the beam. The magnitude 
of these ai)plied moments per unit length ' ° ' 

is equal and oppo.site to the bending moments M~ in the plate. 
Hence, from the con.sidcration of rotational equilibrium of an 
element of the beam, we obtain 


t 

fb) 

Fig. 54. 


•4,(o^L 


or, .substituting for M. its c.xprc.s.sion (99), 

This is the second boundary condition at the edge x = n of the 
plate. 

In the case of a plate with a curvilinear l>oundary (Fig. 54), 
\v(- tale at a point A of the edge the coordinate axc.s in the 
dircctinn of tin,' tangent ( and the normal n a.s .shown in the 
litrur**. The bending and the twisting moments at that point 
arc 




= - f \ dz 


I ^inc for the stre-.; comjmnents cr„ and the known c.vpres.':ion.s- 

[ Ji '* •’’'‘’’''‘•'■'■■C'i "'rf'-.v ml'- ('■ U‘-e<i for t'.io .siRn of the ancle. 

^ -s. 1 an' not th.f principal directions v.’c lind in the 

■d ii-c ! . rclita:; I cnr-.. .p,. .■'cpr-dons for .If, .and Mr.- will he .lifferr-nt 
ih., -- riv. n 5,y '.10' and '40). 
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Crx = ffr COS- a -}- sin- a -}- 2t^j sin a cos a, 

T„t = rj„((;o.s- « — sin- a) -f- {a.j — C:) sin a cos a, 
\vc can represent, expressions {b) in the following form: 


Mn = Ms cos- « 1- My sin- « — 2Ms.j sin a eos «, 

Mnt = jVry(cos- ft — sin- a) -f- {Ms — My) sin « cos a. 

The siicarinR force Qn at point A of tin- hoiindary uill he found 
from the ecpiation of (ainilibrium of an eh-inent of the i)l!Ue shown 
in Fig. 5ib, from which 



Qr, d.s = Qs ihj — Q.J (Ix, 
or 


Qn = Qs cos a 4- Q,j sin ft. (f/) 

Having expressions (e) jinfl (d), the boundary ernulition in each 
j)arlicular case can lx* wrift<-n wiihoiil dinicnlty. 

If tlie curvilinear edge of the plate is l)uilt in, we liave for such 
an edge 


tc — 0, 



(c) 


In tlie case of a simply supported edge we h.avc 


1C ^ 0, Ms. ^ 0. (/) 

Substituting for .If,, its exprer-ion from the first of equations (c) 
and using ICqs. ('.19) and (It)O), we can represent the bound.ary 
conditions (/) in terms of ir and it.-, derivatives. 

If the edge of a plate is free, the boundary conditions are 


ilf. - 0, r. (h 




ft/) 


where tlie term —oMm/iXf is obtained in the manner shown in 
Fig. .oO and represents the portion of tlie edge reaction wiiich is 
due to the (list rilnit ion along the edge of the twisting moment .I/„t. 
Substituting expressions (r) and (if) for -Ifnt and Qn and 
u.sing F(|s. (99), (100), (102) and (lO.'i), wi; can represent bound- 
ary conditions ((/) in the following form: 


I'Aw-j (1 — j')(eo.s- 4- .sin-ft~~ 4- .sin 2n-“~ ) " o] 
\ Ox- Oi/- OxOyJ 1 


cos a— Aw 4- sin a~Aw 4- (1 
Ox Oy 


'Os 


cos 2o 


0-w 

0x~by 


(110) 


1 . A'i-ic o-if\ 

+ 5 “ ar=)J " 
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tho diroolions choson for iitirl the normnl n iridicntofl in Fife. •'>). Tlic; 
tliini intcpjral roprc.srnts flio work of llic trnri.sx'<;r/:o foroe.s !ippli<‘<i nlotife the 
ctipe of the plate. 

In the calculation of the variation 6V of the Htr.'iin enerfey of the plate v.'c 
n.^e certain tran.‘i-forniation.‘i which we ahnll .‘>how in detail for the firat term 
of the e.xprc.^sion (HI). Tlie anitill variat ion of this term Is 



In the first two terrn.s after the l.'i'-t f-ifro of cfiualit.v in etfirr^— ion (e) the 
doiitile intefjr.'ition can lio refilaced hy .'.imide int'-^rals if v.e reniemher th.at 
for any function Fof jand {/ the followiriK fortnidas hold: 


f 

'’PF 

— dr d'l r- 

^ . 
/* rf>H {r (l*,\ 

/ J 

' J 

/ 

fl 

"pF 

— dr d'l " 

r rt (/*'. I 

; J 

A.V • J 

/ 


0 !) 


In the.-ic e.vpres^ioiis the sinifile intc”r:\lH are eM'-nih d .’iloni; the honndary, 
and ft is the tmtth' hetv.eeii the outer normal and the r-a'ct-, as shown in 
Fip. ol. U.sinK the fir.-t fit tin' formulas (ill, we can repn'-esit expre.-'inn (c) 
ns follow.s 



Advanrinp nlonp the houndary in the «iireetion shown in Tip. AI, we have 


f) etc P 5ic ihi ^ if etc f/s P o!r 
i)T Hn <lr if' itr iff. 


if C!" . 

sm ft. 

P.t 


With, this transformation, exprcssiHH (c) heeonics 



(It (1;/ 


Sic i/x dll 


„ r H'u'f (1 Sic if Sin N C Phe 

d- 2 I — 1 co.s « — --- - ,siu o I co.s ft d» — ‘2 I - " Siccos a (/.<. 

J Px=\ Pn P.t / J Px’ 


O') 
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a 'TV* a ’i' 



I'/rj Hr?.* f-7x.rr~~:'r.. b. z^-.n-j, r.T.'ir- rnt i.r<: 

ir.z '}.■’■ 'b,- f -I h'/ir-'b^ry r/. pb'f-.. 'I'r.u.- 

JSf - ” ™ " -Jds “ “ *• 

■‘Kl- r’’--';!*; ?>;. ^•''' f-'.'-n" t;.'; '/irii'.F'vr. cf th'; fi.'-*. 

"i ;r. ’vh'- "7,pr'-» -''-r. fcr tr.^: ' '.’’Tj ‘r-'; jr.t forrrj ; 






CO't /y 


yp, (g) 


F'.:. ! ! I ,, rv 


r.;!.--r r. '-r '.f ','.r.':r torr.-i’i r/. firpr^ 
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By usiiiK those fonnulns the variiitinn of the potontinl oiiorKV will he repre- 
sented in the following form:' 


/.[ 


Jilre • Sir ilx 


- />! 

0-w . 

+ 2 sm n OOH n + 

Ox Oi/ 


r/// + J[u -e}(™feo.H^ 
0-10 . N 

Slti- n I -!• f - 

/ 


t) oir 
On 


r ( 0 ( O-w 0'ii\ , 0-ir ... 

-f I (1 ■“ !•) — 1 ) sm n cos rt (oos- nt — .mn- a) 

J ( On . \0x- Otr / Ox Oij 


( O'w O'lr \ f 0-tr 0‘ir \ , | 

— I — - I 003 or — I r T rT’. / 

\i)j’ Ox Otj-J \0^ Ox- itij/ } 


Slrili}. (112) 


KnhstitntinR this oxpres-.ion in Kq. (/>) find rotnomhorinfC that ciontid OSic/On 
are arhitrary .•.iiiall ((iianlitios I iifyinj: the hoiindarj- roiidilioiis, we coii- 
oludo that. Kq. (b) will ho satishod only if the following throe etinations are 
satisfied: 



if'lStr tlx dtj r. 0, 


/ O’w ii'-tr . •‘>hr . N 

»•)! - ■ oos* o -f- 2 — sin o cos o d- " - sin” o I d" 
\0x' Ox Oij O'E' / 




r Arr 


. ) A Sw 

d* .’>f « /■ ' ■” 0, (0 

) On 



The first of those equations will lo- satisfi'-il only if in every jMiint of the 
middle surface of the plate we have 


/>AA'r — q 0 

which represp its the diflorential ecpiation lIOl) of the dolloction surface of 
the plate. !•' juations (/) and (m) Kive us hoiindary conditions. 

If the plate is huilt in alom; the odye, Sw and OSw/On are roro alouR the 
etlRo; ami Kqs. {/) and (m) tire .satisfied. In the ease of a .simply .supported 
cdRo, Sw 0 and r:! o, Hence Kq. (la) is .sati.sfiod, and Kq. (f) will bo 
sati.sfied if 

'Tin; .sj-mhol.s AAio stay for the left-hand .side of liq. (101). 



IJZ.: L.-, 


a.- 
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cz 



= 0 : 



= 0 
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and obnoi vo that, by addinK loRctiuM- iho two (’xpre.^-sions (09) for 
bonding momonts (si'o i)ago 8S) wo iuivc; 


\A.r- ^ dirj 


ib) 


Mr + Mu - -DXl + .') 

Introducing a now notation 

M ^ .+ -]j(A + (113) 

1 -h «' \(>J- (>)/■/ 

the two Eqs. («) and (/>) can be rcprc>''ntc(i in the following form: 


D-M <r-M 

hr- ‘ iiir 
d-W , tl'ir 
tlx' ‘ <1//- 

Both thp.«o equation'; are of the ."arne land as that obtained for a 
uniformly ^tretcheii and laterally loadeil membrane.' 

Th(> solution of the<e cqualion-; is very much simplifuai in the 
c.n.so of a simply suppertetl plate of polygonal siiap*', in which 
case along e:ieh rectilinear portion of the boundary we liave 
tT-v'/d.s' — 9 -inei- le • 9 at the boundary, ( tb-erving that 
i\f„ - 0 at a .'-imply supported edge, we conclude al.-o that 
d-u'/dir — I) at the boundary. lienee tee ha\'e [s'-e J'hj. (3-l)j 



ti'ir ^ I'Etr iVir ^ t'l'u' _ M 

t1.'- ' tin- dx- ' tiij- l) 


ir) 


at th(' boundary. It must be seett that the solution of the plate 
proltlem rerluei'-; in this ca'-e t«) the integration of the two Eqs. 
(IM) in succession. We begin with the first of these equations 
and find its sohition satisfying the condition M ~ 0 at the 
botindary.- Substituting this solution in the second et|uation 
:ind integrating it, we find the deflections ic. Both problems are 
of the same kind as the problem t)f the deflection of a tiniformly 
strt.'tched tuid l;iter;dly lotided menibnuu' haviitg rero dellection 
!tl the boundary. 'I'his latter ])roblem is miieli simider than the 
plate jtroblem, atid it eanalway.s be solved witii suflicietit accuniey 

' See aullinr's “’riit-ory of Klnsiiriiy,” p. lOtil. 

■ Note timt if the i)Ii‘.tc is not of a jvilygoiiaS .shajic, M generaUv iloo.s not 
viiaish III the I)ouiulnry wlictt ,1/„ « 0. 
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by using an approximate method of integration such as Ritz's or 
the method of finite differences. Some e.xamplcs of the applica- 
tion of the latter method udll be discussed later (see page ISO). 
Several applications of Ritz’.s method arc given in disenssing 
torsional problems.^ 

A simph' supported plate of polygonal shape, bent by moments 
Mn uniformlj' distributed along the boundary*, is another simple 
case of the application of Eqs. (114). Equations (114) in .such a 
case become 

d-M , r-M _ ^ 
dz- ' dif- 

dhi: d-V) _ _ M 

^ ^ ~ 15 ' 

Along a rectilinear edge v/c have again d-w/ds- = 0. Hence 



and VC have at the boundary 


d-w _ 3-10 _ _ M 

' 'dy^ ~ 'dn^ ~ 15' ~ 15' 

This boundary condition and the first of the equations (115) will 
bo satisfied if we take for the quantity M the constant value 
M = at all points of the plate, which means that the sum of 
the bending moments ^Vr and remains constant over the 
entire surface of the plate. The deflections of the plate vill then 
be found from the .second of the equations (115),- which becomes 


d~u: 3-ir _ __^^n 

dx- ' 3y- D 


id) 


It may be concluded from this that, in the ease of bending of a 
simply supiwrted polygonal plate by moments Afr. uniformly 
<ii';tribuf(‘d along the boundary, the deflection surface of the plate 
the same as that of a uniformly .stretched membrane with a 
tiniformly distributed load. There arc many ca.se.s for tvliich 
th'' soliition.s of the membrane problem arc known. The.-e can be 


= S-'* p. 2.'/3, 

’ TKi-. r. .-.e n .'Irst tjy S. V,'o:rior.-‘’r:y-Kri'-‘2:<’ r, 

1'. 103.?, 


I r./jaiPur-ATchiv, vol. 
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jmmcclialcly applied in dispaiHsiiiR the corresponding plate 
problems. 

Tiike, for e.vample, a .simply .support erl erpiilatoral triangular 
plate (Fig. bb) bent, by moments uniformly di.stributed along 
the boundary. 'Flio deneplton surf.aee of the plal<‘ is the .same ns 
that of a uniformly si ret (died and uniformly loaded membrane. 



The latter can be ('asiiy obtained ('xperitmmt.'dly by stretfdiing a 
.soap film on the triangular boundary and loading it uniformly 
by air pn'ssure.* 

The analyiieal exjires'ion of the dellcetion .surfaee is also 
comparatively simiile in thi^ ra-o. We take the product of the 
left .side.s of the equation-' of the three sides of the triangle: 




x'- — 'Airx 



fl(x- 
" 'A 



‘}(F 
A ■ 27 ' 


This e.xprt'.ssion evidently iieenmes zero at the boundary. Hence 
the boundary condition v =■- u for the membrane is satisfied if ivc 
take for doflcction.s the expre.-'.-'ion 


w = 



- A irx 
A 


(i(t- -b ir) 

~'A 



(f) 


where A' is a const.ant factor the juagnitude of which wo choose 

’ .Sucti cxiK'riuH'nis lire used in .solving tor.sional jiroblcms; see nuthor’.s 
"Tiicory of Kln.sticity," p. 2(i0. 
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in such a manner as to satisfy Eq. {d). In this way we obtain 
the required solution: 


w 


Mn 


AnD 


— Zy-T - a(z- + 7J-) + 



if) 


Substituting r = 7/ = 0 in this expression, we obtain the deflec- 
tion at the centroid of the triangle 


^ Mro- 

27 D‘ 


ig) 


The expressions for the bending and twisting moments, from Eqs. 
(09) and (100), are 


Mr 



1 -f I- - (1 - v) 


3i 


M,= 


M. 

2 


1 + -f- 

3( 1 - c);Un ?y 
2a 


(1 — p)Zx 


(h) 


Shearing forces, from Eqs. (102) and (103), arc 


Qz ~ Qv — 0 * 


Along the boundary, from Eq. (d) (Art. 22), the .shearing force 
Q„ •- 0, and the bending moment is equal to The twsting 
moment along the .side BC (Fig. 55) from Eqs. (c) of Art. 22 is 


Mr., 


3(1 - v)Mr. 
An 


iy - 


The vertical reactions acting on the plate along the .side BC 
(Fig. 55) are 


= Qr. 


' ris- 




O') 


From symmetry we conclude that the .came uniformly distributed 
reactions abo act along the two other sides of the plate. These 
force”; are balanced i)y tin^ concentrated reactions at the corners 
of the triangular plate, the magnitude of which can be found as 
Was explained on page 90 and is erpial to 




.<-0 


- (1 


c)\/3.1f„. 


if) 
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The distribution of tlic reactive forces along the houndarj- is 
shown in Fig. oob. 4'he inaxitnuin bonding .‘-■t re.~5o.s arc at the 
corner.'^ and act on tlie plane.s bi.«ecting the angle.'’. The magni- 
tude of the corre.^jponding bending moment, from Jtlqs. (/t), is 


Thi.s motliod of determining the Ixauling of .‘-imply supported 
polygonal plate.s by moment.'’ unif<»rmly di-lributed along the 
boundary can be applied to the ealeul:itif>n of the thermal .“tre.'se.'’ 
produced in .such plate.' by nr)n-ni!iform he.ating. In di-*^cns'ing 
thermal .‘^tre.S'Os in clamped pl.ates it w.-ss shown in .Art. l-I 
(Eq. (1/)] that non-uniform heating itrodiiees uniformly di.'- 
tributed bending moment.' along the boundary of the plate which 
prevent any bonding of llu- plate. 'I’he magnitude of these 
moment. s is' 


Af. -- 


of/l(l -4- 
h 


*’) 


(0 


To get thermal stresses in the ea'c of a simjtly supported j)Iate we 
need only supei’jMise on stre.s'cs produced iti pure binding by 
the moments (0 (he stre-'es (hat are prodiu’ed in a plate with 
simitly supported edges by (lie bciiding moments — a?/l(I ;•)//* 
uniformly distributed along the boundary. The .'olutioti of the 
latter problem, as wti.s’ already explaiited, l an be obtained without 
much diflieultj' in the e.-e-e of a plate of polygonal .shapo.- 

Take again, a.s- an <'xan’p: ■. the erpiilateral triangul.ar pl.ate. If 
the edges of the jdate are e!amt»cd, the bending tnoments due to 
non-uniform lieating are 


Mi -’ Mi 


a!l)(l A- i) 
h 


(m) 


To get the betuling mom('nt.s Af. an<l Af., for a simply .supported 
plate we must superpo-^e on the moments (;a) tlie moments that 
will b(‘ obt.'iined from ICqs. (h) by letting — ~af/l(I -f v)/h. 
In this way we finally obtain 

* It i.s .i.^.'unied iti.'it the iipjh-r .''.irhiec of the [date P kept at .n liicluT tem- 
perature than the lower one anil that the plate thus has the tendency to bend 
(.•onve.sly upward. ■; 

•- See di.sscrtation hy .1. b. ^r!lulbet.'t•h, J, Appl. MrrL, vol. 2, p. Ml, 103:. 
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Tn^ forcr-.^ can now bo obtained from Eq=, (f) and (f) by 

o,:!..-tin!t:on of .V = -a'D(l -r :-)/A. Hence vre Snd 


d.V.,; _ alEh- 

df So 


R 


\/Za(Eh- 

12 


The rc.-'nlts obtained for moments and reactive forcc-s due to 
rion-ur.iform heating are represented in Figs. 56ct and 565, 
r>IK-ciivcly. 



25 . EiECt Tht'.rv of Pia'.es. — AifT'^rentird cc'iustion (lOI) v.'bich, 
ti 7 - r ‘.'O;'. rr^ndinon-. the fleP-cctions of platf-H '.vrvs 

'i' rr. '■'! Art. 2 < ' i-y r.'-ch "tine tt.*'' 'Tfx’t on of noma! Ftrf;-5e-5 

'.riar -tr! - r^., and r.,. Thi~ ni'-r.r.= that ;n tho (ioriv.alion crifh 

i yi r <■ f t’," jn rr-.Ih to the mi'!':!'- phano ronA.derc-d to in a 

, f .. .. ...j .4 .. -j , .yiy ,y. „ 5.;,..^ conip^nont? ct, Cy and Ty- may 

t' r> r.‘ j.":-; Or.^- of the .dr:.p!'-t of tl’iis kind h. that of 

If*' Y. i I.*’ li' ! rj in tt.:' 5»*rr>ri^i-<i^"5rTTr''.“ func- 

t: r. {r. • r.F-! I>I. r , Ar:. ll] t:.-* Kn. (lOI;. Ti.c :-tnr53 

F' “ ^K-' ' t.! ‘ iTj, 1 r?- t.T'’ j r.rA t*> z r-r.’*! irifJ^'ry'r.d‘*iit of z rind y. 

r' -n ■ r f !- ndir.c: in v. Li'h i pia.-i' ‘tr.".-- di-trihution takoi 

j ;,y. A-Ol. rir'-r’-.n-'y. TnJ;*-. for t.rarnp!<'n a cirenfar plato 
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lOf) 


with n rontral riraalnr lioh' IjOiit l>y inoiiK'iits Mr tiniforinly distrihutrd nlotiK 
lilt! l)OiiiKlnry of tlic liolc (I'if;. f'?). Ivu-li fliiii Inyor of llio plato cut out In- 
two (uljiirent phinoH parallel to the inuldic pluiic is iii the cuinc stress eoiidi- 
tion ns a thirk-wnlled cylinder anhjt-cted to a iiiiifortii iiilenial j)ress\ire nr 
tenaion (FiR. tiTh). 'I’lic stun a, -i- ai of the (wo pritiei();d stresses is constant 
in KUch a case,' and it can he conchnletl that tlie flefnrmation of llie layer in 
the r-direetion is tilso constant ami does not interfere with the defonnation 
of ndjacent layers. Ifenci' we have aRain .a planar stress distrihiition, and 
Kq. (101) holds. 

T.et ns disons.s now the general ipiesiion reR.'irdiin: the shafie of the <Ie(!ec- 
tion surface of a plate when lii-ndinR re-.idl" in !i planar f-tre.-s tiistrihiifion. 
To an.swer tliis fpii-stion it is neces-,ary to i-on-ider the three diffi'renlinl 
etpnitiotis of ef[nilihrinin together with the siv eotnpaiihility condition.s. If 
hody force.s are neglected, these etptations are’ 


iti which 
and 




j 

Tx ' 


<V,/ 

■ If: 




dr,. 

'yj'. 




ifX 





.V,, 

, dr,, 



dr ‘ 

Oz 

' dy 

iitff, 

1 

I ' a.' 

i>'0 1 

e dr’ , 

\ 

Atr,, 

Ai<t, <-.■ 

1 

~1 d 

c -' y’ ( 

> if.) 

Ajf f 1 

A Iff, ■=’ 

1 

~ri 

•■dr’ J 

1 

t ^ if 1 



0 


’ f'v -f 



At ' 

d» 

dr’ ’ 

d’ 

<v ' '■ 


! .V,i 

I c •'T d y 

o'O 

1 -*■ c dr- dr 
I .r-n 

1 e dy dr 


AdditiR (M, we find tlntt 


(o) 


(e) 


d’a d’/> 
dr’ * dy’ 


r. ^ 0 ; 

dr- 


(d) 


t.e., the siiin of the three norma! sirens components represents a harmonic 
function. In the case of a planar .stri-.s-' t,, t,. “■ e, ^ 0, ami it can he 

entieliKleii frotti the last two of tin- eipiatioiis (c) and the hist of the equations 
(d) that d(i/dr must lie a constant, say ft. lienee the general e.xpn-.ssion 
for 0 in till' c.-ise of planar .sirt-.ss is 


d />, -i- ,-?r, (r) 

'Fee anthor'.s “Theory of li.la.sticity,” ji. <’>7, HKM. 

■See ibid., pp. 10.') and lOF. '' 






-h-'-r'' sT i' jH. I>:t i:.h cozj-rA^^r no?/ th^' general form of thl- 
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SubstiditinK (his in Eq?. (ff), th'- /,trr.‘-‘i romprmrnlfi airt iimv })f‘ nlnihU-A, 
and the diKplncementH can lie fo\in(l fruni tin- (•(luatinns 


Oi( 1 <■>!' I. . 

■— >= - IV J, — " — - IV,), 

i)z 7> '’U 


’.(v, 


Ou Ou 1 

IT-- ~-i 

();/ (V 6 


Ou Ow 

^ 0 , 

Oz Ox 


*/!• ^ Otr 
Oz Oi/ 


For the diHiilat'enienIfi tr pcrpi-ndicular to the phite we o!)tain in tlii-: '.vay' 

ft ! 

^ y- -h >■:■} -r- j. <.'i, 

and the delieetion t)f tiie niiddh- .‘-uri'arf of t!;<' p!iil‘‘ i't 

/3 1 -r e 

tr ^ -~(r^ ,D -h ■ j. -O. ( 

Tlie <'orre';j)ondinf: airi-S'< ciiniiMii' tit'-, from Uj) and {1], are 

ill/- 

and tile liendini; and t'vixtitn; inoim-nt" are 

„ f- , ,, f- , e.v..,\ 

For (lie etirvatnris and tin- tv.i't of a jdate, v.'e f’md from (ni 

•the d , 1 -i- •- oV: •'•h." 1 oh-i 

Ox’ E ' /.' Ox'- i: ' E O'r 

iVir 1 i- !- fi','. 

<■'- O-.i J! Ox dy 

from ndiieli, liy lisiriK Jfqi. (/;> and (o), wr olitain 


O'w 

O’lr 1 

— (-• d’v, 

M. 

Ox^ 

0<j' 

E ' \r 

1)' 

Ohe 

Ohr 1 

~ , - 

M, 

OiP 

dr- 

/; Ox' 

D 

O’-ir 

12(1 -t- .] 

'.V.. - . - 
0 

M., 

Ox Oij 

Eh’- 

~\)D' 


' Several exaiiifiles- of ealenlatinc u, v, and tr from K<(s. (m) tm' (z\vi-n in 
tlie aiitlior'.s ‘"I'lieory of ICIaaticity." 
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dcflccfion of a rcctaiiRiiInr pinfo clanipori nlnnu one cdco nntl uniformly 
loaded idoiiR the opposite eclKe (Fip. fiS) represents an exaniph? of sueli a 
l)ending. I'roin tlie llieory of IjendiiiK of reetanRidar heains we know that 
in this case tr, - 0 at all points of die plate and t,, is rero on the surfaces of 
the plate and varies aloiif; tin; depth of the plate aeeordiiiK to the jiaraholie 
law 



UsiiiR aRuin Rcneral Kps. (oj, (/.), and (c) and proceediiiR as in the previous 
ca.sQ of a planar stress distrihiition, m- find* that the Retieral expre-ssfon for 
the dcflcetion surface in this ca-e has the form 



in which v* is a planar harmonic function of i and and v'l ratKfie.-t 
the equation 

P’v-i o-v*j 1 — I’ 

itz- " ~T 

It can he concluded that in thi-i ca-e attain the ditlcrential (quaiion (101) 
holds with q e- (I. 

'I'he equations for the hendiriR and twi-isnt; momctits and for the shearini; 
forco.s in this ca“e are 



It can he seen that the expresdon- for tl;e sliearinR forces coincide with 
expressions (102') and (1015) piven hy the approximate theory Iml that the 
expressions for moments are tliffen-nt, the s>x-ond terms of these exprvxssions 
rejin'sentiiiR the effect of the shcarinu force.. 

‘ 'I'lie riRorous .solution for this case uas Rieen hy S.iint Venant; see his 
translation of Clehsch’.s hook; "Tlo'trrie de IVlasticite dc' corps solides,” 
p, iW7. A Renerrd discussion of the rigorous thisir.v of hendini; of plates 
was Riven h.v J. II. Michell, Proc. lAindau Mii'.h. Site., V(>1. SI, p, UX), 1900. 
See also the hook hy A. 10. 11. I.ove, “Tlie .Mathematical ’I'heor.v of lOlas- 
tieity,” p. 1027. The result.s Riven m our further discU'.''ion are taken 
from the latter hook. 



j^::,rALL rirsLEcno::.-: or laterally loaded plates in 

Tr.^" U-rrr.-- r'.r. L'- ob'rxirj'l ir; sri rray hy tho 

'■ r'"'.' -or.ir.z r,- in r:,f of o: Cor..'yi''-rj.oc f.L'O r'lr'/i- 

; ;r' fo’.'il r-’jr'/ritiir'; i-; Fr/ 

!'"o fv'or-, tr.'- rr.orr.'r.f- .'-/r. .’./i and forco Qi. Tho 

•'• j r*.', p.'od','''.o'i hy th'i* },':r.'::r:z rnornor.Tr i= obtained by H'tbtractiriz 
fro:.', tie to'.oi <■ o-r.Titnre the f/ort.-.on —o'r/Dihfpfnz-pr'Anwi 

h*." tt." -r.eari;." foroe.' .S — fA-iz/rjz'j A~ VY^-Qt/hG) /r)Zi and 

— ''oo'.'o;*; ~ I'/lP/ylGi !';■/: for —h'\zlnz'- and —T-izfo'f- in Eq-:, fOfq 
and r'r.e he^n f.--.o eoyiat-or^- of rJ.e .‘.yiterr! b*;, v.'e find for the I/onding 

r.aorafr.tT the ezpre---ior_' 

( hW A, A /; /jh- .■>: 

.V. - -/o{ -ry -r- ) d- — ■ — --r, 

\yr- '.*0-/ tj >;ir 

( ri-'r fr-t~\ !: IjIA o' 

'n.'-e- eo ;a*.;'jr.-. '■oir.'.dde v.r.h the frtrt t.v.o equation.! of the F.yHUjTTi h) 


if y,'-. ta'te 


k 9. ~ 


0 40 


JV.r » - 0.,1 *h> rive-.- k rr 3.2.J,5. 

I'rona t::''ory of Ler.dir.:: of i/'f.rr.- r.-e tnorr that the correction due 
t'l ri''*i'.ri of f :.e '■}.>' fir,r.z foree .-rnaii and c.in ?.<■■ neslected if the depth h 
i^ all in ean.panvjri ?,;.<• '•pan of th^ }>'<■.:;), The Fame conclu.don 
■.A'fi i.of'i- in th" rn*'- of p;.'-."''-, 

I",'- ex-cat f xj r'-- ion- for ’•tr'- ■ oo.'njvo^.aent'- af>r 
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Tho problem of a iiiiiformh- loaded plnfe ran al.^o be treated ricoroii.‘-’ly in 
the Biune way. Tluia il can be .sliowii tfiat tlie ^;enl•r:d r-xj)re,‘-?,ion for deflee- 
tions in this case is obt.ainrd by addiiiR to e.vpre.-'-ion («■/) the t< rfii 


ll 

Gi n 


{x- -f- -i- ;/• - 



(0 


whirl) apain satisfies l'>i. (lOt) of the iipiiroxiniate theory. The eriuations 
for bendinp moments do not eoineide with Jajs. (SiP) of the approximate 
theory but conl.ain some additional eorreetion term.'. If tiie thiekne.'j of 
the plate is small in compari'oti with the other dimeni-ions, tht -e terms .are 
small tmd e;vn be m'pleeied. 

In all previous ra.'-es petieral !ohition< of jdaie bendinp prold'-tns were 
discus.sed without roii'ideritip the boundary eoielition 'I’liere exi't rd-o 
riporous solutinn.s of .si-ver.al firoble!i!>. in v. hieii (loimdary romlitinns .are 
also considered. .Ml the.'e solutions indie.-iti- that tie- eli-nieiitarx' tlesirx’ 
of plates is aeeunile etiouph for praetie.d .applie.-'.tior."-.' 

* In reeent time.s the riporotis theop.' of plate,, fia" attr.aeted the intere.'t 
of cnpinerrs, and .several itnp<irt:int pap r' in the* field laave be.-n published. 
Wi; slnill menlirui here the follnwim; pap":?-; W’oinov.r.by-Krieefr, 
Ingcnieur-Arehiv, vol. -5, pp. 2l):t and IMCt. It. nah-rbin, f'onpt. rttA. 

acnd. set. Pan's, vol. H»0, p. JO!”; vol. {>. ."'‘iS; \ o!. 10 1, p. bt tO. 0. H. 

Birkhoff, Phi!. .Mag., vol. -in. p. 0,'.3. lOJ-’, C. .\. Ga.mbedi.'.n, Trans. An. 
Math. Soe., vol. 2.0, p. lit.'!, I02;t; rnu!., Baris, vob. 17.^ (1021), 180 

(102.ai, 180 (102S), HG (10.T2b 11. .Vrehi- Hip.iott .and D. b. TloII, Ihihs 

Afaih. J., vol. d, p. IS, 1 



CHAPTER V 

SII.TPLY SUPPORTED RECTAIiGULAR PLATES 


26. Simply Supported Rectangular Fiates under Sinusoidal 
Jx>z6. — T.'ikinc tke coordinate axe? :i~ shovrn in Fig. 59. v.'c 


thn; fhc load di-tribu‘ed over rhoroinaco 
of tliO plate i~ given by the e:cpre-:5ion 

. -rr . -nj , . 

q — q. 5 .-:n — sm -r-? >.Oj 

in vdiieli 0 - reprevent? the inten.dt;.' of the 
lond vJ the eent/'-r of the plate. The 
differential eqtiaiioii ''lOi) for the deflec- 
tion r’lrft-.ee in !hi= ca--e becomes 



X 


o'lr ^ 2—~~ t- _ 'h l£ pjji 

e.r' ■ ox' 5>j' ' ey* D " a ' ' b 


(h) 


The boundary condition.-, for simply .supported edge.s arc 


tr ~ 0, -If- = 0 for X = 0 and s = a; 

I." “ 0. .1/., = 0 for y = 0 and y = 6. 

F-in'.: enprr-.-ioti i'pp; for bending rnoment.s and ob.-erving tliat 
•- r.r 0 'P tho edge-, c/br/f/r- = 0 and dV/dy- = 0 for the 
I dv'i - panailel to tie'- r- and y-a.xe-, re=p;ect.ively, v.x- can rcprc.x-Jit 
ti;" i>o'ir.dary eotiditioti,- in the follovdng form: 


0, 

(2. '' ' 
ill" 

c''r- 

(j 

for 

X = 0 

and 

X 

/ 

1 

t (cj 

It. 


---- 0 

ior 

If = 0 

and 

V 

= h.' 

1 


1 ^'- > t. t;,:;! f.-I b'j’tndary cotKli'io.n-- are .=ati.'fied if ive 

^ toe.- t;.<; »-:.;t)rr--,;ori 



Ii 3 
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in wiiich the consfriiit, C must, bn chosen so n.s to sati.sfy Eq. (b). 
Substituting cxprrs.sion (d) into Eq. (h), we; find 



and we conclude that (he defhrtion .«urfaee .‘■alisfying Eq. (Jb) 
and botindary conditions (e) is 



Having thi.s e.vpression and using (Dp) and (IDO), we find 



It is seen tlial tin* inaximuin eleficction and tin* m.a.vimum bending 
rnonienis are at the center tii the pl.'ite. Substituting x ~ n/2, 
y - h/2 in hhis. (e) and if), we obtain 



In the particular ca.se of a squan* piatt*, n — h, and the fore- 
going formulas bi'come 

(1 -b *•)'/<■«• 
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This result can be easily explained if we note tliat, proceedini' as 
was described in Art. 22, we obtain not only the distributed 
reactions but also reactions concent rat cal at the corners of the 
plate. These concentrated reactions are etpial, from .symmetry; 
and (heir magnitude, .as may be .•.een fnnn I'ig. nl, is 

2./,-.(l - c) 






(0 


The positive .‘-ign indicates that tlie re.actions act downward, 
'riioir sum i.s exactly c(iual lf> the secc>nd term in exjtri-ssion (j). 

. Tlie tii^tributed and the concentrated 

Q >- 

.-■a i re.aefions which act on the plat*' and 

keep the loa*! tiefmeil b}' liq. (a) in 
erjuilil>rium tin.* shown grajthically in 


r/ 


L A A 

-IL 

k J * ^ / 

iU-r 


I'le. r,o. 


cona'ns of the plat*' have a tendency 
to rise lip under the action of the 
appli*'*! load attii tiiat the ettneen- 
iraled forces R mu.sl be appli*'*) to j*revej)t thi-^. 

The tnaximurn bending stn's-' is a.t the (s-ntcr of tla- plate. 
.Assuming that « > h, we fuul that at the center M.j > M,. 
Ifence the maximtim bending sln-S'’ is 


fcr,)... 


'll- - 


r-Y. 






The maximum .shearing stress will be at the middle of the longer 
sides of the plate. Assuming lle.vt the total tninsvers*' force 


I'v Q’j 


DM, 

Dx 


is distributed along the thickne.'S of the plate 


acconling to the jrarabolic law and ttsing kaj. (0. 've obtain 




.T/.- 




• w) 


If the sinusoidal load distribution is given by the etpiation 

. nirJT , nr*/ 

7 = </u .sin — sm —r- < 


(;;;) 



SIMl'L Y SUPPORT KD RECTA SGI' LA R PLA TES 1 1 7 

v.-horo rn and n arc int'-'gcr niirnhcr.s. v/c can proceed as J>efore, and 
v.e f-hall obtain for the deflection surface the foliov.'inj' expression: 




. imrx . n-rii 

sin sin ^ 

a b 


fllO) 


from *,vhieh the expre.--ion- for bendinj' and twisting moments can 
be readily obtained by difTerentiation. 

27. Kavier Solution for Simply Supported Rectangular Plates. 
Tile solution of the previous article can be used in calculating 
d'-neciions {irodiic' d in a simply supported rectangular plate bj' 
any kind of loading given by the equation 

7 = /(3:,y)- (a) 

Vnr thi-' purpo-v- we rciire-ent the function J(x,y) in the form of a 
double trigonometric series:' 


^ ^ nn sin (b) 

n " I n ~ 1 

To calculate any particular coefficient ar.v of this series we 

* • Ti ^‘*1 

multi[)ly both sidf- of liq. (^) by sin and integrate from 

U Ui b. f)b''-n'ing that 


I . TiTI/ 

r’ . fi-r)/ 
sm 

Jo <> 


%'V-/ = 0, 

when 

n 7 ^ n', 

a'-?/ , b 

when 

n = 7i', 


v.'c firif] in thi'i wav 


f'c/.!;) -in 'T''h =■- S"---'" 



i-.-I 


'■f prt)^,'. 

' a; of 1.' a'liij" 

of <-iajp!y fipps'/rf'd rec- 

ffir t!.: 

1 -- jl'irji'/ f- of iff; 

trirofiorjif-f 

pr< '‘-no •! 

s. p u-' r on ti. 

to ftir- I’fr fK'h 


of f;,. p-.f.. r v. ; 

jKitjli-ti/'iJ ifi /;,///. 

!3. 

c ia f 

hf- I'lhnry of rfSuh- th-i 
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'tfl ‘TTX 

Multiplying bo(h sides of Ecp (c) l)y sin ~~^lr aiul integrating 

from 0 to o, we obtain 

n '',, . . }n'-rx . II -)/ , , ah 

fix,7j) sin — - sin -|- ihdi; 


from which 


(1 


all. 


. Ill tX . Ti -rij 


I I /(r.i/) sin sin — dr dy. (120) 
Jo Jo ' a o 


Performing the integralion iiuiieated in expression (120) for a 
given load distribution, i.r., for a given /(r.w), we find thecoefii- 
eients of series (6) and represent in tins way the given load as a 
sum of partial sinusoidal loadings. 'I'he deflection produced Iw 
each partial loading was discii-sed in (fif previous article, and the 
total dt'Oection will Ire olrtained by summation of .such terni.s as 
are given by Eep (111'). Hence we find 



(121) 


Take the case of a load uniformly <iisiributeii over the entire 
surface of the plate as an example of the application of the general 
solution (121). In such a ea>e 


/!>.;/) -- 

where i/o is the intensity of the uniformly distributed load. From 
formula (120) we obtain in this ease 





T/iTX . 

- Mil 

(I 


‘'ilx dll 
o 



where iit and ii are odd integers. If m or a or both of them 
are eveit numbers, ~ 0. Substituting in Etp (121), we find 


fC 


^ ^ 

ri -*» J — J 



whore m = 1, 8, fi, . . . junl « - 1, .‘I. o, . . . . 
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In tlif rayr of a iiiiifonn load v/o Inivo a dcnoction surface 
sviniiift rical wit li rospct;! to the axes 3" == o/2, j/ = 6/2; and finite 
naturally all terms with even numbers for m or rt in series (122) 
vanish, since they are unsytnnmlrieal witii respect to (he above- 
mentioned axf‘s. 'I'he maximum delleetion of the plate is at its 
center and is found by sui)sti(u(int; x = a/2, 7j = 6/2 in formula 
(122j, i^i villi' 





(123) 


'J'his is a rapidly conveiKini' series, and a satisfactory approxima- 
tion is fibtained by lahini' only the first term of the series which, 
for example, in (he case of a square plate gives 




r'-yJ’ 


fir, by substituting (;xpression (3) for I) and assuming v — 0.3, 

J'Jr 

'Phis residt is about 2\ per cent in error (s(‘e table on page 133). 

From expression (12:i) it may b<‘ .«een that the deflections of 
fwoplaie*. lliat have (he same (hicknessand (he same value of (he 
ratio a/I) increase as the fourlii power of (he length of (lie 
.‘idee 

'riw exiires'ions for liending and twisting moments can be 
obtiiinial from the gi-neral solution (122; by using I'kis. (99) and 
(KKl). 'Ida' sffie-- obtaincfl in this way are not. so rapidly 
conviTfa-n! m- .M-ries (122), ami in the further di.scu.ssion (see 
Art. 2‘.'j anoihiT form of .-ohition will la; given more suitable for 
numi'rii ai I'alcnlatioiH, 8ince tlm moment.s are expressf>d by the 
dfiivai ivi-- o\ (122/. th'-ir maximum valmss, if we 

l.*' P q. and I) lie- .-.'tni'*, aro proportional to the sfpiare of linear 
fiine n-mn-. .''imo tie- total load on t)je pl.ate, fajuid to f/r/ih, 
i- al'o proportional m the •<jiiar<- of tlm lim-ar dimfn>.:ions, we 
iieeUnh' th.'it, for two p!;>.!o~.- of equal thickne-- and of the same 
s aluo o; tlje rate/ a rle- maximum b‘-nding moments arid lienee 
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the maximum .sfre.sse.s arc equal if (he total loads on the two 
plates are eciual.' 

By usiiiK the p;oiieral expression (120) for theroefTieientsof the 
tripoiiometiie series (6), Navier also obtained solutions for the 
case where the load is uniformly distributed over a reetaiiKle with 
sides parallel to the sides of iIk; phile and for the ease of a con- 
centrated load. 'I’he corresponding .‘-■cries are not convenient for 
numerical cahailations, and another form of .‘•ohition of thc-so 
])roblems will be discussed later. 

28. Application of the Strain Energy' Method in Calculating 
Deflections. — From the di.scus'ion in the previous article it i,s 
seen that the deflection of a sinqily supported rectangular plate 
(I'ig. oD) can always be represented in the form of a double 
1 rigonomotric series 


1C “ 





sin 


r. - t r. - 1 


n 



(«) 


The coefiicients u.,,,, may be considered as the coordimites defining 
the shape of the deflection surface, and for their determin.ation 
the iiriuciple of virtual <lisplacements may be u.sed. In the appli- 
cation of this principle we need the expn ssion for strain energy 


- 2(1 - r) 

Substituting series (o) for tc, the first term under the integral 
sign in [}>) becomes 


iVu' ,Vir 
tlx' dy- 






• 1 /I - 1 



Ob.serving that 



/as-x . 

(t 


iiri/ 

~~b ' 


tlx tbj. 


(<') 


f . m-x . m rx , f* . as-i/ . ti Vi/ , » 

I sin sin — -tlx — I sin - sin = 0, 

Jo It . « Jo f> 6 ‘ 


' 'I’liis coiiclii'iioa was- csinlilislii'd )>y Miiriotie in the paper "Tmitt' chi 
immveinent lies eaax” piiiilislieit in lOSli. Hee Mnrintte’s seieiUitie papers, 
nouvelle ed., vol. 2, p. •It)’/, t7-IO. 
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0(tr 


Pin 


iu'~^ 


sin 


n rT] 


SubstiluliiiR o.\pres.sion (12-1) for V, wo olitnin 

I, , • »i'-f . u'-rt] , ,s 

r ofi„v sin -j— Pin Dn^.-, A ‘^'6^/ on (rf) 


from which 


. „ . 7/1 rf . 71 ~T] 

•il Pin ~ Pin 

(I a 


rr'iihD 


( S ^+0 


SnbstilutinR this into cxprc'-^ion (o), we find tin- donoction of the 
])lato in tlic followinjir form: 




. titrt . nrr; 

Mil — - ,-in - , 

It . tn-rx . r.irti 

Pin-- Pin-,- • fl2-)j 
II l> 


, /I A' 


Tilo scrios convorjti's raindly, and we can itct tin- dcfh'clion at 
any tiivon jioint with siidicicni accuracy l>y la.hint: only the first 
few term-^ of the seric.". l.**t n--. for example, calculate the 
deflection at tlie miildle when the load i-^ al-o applied at th'* 
middle. In such a e;ise £ -- x it/'J.r; -- ij ~ li/2, and series 
(12o) eivo.s 




wherdo/; — 1. .‘h .*>, 
square plate, exjire'. 


_ 1 /' 

rr *<d>/7 ^ , ,.j j / Iff' 
I r-. - 1 I -r 

\ir 

. . . , a r-. 1 . .q. r,, . 
-ion (c) become.- 



In the ease of a 




•!/'(f-'S;;7 'S;! 1 

r'/> — s -.—I (m- /r)- 

ri — 1 r. *• 1 


Taking (ho first four terms of the series, we find that iiv,«- 
= 0.01121/^0-/71 wiiich is about o' per cent less than the correct 
value (see table, page loS). 

Having ex'pression 112."/) for the deflect ion under a concent rated 
force, we can get t hi I deflection <>f the plate under any kind of 
loading by tising thA method of .sti[)erposition. Take, as an 



F.r.'PLY srPPOnTED FIECTAEGCLAR PLANTE. 
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'czirr.r;!^' 

rV-^r-'" Tfi 


•:on o: t 
'fj form 
!oid-. 


'■ ''r‘‘fo"miV 3 *}io lofid dl--tribut.o<i ovor 

iv-'v i.'-'-.'i r-v.r.'c,-;;; fft fjf rjf tho pfcito i~ cd^ d”, and tho 

r- prod-ic-''-d bv ‘h;,-: olc-mon^a! load Is obrainod bv fiiih*- 
: o'/r 07, in piano o: P. in Eq. n 25 /. To go*, tho dofioc- 
ho p’.rdo nndor tbo notion of the to-al load '.ve have only 
ti;': 5'jmTr.ryion of the dofmction-S’ prodaccri by elernental 
Ilonoo '.VO ob‘'i!n 



Af;''-r in'.'’ err:* ion tr* obtain formnla fl22} 0: Xaviers .‘olution. 

Ij;‘*/-.'id of tidne th'’- [)rin<'dp:'’- of virtun! di^plaoemeni.s in cal- 
f'j!::*i:.e o-- in f-rtpre-dori (a) for the defleotion,. vre 

r.on ob'oin tii'’- -arn'^' r' -nl* from th'’- '■“ori-iderarion of the tot-ai 




ti.'.' -v-'te.m. If a -y.-'ern i.s in a po-ition of .stable 
trey !' a rninirriurn. Applying this 




i'~ to 

'ViO-rar-ri* to t.h" invf-’ieadon of i/e.ndine of plate-’, tve ob.-enm 
til'-.* t|;" fo'.'il f-ri'-.-ey in .'-•toh ''•a-e-: con.d-n- of ttvo part.s. the 
•reiine. eivon by r-xpre-'-ioi! *'6), and the poten- 

Definine the 


o: 


f r.' rey fi.‘ t.d'- ’o.'.'’i <’t!-'riont<"d ovr-r thr* ohat 


r^fott'i.o 0 : 


>7 f! 


'*r rl,r 


fr-ftr. ti.'- i.’'tri7,o:!tr;l 




•- !. 


of th" load by it.- *,•<■- .’-tir-nl di.-tanoe 
v;,'. ti;" oorre-pondinc pot"ntia! 
• fab'-n "qjial to —!rq fix d’j, and the potential 


;v of th" ti’j'-al hrid i- 


-.f.f 


t-o ea- 07 . 


t ( ■* 


m tin-n- ii' 
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THKOnY OF PLATES AND SHELLS 


'J'hc problem of hcndinK of n jd/tfo redure.'; in oncli particular 
case to (bat of finding a function iv of x and ij that satisfies the 
given boundary conditions and makes tiie integral (p) a mini- 
mum. If we proceed with this problmn by tlir* use of the calculus 
of variations, we obtain for w (he partial difTerential ef|ua(ion 
(101) which was derived before from (he consideration of the 
equilibrium of an element of tlie plate. 'J'he integral (p), how- 
ever, can be used advantageously in an nppro.vimatf' investigation 
of bending of jdates. F(»r (hat purpo'^c* we replace the i)roblem 
of variational calculus with that of finding the minimum of a 
certain function by assuming that the deflection ic can be repre- 
sented in the form of a series 


1 C = d- (h<,'i(x.t/) 4 r (UcJx.ij), {{) 

in which the functions yi, c:. . . . , are chosen .so as to be 
suitalile' for repres<-ntation of the deflection surfui’c tc and at 
the same timt' to s.nlisfy boundary conditions. Substituting 
cNpression (;) in the integral (p). we obtc.in, after integration, a 

function of second degree in thi' coefficients o*. «; 

'J'hesc coefficients 1011-1 now be cho-en <>) as to make the iutegnil 
(p) a minimum, from which it follows that 


<V 

(III 1 


- (t, 




(j) 


This is a system f»f a linear ({jiiations in m, U;. . . . , (L, and 
these (piantitie.s can readily be calculatcfl in each particular case. 
If the functions v* are of such a kind that series (f) can nqin'scnt 
any arbitrary function within the bounrlary of the plate,- this 
method of ealciJatinc: didlections tr brittgs us to a clo-er and 
closer approximation as the number a of the terms of tin* series 
increases, and iiy taking r: infinitely large we obtain an exact 
solution of the jirnblem. 


‘ Imtil expcrii'iire wa ii-iciilv kiimv llie s!i!i]v i)f tin- (ioncc- 

(inti surface, niul \ve sfeiiiiit li.- a’lnlisf liy itiis iiiferiic.uion in elioositiK siiit- 
alile fuiietiens ^ 

■ c liave seen {liMl a (iinii'te to j-iueiiietrical series (n) [insse-ses ttiis 
preperty willi respeel to det'.eettotis 
plate. lienee it e.'iii be ii-eii for olita 
'Pile iiietlii)(! of solving tite beinhiig 
iutegnil (jt) Wtl.S llevelepei] b\ \V. It) 

IflOS; ainl .'tim. I’ln/ftf: (•!), vol. 2S, p. 737, ItHt'.b 


:i simply Mi|>p<>rttsi ri’etaiigiilnr 
•ling an exact solution of the pn>l>leni. 
jinibleins of plates hy the use of the 
?;ree J. rrinf iinoi'ii'. Math., vol. 135, 




::i:,fpL y . ■ - ppompb uecta r rla tee 1 2n 

Aj/T-’vn.;: ■:,<-■ ::.r"?.vi 'o ‘.r.o or ,0 -rmply -•ipporroi'I ro'-- 
p:;i'^'. 7 ." 'r.k<- *r.o d^fr^o'ror; rn 'ho forrr. of rho rrrrro- 
r,orr.'-*r>' 'frio' •''''y*. 'f'f.'-r: Oy Ji-iny o/:p."''- -:ori ^124; for *ho 

'f.o ir.'':r;r;;! ropro-ooV;d irs tr.o fo'Io'.vinrr 

forr.o ; 






i-.’.'i i.p-. o/iV'- rr,^- rorrn 

rvyjj f ' f . rnr/ . y:Ty , . ,, 

> \n- b-J Jc ' ah 

h: c^.i; of .0 ,'o'iO A ;ipp!i'''i ri? ,0, froir.l v.'I'h ‘ho - 

. ~. rho 2r,!<-r 7 of ?ho looc] z^ro io rA.I po;r.‘- orr<■:^pf ‘fiO 

7. :r. v hP?. VO; hovo 'o p-;*, y 4 r 4 \! — P. Tu<-u f>p •''f; 
< ’■/.r;'' ;''!'* pr‘’ViA*>!v r^V ??;<; t]>/' of 

p-ir.vph'of vh'or'.! oAph-."' r,'o f:o-v< rri! fijrrh'-r fippIioo^Jor--; 
of rh?' n,' 'h'/f of <■ of'rh'ivr.rr 'i'-fi'-o'ro;.- voif 00 yr/o.o l;;V;r ho tho 
o:-'’;- for; of [;!';•<■■ v;‘h ho-jr.'iory ooroivor:' o‘h<-;r ‘h/iO fho'-o 
of -;,':.p!y -'.'ppor-oo oo^ro-. 

22. AIrc-mste Sorirtion for Sharply Support':'! gr.d UniformJy 
Ix-rdo-'i P.octar.o'ulgr Plstos. — I.-: d.' ou'-ir.u proof ‘■■r.o- of }AU'V'.ri'j: 
of pfo'o. r-o oppo-;!o o']:?':; ^impfy *-;p- 

f-j. lyr.'y- -•';uu-'--o.d 'ho =ofu‘lor; ho tho fo.rr/: of 


... „ 'ST *' 

■ 2 ' ~ - o 
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THEORY or PLATES A ED SHELLS 


d-w/dx- = 0 at (licso two sides. It rom.nins to determine 
in .sucli a form as to satisfy the houndary eonditions on the .sides 
y = ±6/2 and also the equation of tin; deflection surface 


dx' Ox- Oy- ' <);/* T) 


ih) 


In applying tiiis method to \miforndy loaded and simpi\- .eup- 
port<‘d reetanmilar plates, e. further simpli- 
fication can h<‘ made hy t.'iking the .‘■olutlon 
of K(i. (6) in the form* 

ir ~ ir* -f- Wj (r) 

> and letting 


I K’l repres'-nts the deflection of a iini- 

^ h)rmly load'sl strij) }>ar:ille! tf> the y-axis. 

It s.ati^fle,.: l->j. {),) luid ;it.-o the houndary 
eonditions at tlie ed^es x -■ t) and x - n. 

Tlie expres'^ion »•; evidently ha.-> to sati-fy the etpiation 


7~ 

b 

Z 

b 

2 


O'li’: . ^ P'lC; , o'us 
tlx' ' Ox' O’r 6ip 


('•) 


and tmt.st he chosen in such a maniu-r as to make the sum (c) 
satisfy all Ixnuuiary <'onditioiis of th«’ plate. 'I'akins; tr- in the 
form of tlie -cries (n) in which from .-ymim'try vi ~ 1, fl, . . . 
and suhstitutini' if itito Mq. (r). wc o!>tain 





Thi.s equation can i>e satisfied fur all values of x only if the 
function I’n satisfies tin* ecpnition 


y>v _ 

" n- '■ 






}■„ - 0. 


(/} 


' 'I'liis form of .solatitm wuh u«cii by A. XiMlui, FomehunQiarlf^iter,, Xos. 170 
niul I7I, Berlin, HMiii.see nlso liis Inxil; *• Klastiselie Plat It'a," BiTlin. 1925. 
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boiinclary coiulitioii.s (i) and usiiif' iho notation 


Vi-h 

~2a 


Ct fif 


0 :) 


wc. obtain tin; followinfj ('riuations for dolorinining tlin constants 
An and Hn- 


+ -ir, cosh (tn d" Ct,..}} n sinil 0, 

(.'l„ + 21}n) cosh (IT., d- CCn}in sillll « ” 0, 


from which 


2fo^, tanh 2)^ 

-'•'m'" an 


li. 


rb;r co,.)i n. 


(0 


Substilnliiifi thr^-c valin-^ of the constants in liq. (j), wc olMaiti 
llic dodcction surface of the plate, sati>fyinf: ICq. (b) and the 
Ironndary conditions, in the followitu: forin; 


ic 


_ 4q(0 n;i 

n-l.ri.'. 



(ttn 


tanh On d- 2,; 

2 COvit an 



On 2v . , 2o.^)/ 

o » ' / 

2 CO'II u.^ 0 b 


sin (120) 

(I 


from which the deficction at any point can be calculated by usini: 
tables of hyperbolic functions.' 'i'he inaximum deilection is 
oi)lained .at the middle of the plate (x — «,’2. y ~ 0), where 


w 


r *1. 


■IqiP 

r'l) ^ 

n - I.n,.',. 



0 -, tanh a., d- 2\ 

■ '2co:ha„“ / t"-) 


d’li(‘ suntmation of tiie first series of t<Tms represents the dcllcc- 
tion of the middle of a unihtrmly loaded strip. Hence we can 
represent cx!)rc.ssif»n (;a) in the followini; form: 





qiP 

I) 


jqfP ^ ( _ j ) ^ ( + 2_ 

Tc'-’]) irp 2 ct)sli an 

n “ 1 . 3 . 0 -. 


(127) 


I he series in this cxjircssion converges \’ery rapidly,* and sufli- 

' Pee, for instniic-, t’. I'. HcrKer .-md b. v:tri Orstnuai, "IlytK-rlioIie 
Fuiiotidiis,’’ Wii.sliinKU'ii. UHW. or Iv. Ihi.vashi. "runfst. Tafelii dor Krois- 
tmd nypcrliclfunktiouon," Horliii, liv2s. 

’ \Vc nssuinc licit }>>o, ns in I’ii;. C.l. ' 
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THEORY or PLATES AND SHELLS ■ 


The total bending moments are obtained Ijv siimmatioas of 
expressions (71) and (o). The maximum values tjf these moments 
are at the center of the plate (x = u/2, y = 0), for which 
point we obtain 

*■ 

ro 1 

- (1 - 

ft ^ 1 

whore A„ and /!„ are given by exj)re.";i()ns (/). Again we have 
series that eonverg(! very rapi<lly. We e;in n prexait the maxi- 
mum moments in tiie form 


... - dV"-. (.1/,). 


iiiqii-. 


{/') 


The numerical factors J and ih d<-pending on the ratio a/b of 
(he sides of the jilate and on (h<‘ mairtiitiide of ;• are given in 
Table 0 for >• — 0.3. From the table it is .x-t n that, as the ratio 
b/a incn'ases. tin; maxinuim <i*-flectif»n and the tna.xiimim 
mometits of the plate rapidly approach the values calculated for 
a uniformly loaded strip or for a plate bent to a cylindrical 
surface obtained by making b/<t — x. For b/n .3 the dif- 
ference betweeti the <leiifction of tin' strij) and the plate i.s 
about Gl per cent. I'or b/a — o this difTerence is less: than 
I per cent. The difTerences between tlie maximum la'iiding 
moments for the s;uiie ratios of b/a are 0 and J per eetit, respec- 
tively. It may be concluded from this com{)arison that for 
h/a > 3 the calculations for a plate can be n'{)laced by those for a 
strip without sithstatitial error. 

ICxpres.sion {h) can be tised also for calculating .shearing forcc.s 
and reactions at the boiindniy. I'orming the .second deriva- 
tives of this ('xpre.Nsioti, we find 


All’ — 


d'w O'W 
dx- Ry- 


^ _<?£(« -_f) . 

2D ^ D ^ 


, m-rii . 

cosh .sm 

a 


ruTX 

a 


I-. - 1 
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thi- in En-. '102} 2 nd (103), v.'o obtain 


n(r} — 2r} ^ -rj t rn-rx 

Q. = - — — 2.r^nn y m'B^. cosh — = COS 

'• 2 ' ^ « 


-."I 


Q.J — —2T-qn'^^Tn'B~!-'lr.h 


m-zi/ . 7 nr 2 

— ^ sm 

a a 


I'or th'-- rid"'-'. X — a ku'I y — hi2 "c find 


^r'qn^m'B^. oo,h ~ 


y 


ft »• 1 


_ fjn , 4qa. 
_ 2 


cosh 


mxy 


\qa a 

-• m' cosh < 


^ *- I 


^Q-jU,J' ~ — 2r’c'7'^ m'B^. sinh a-, sin 

' Z ' G 


n-! 


- _l 2 ^ 2 


tanh ar-i . mxx 
Sin 


m- 


r; ^ J.,-!,.',. . . . 


'n.<.w sti'arinc forc'fs have their nornf-ricrsl m 2 j:imiim vahic at 
th'- rnid'i!'- of th''* vdicrc 




'hhn-. 


12 a- iZf 


r>'i* co'h a. 
•'.-I 


■yq'I. 


Er- ^ f- 1 ; = , 

r > — lanh <y_ = — 


yiqa. 


h) 


r.'i.’n' n-";'.] fr-.' vr- and 7 , arc al.-o pvf-a in Tabh- 5 . 
ij,'- n. forr--.-. aionc tii--- ride x ~ n arc given hr 


til'' 
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THEORY OF PLATES AND SHELLS 




W, 


7/lpy 


f/rt , ‘itjn 


cosh 

a 

oij A--.,, ' 

2 ‘ rr- 


7/1' cosh On 



1..3..'.. • . ■ 



+ ?(i - 

*■)'/" 

1 




: 

7/1' ei)sli- 

Ct ffif 



ri- 1.3,.',. - ■ 

' 



— .sinli 

1. 

, rriTril 
ftr, cosli 

n 

, mmi , 

'p eo-li it„ 

It 

, .Miih 


w-'/Y 


Tlio maximum mimcricai valiii' of tiiis prc.'surc is at the mirifilc of 
tlio sido {n ~ 0) at wliicli point wo fitid 


-fja 

1 _ i 

^ ...1. 

2 r- 

7/i- cosh 


n — 

• • • 

+ 


On sinh On 

r- 

7/1- eo-lr On 




• G'ln, (r) 

ut ' I. I 

r*. *• ’ 

where 0 is a numerical faetftr flependiiu!; on v and on the. ratio 
h/«, vdiicli can readily be obiainofi by siiimnim: up the rapidly 
converttinn series (hat occur in cxpre'-ion (r). Xtinicrical values 

of h, and of (b, which corresponds 
to the middle r)f the sides parallel to 
the z-axi-', un-civt ii in Table o. The 
«li‘'tribution of tht* presstires (r) aloni: 
the sides of a sfjuare plate is shown in 
I'ii;. t>2. The portif)ti of the pressures 
I)roduced by the twistint: moments 
Mz-j is also shown, 'riiese latter 
pr<‘.-suns are bal.nncetl by reactive 
forei-s eonc(-ntrated at the corners of 
the plate. The maitnittide of tliese 
forces is pven by llu* expression 

20(1 - 



•1( 1 - e )7^t- 'S;' 


_3 


1.3,; 


1 

cosh a. 


((1 -b tanh Or,) sinh 


— o:„ cosh a„] ~ /»/«“. 

The forco.s are directed downward and prevent the corners of a 
plate from ri.sinK u|) duriuK bendinj;. The values of the coefh- 
cient n arc Kiven in the last column of (he Table a. 
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The values of (lie factors a, fl, fit, o as functions of the ratio 
6/0 are represented hy the curves in I'ip. 03. 

30. Simply Supported Rectangular Plates under Hydrostatic 
Pressure. — .‘Vssuine that a sini))l 3 ' stipjjorfc'd rectangular plate 
is loath'd as slunvn in Fig. Gl. Froeeeding 
as in the e;i.>-e of a nnifornily distributed 
loarl, we take flu- fleliection of the plate in 
the form* 

XV =. „.j a- 7,.,, (o) 

in which 



tt-'i 


fir h,x'^ 
ft 


lOar' d- 70X5^ 


27 f/‘ 
]>r- 


✓ . 
' i.'/.a. 


Lri): 

nr 


‘ . mrrx . 

- sin ( 0 ) 


I’lli. 01. 


fies the differential ('([nation 


reju'c'-i'iit- tli>‘ dcfli'ction of a strip tinder 
til'* triangular load. This (•.\{)re.'‘sinn .“.ati-;* 


(■)'//• , ,y <■»'(/’ , _ 7 _ f/ T 

fix' ' ~<lx' (hj- ‘ r»'/* 1 ) nJJ 

and the boundary conditions 

tr ~ 0, — 0 f<ir “ 0 .and 

Ar- 


if) 


X ~ a. 


The part ic; i.s taken in the form of a serit's 


ir~ 



mrx 

a 


00 


whore the functions l‘„ have the .same form as in the pn'vious 
article, and 7/1 = 1,2,3, .... Subsiimting exj)re.s.sions ( 6 ) and 
00 i't'o I'-G- 00 > 've oiitain 


‘This iimldcin w.as tiisriisscd |,y K. I'.staicivc, tor. cit., p. 125. Thu 
numerical tatdc.s of (icfleciions anti momunts were e.'ilctilated by B, G. 
Gnlerkiii, Bull. Pobjtfch. lint., St. PelersbiirK, voI.h. 20 ant! 27, lOIS. 
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. . , wry 

-- > — . -. r ^-1-. ro^ii 

Ij --rn-' a 


, nir!/ . . mry . mrx , , 

-f Br - — Sinn — - sm ? (e) 

n a \ a 

v.hore the constants Ar-. and B~. arc to he determined from the 
conditions 

„ d-ic ^ , ,5 

ir = 0, r-r = 0 lor V — — k' 
oy* - 2 


From these conditions v.-e find 
o/ _ 1 

__ — _.„i a .5 orj,}, Q -a 5^^-. sinh a„ = 0, 

r-m' ’ 

(2/i^. — .4 ^.) cosh a~, -f- sinh cf„ = 0. 

In thf-se equations v/o use. before, the notation 


f-oivinc tiiem. v;e find 


(2 -f ct„ tanii 

r'-m'- co'h 


r-m-' co.sh 


Ttie d‘-fif‘^'tion of the jilafe alona tiic r-axis is 

■r 

. , 0 o‘'S^r2‘' — I;”'* , , 1 . Tnrz 

• - >. - -t r sin 

1) >— T'l’r a 


or a souare idate 0 = 5 . and v.-e find 


-- '■'/-Y (1.0020:1.5 sin - 0.000177 sin 


-r 0.00002 


3 d;< ' a' th'- f<x\X‘ r of tii*' plat'- i- 


„ 0.tKi203 


0025 .-in 
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which is onc-lmlf tiio deflection of n tiniforndy loaded plate (see 
j)age 129) as it should be. By equating the derivative of exj)res- 
sion ((/) to zero, we find that the inaximutn deflection is at the 
point X — O.ooTn. This niaxiimun delleetion, which is 0.00200 
q^cP/D, difTer.s only very little from llie flelleciion at the middle as 
given by formula (/i). 'J'he point of maximum deflection 
n])proachcs the center of the plate as the ratio h/n increase.s. 
For h/a = as for a strip (see expression lh)\. the maximum 
deflection is at the point x ~ O.nl'.Kirr. When fj/ri < 1, the 
point of maximum deflection moves away from the center of the 
plate as the ratio h/(i decreases, 'i’he deflections at several 
points along the x-axis (Fig. 01) are given in Table 0. It is .sen 

TAiit.nO. — XcMctiK-Ai. I’.*.<Toito rott Di.ft.cf'rif)!,''. nv \ .‘'‘tvfi.v SecroiiTiai 
Hkctanoci. \(t J’i.eri:; l*)ti:'sC!;i; ly -qx/n 

ii- ’■ 0 .::. I> > ns 


h/n 

X •- o.2.'s 

X ’ ‘ O .'.O ) 

X 0.r,f) j 

1 X »■’ 0.7.Vj 

1 

0 Oi ta ■ 

0 0221 

0.0220 

; 0,0177 

1.1 

0 017.! ! 

1 0 02t;.', 

0 0201 

i 0 0210 

1.2 

(1 o2oa 

1 0 tv.tos 

1 1> 030.-, 

I 1) 0211 

i.a 

0 o'j.'Si 

1 0 03 IS 

; 0 0311 

; 51 0271 

1.1 

0 02.'.7 

i 0 03S.', 

i 0 o:isn 

! 0.020s 

i.i'i 

0 02SI 

1 0 0121 

i 0 oil 1 

i 0.0:523 

i.fi 

0 Q:m 

} 0 01. '.3 

i 0 51 ! 1 1 

1 0.513 to 

1.7 

0 0:12;! 1 

i 0 0IS2 

1 (5 0172 

'[ o.o:55;5; 

l.S 

0 ():i i2 ’ 

i 0.0.'.0S 

0 Oi*i7 

i 0 o;5S.'. 

1 .!) 

0 

0.0.VI2 

! 0 O.'tlU 

1 0.0102 

2 0 

! 0 037:5 

0 0.'.,'.3 

: 0 O.vilt 

1 0.0117 

a () 

! o.oir.i 

0 Ol'iCiS 
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rjr-riva'ivc.-^ of tho tv.-i.'iinir moment5. Along the picIc-s x — 0 
and X = a iho-sc reactions can bo represented in the form 

and along the sides y = ±6/2 in the form 



in -.vliich o and oi are numerical factors depending on the ratio 
b/a and on the coordinates of the points taken on the boundary. 
Several values of thesa; factors arc given in Table S. 
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cornorf!. Since flio load is not syminelriral, tlie reactions Ri at 
3- = 0 and II = H>/2 arc difTerent from the reactions at 

X = 0 and jj ~ ±6/2. 'riiese rtaictions ran be repre.-ented in 
the following form: 

Ri = »i7c«6, Rz = Jiz'it'tb. (7) 

Tiie values of the numt'riral factors nj and jn are giv(‘n in Table 9, 
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•hs*. for corrosp-or.dirin v;:-iucs of b, a the sum r.: -f r.z of tho fac- 
tor,- riven in Table 9 multiplied by b, a must equal the correspond- 
ing vaUn-- of a. the last column in Table 5. 

if the ndative dimensions of the plate are such that c in 
Tic. 64 is creator than b. then more- rapidly converrinc senes 
vdil be oi>tainc-d by rc-presentinc ict and irj by the iollov.dnq 
exprc's-ions : 
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ditions xv = 0 and O'w/ihj- = 0 at ?/ = ±b/2. Exi)rcK‘--ion (.<;} 
represents an infiinto series each term of wiiieli also satisfies the 
conditions at the edees y = ±6/2. The functions of x 

are elvosen in such a manner that each of tliem satisfies tlia 
hornopeneons erpiation (r) of the previous article (see page 126) 
and so that exju'ession (a) satisfies tlie homulary conditions at 
the edges x = 0 and x = a. Since, t!ie method of determining 
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Vt 

Siil)s(itu(inp; this in Eq. (o) nml iisirif;: l']q. (^0 of (he previous 
article, we obtain 
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This expression satisfu's Eq. (101) aiul also the boundary rondi- 
tions at the edties j = 0 and x — a. 'I'lie constants .1^ and lin 
can bo found from the conditions alontt the cdKcs tj = ±6/2, 
which are the same as in the prt'vious article and whicli Rive 
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in v/hicii a in a numorical factor depending on the magnitude of 
the rat io b/n and on the value of Poisson’s ratio v. Several values 
of this factor are given in Table 14T 

Using expression (fl) and proceeding as in the previous article, 
v.-e can readily obtain the expressions for bending moments Mz 
and The maximum values of these moments in this case 

are evidf;ntly at the center of tiic plate and can be represented in 
the following form: 

= fjifprL-. 

The values of the numerical factors ft and fti arc also given in 
Table 14. In the same table are given also numerical factors y, 
Yi, 0, hi and n for calculating (1) shearing forces = yfpfl, 

= yY[ib at. the middle of the s;ides x = 0 and y = —h/2 


Taiu.k I t. — .N'cMr.ineAi. I'Acrons a, y, o, n roa Si.Mcr.r St'cronTni) 
ItiarrAr.'ctrt.Af! Pi.-atcs lavoKa a I.oao i.v Foa.'f or a TaiA-vocaAis Pai.s.M 

((' = 0.3. h > n) 


I 

1 

i 

i 

f} V-. * 

i 




i : 

: 1 

[ i 

>)rin*. 1 

i n 

•*< 

' »> 1 

! i 


! " •r.'i-f' 

\ 

j ~ 1 

1 1 

“ j 


I 

i 

\ 

( 

1 

" i 


i i 

■ (?. ; 

7 

1 i 

i ” i 

i 

1 

«1 

i n 

i.ri , 

0 ■ 

0 OIC) 

’ 0 OUT ; 

0.100 

1 0 i 

O.MT 

0.2.'/) 

0 03S 

1.1 . 

0 mn ■ 

n mso 

(1 fr'.-.'o i 

0.212 

1 0 X'7 

O.lOl 

0 232 

1 0 03S 

1 2 i 

e er'K 

o 

1 0 O'i'iO i 

0.222 

1 0 2*-0 ! 

1 O.IT.I 

0 210 

0 037 

i.r,; 

r> ose< , 

0 OC't 

; 0 0122 ; 

0 

i 0 20.', 

0. 1S| 

: 0 202 

0 02 r, 

I A ■ 

0 oi'j; 

0 ff.is 

(1 O'.ll * 

0 220 

; 0 2.V) i 

0.10.2 

0 ISO 

0 03.', 

I ‘ 

<* o'U* 

0 O'Tt 

0 ; 

0 211 

1 0 XIO 

0 202 

n.iTfi 

0 034 


fl ; 

f> 

' 0 O') 2.% : 

0 21'-. 

j 0 224 i 

0 20S 

1 0 I os i 

0.033 

1 T ; 

n ocy) 

n 

i Cl OIAI 1 

0 2t7 

! 0 212 ' 

0 2H 

0 IAS ' 

0 031 

J 

0 

t> O'.II 

0 CO 10 ■ 

0 IMT* 

'■ 0 201 

0.220 

0 I.'S) 

0 030 

I 

0 

0 r-* r.i 

0 mil 

0 2-.1 

i 0 101 

0 . 22 1 ! 

i 0 112 ; 

0 020 

:r 0 

0 U^irt , 

0 f*’ -,'. 

fi nyy'> 

222 

, 0,1 SI 

i 0.22S ! 

1 O.I.-I.', : 

0 02*1 


0 

0 ftT M 

(1 <>270 ■ 

0 22". 

! 0.122 

0 24.', 

1 0.000 

0.010 

* 

(1 (ojn 

0 

fi 02 "A 

0,2‘O 

i 

f> . 2.V) 

1 


of th 

<■ plat*' 

f2) re:u’tive fori-o'^ U, 

11 

M 

i 

1 

) = O'pn, 

rm*!. 



1 

'r - (fA 

rof. 

= 

oifijh 






\ 

or 

/ f-AT. 



< -f- 

1 ^ 

■* nr*' t-/. 


tw 15. G. 


i. lr>'. ri!.. 

p. 13 J. 




MG 


THEORY OF PLATES AND SHELLS 


jit the same points and (3) concentrated reactions It = nq^etb at 
the corners of the plate which are acting downward and prevent 
the corners of the plate from rising. All these values are given 
for h > a. When b < n, a l)etler conv<Tgency can be obtained 
by taking the portion w\ <if the deflection of the plate in the form 
of the deflection of a strij) parallel to the i/-direction. We 
omit the derivations and give only the numerical results 
assembled in Table lo. 

Combining the load shown in Fig. Goo with tin; uniform load 
of intensity //c, the load shown in Fig. CG 
is obtained. Information regarding de- 
flections and Stresses in this latter casf> 
e;in lx; obtained by combining the data 
of 'I'abh- a with tho'C of 'i'c.ble M or la. 
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32. Partially Loaded Simply Supported Rectangular Plate. — 
Let us consider a jilate loaded iuil>' over the shaded portion 
Itrd (Fig. 07), the sides of which are parallel to the j-axis.' 
Then the difTenmtia! e(juation for the loatled portion of thejdatc 
is 

'This c.'isc w.as discie-'^ci! hy l\. G. Galcrhiti, MnsfV.Qir of Math., vol. ea, 
p, 2('), in2r>. 
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= cosii + /y„ Hinii + C„™-.sinh 

m *• 1 

iiTli\ . inzx _ 

— ) ^in ; (f) 

« / n 


+ ly^ cosi, 
« 


and, similarly, for tlio unload(‘d portion of the plate above the 
line pr we tak(; 


4C 

■' = '>’('..1; CO.I, + K si..l.’-S^ + VBl 

\ '^ n a (t a 

rt-^l 

, virii\ . m-n , 

4- I )^ — eosii — ) sin (n) 

a a J n 


Expression (e) satisfies the difTerential (‘(piatitm (o), and expres- 
sions (/) and {(j) satisfy the difTerential efpiation (b). Moreover, 
all thrt:e exiiressions satisfy the bountiary conditions ir = 0 and 
d-w/dr- — 0 for the sides x — 0 atul x — o. 

It is necessary now to choose tin- constants .1 r.. lin, • . . , C", 
D'J, in such a manner that the boundary conditions at p — +h/2 
atul the cotitiiuiity cotiditiotis alonit the line,- fs-atid praresati.sfied. 
To represent all the-e conditions in a simjder form let us introduce 
the followitig tiotations; 


mzn\ 

<i 


2d-,. 



(f>) 


in which tji atul tj; are the distances of the etlpes of the loaded 
strip from the x-axis, Con.siderinK the line ts, we conclude, from 
the contituiity conditions aloni!; this litie, that 


w = U' 


and 


Aw' 

'dii 


dw 

dV 


for 


y 


Vi- 


(0 


Since there are no concentrated monlents or concentrated forces 
applied tdotift the line .st. th- i.enditip mometits dfv '‘‘nd shoariiig 
forces Qi, must be continuou- at this/line. Hence 


d-W 

Oij' 


Ay" 


atul 


ft be 

OiP 


(I’lr' 


for 


V = Vi- 


U) 


Subslituling expres.sions (c) and (J) into ICqs. (f) and (j) and 
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u-inc Doia-fon.^ (A), vre can rc-presont the??; equations in the 
ffillov.-ina form: 


-r c_. = 0. 


(.-u - ALj 

co=h 27- -r (B-. — 

Bl 

) -sinh 27- 

-f (C- - 

C^) 2 y~. .sinh 2 y^ 4- 

<D 

.. - DUj 2 -i 

01 - - .1:.) 

.4nh 27- -r (B-. — 

K. 

) co-sh 27- 

-4 

(CV. - Cljfsnnh 27. 

. -r 

27- cosh 1 


4- - />-) (co=h 

2-c- 

. 4- 27. sir 

'4- - 

cosh 27- -r (f2- — 

BU 

) .4nh 27- 


-f (C-, — C13(2 co-h 2v„ -f 27 r-. .'inh 27-.) I 

(D„ - /Xj(2 sinh 27- -r 27^. co4i 27^,) = oA 
f/i-. - .‘O sinh 27- -r fB_. - Bi) co=h 27- | 

-r (C„ - c:jr3 sinh 2 y^. -f 27-. cosh 27,-.) / 

-r r-osh 27-. -f- 27r-. sinh 27r-.) = 0./ 

From those equation.^ v,-e find 

-4-. — Al, = a^('{r-. sinh 27-. — cosh 2 -fn). 

B^ - B'r.. - —njy~ cosh 27„ - sinh 27,,). 

C-. - r’^ = cosh 27... (0 

I)r^ - Dl, = sinh 2 yr-.. 

Wo obtain fotm similar equations also for the iwundarj- line -pr 
i't = t;;), Suiftrar-ting th^Tn from F]q=. (f), vre Snd 


. 11 . - d" = 2 c^ sir 
7 ^ 4-3-. 


sinh ('<•- — 3 ,-.) sunh ( 7 - 4 - 3-) 
™ co-h ( 7 - -f 3-) 
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!j__ 7 ..-jnb -f {y^ _ 

B'„ — //,' - 2 si->inh ( 7 - — 3-i — co-h ( 7 - -r 3 -) 
-r -.v- ■ .-m.li fy^ ~ 3-) 


.‘f- (y^ -a Cfj.jj 


— /^- - o- -'.nii -'o- — 3-i f'O'li ( 7 - -r 3-). 
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To these four equations contniniuK eiKht constants A‘^, . . . , 
D'X we add four equatifuis rejm'senlinK the boundary conditions 
at tlie edges y ~ ±5/2. F<»r y ~ +5/2 wo have ir' = 0 and 
d-w'/dy- — 0, since the deflection and the moimmt M.j along this 
edge arc zero. Substituting (•.\'})re,‘;-ion (f) in these conditions, 
wo oi)tain 


A'n cosh ctn + /C ■'^i'd> *i' ■'^inh n„ 

-f- l)‘„dn cosh ~ 

C"„ cosli + l)'^ v'nili ~ o,j 

where, ns before, 

w rh 


Similarly, for the edge y •r- —5/2 we obtain 
A'J, cosh (r„ — sinh o,, .''inh 

— CO'.. „„ 

O’J. co-h 0 -. — DZ, '■inh — O.j 


>-!i =- 0.1 


{«) 


Equations (o) and (a), log.-ther with Isj', (to), are sufiicient to 

determine the (‘ight eonvt;tiit> .j;/ })'Z, atui we find for 

them till- following value.": 
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sinh (a,, — — 7„) 


I / *t" d (n I , . 
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t o t~i 


,y coth (7s. - ti„) sinh {n„ — y^ — d«) 

„ ( Yr. + d>^) 
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C. 


cosh (-/'r. + ft^) 


Dr, = - 


2 cosh 

(7r. 4- fir.) 
2 sinh «, 


COSll ^(tr, r, “j" 

Sillh (flfr, 7*Tn “T~ 


Tints all constants entering in expressions (r), (f) and (g) arc 
dotennined, and uo can now calciilatc the dfdlection at any point, 
of the plate. Since tlie coenirienis in the .series (d) diminish 
rajtidly as m increast's, only a few terms of series (e), (/) and (g) 
need he calculated to K'd deflect ions with a very }iic;h degree 
of accuracy. 

.As an example of the application of our general solution, let us 

consider the symmetrical ease in which 
a utiiform load q is distributed over the 
reet.angh? /;r.d (I'ig. GS). The maxi- 
mum delhciion and tin* maximum 
hending moment in this case arc at 
fill- center of the plate and are found 
hy ii-ing I'xpre.-siofi (< ) for the deflec- 
tion of the lo.aded portion of the plate. 
From .symmetry it may he concluded 
that the defiei-tion surface juust h<' an 
even fuimtion of y. Hetice Hr, and Dr, 
in expression (»•) erpial zero, and the detlceiioti surfai-e is 
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where, from .symmetry, rn includes only the consecutive odd 
immhers 1, .'1, 5, . . . 

('sing l’>j. (5) of (he previous at tide, we represent the deflec- 
tions !(’( of the strip (l‘h(. (</)j in the folhnving form; 
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Ilf-nce, 


r- .-l 

4'7a*( — 1) ' . w-Oj 

2a ' 


(r) 


A? n particular cayc. when oi = a. wo have a strip uniformly 
loaded along its entire length, and its deflection is 


•iOa' 1 . TTJ-T 

ici = -~-T >, —j • 

/Js-^ 7/1'' a 

r: - 1.3,0. - - - 


(s) 


For symmetrical loading, t;; = —t]i = 5i/2, and Eqs. Qi) 
l.x'COme 


"/m — - 

vhich givey 

— 1 cO'-h (a„ — 2y„) 

co>h a-,1. 


m~bi 

4a 


(0 


. • t / ON. f-inli 2rr. 

-r Yr. snui (a-. — 2r„) -F o—-: r — 

J COSll On 


(«) 




(7, 


,y . ' CO^h {<3^ 2y * 

2 coyfi 

Snh'tituting this and expression (r) in Eq. (/>), we obtain 


r-.-t 


>. -- - sin -;r — <1 — 

Dr' < 77}-' 2a ( 


eo'h 


m-rit 

a 


- 1 ; 


cosh 




oo-h {a^ — 2r«-.) -r Y-. sinh (a-, — 2y„) -r o 

, cri<ii fnr.., — 2v-.)nivi/ . , rnTTi/l 

_ .. oinh - '■> 

2 a (1 } 


sinh 2Yr, 
'2 cosh a, 
in-rx 


sin 


a 


(129) 


1 .oifn thi- equation tile deflection at any point of (lie loaded por- 
tion <>: t!;.' (ilate cafi Im' calculated. 

In th<' prirticuh'.r e;!'-'- v.here fit ~ a and h\ ~ h we have, from 
Fq 'f'. • it^ 2. Fxpre''ior!S («) b'-conie 



r. 


2 eoyh a-,’ 
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and Eq. (129) coiiu'ido.s with K(i. (120) (puKo 128) dorived for 
a uniformly loaded reetanpular plate. 

The maximum dofleetion «)f (he plate i.s at the center and i.s 
obtained by substituliiiK ;/ --0, r n/2 in formula (129), 
whicli give.s 






n:' 

1 . rarot), 

ur 2n (. 

1 



i.n..', • ■ 


- 2v, 

.) -i* ■/ -. siidi (o„ 

- 2y.) -1 


.«inh 2v, 


(180) 


A.s a prirticular exsinqile let u.'-- eojmid<T the ease where (it = a 
and hi i.s very small. Tiiis (ee-e rejm-.'ent.s a uniform distribu- 
tion of loafl along the x-.-ixis. fon-idering a.s .‘.mall in Eq. 
(130) and retaining only small term.s of tin- fir.-l orth-r, we obtain, 
using (he notation -- t/.-. 


V'.ux 


/;.r‘ 1 


(- 1 ) - 


M* 


^talih (f„ 


eo'h- tin) 


(131) 


For a stpian' pl.-Ki tlii-. f {niation give- 


IS, 




(t.n55'{^r .. 




i:h 


In the geiienii c;i.-e tiie maximum defl'-'etion can be represented 
in the forms 


I'V 


— 'Or <l 


and 


t'V. 


qjr * 

o'.vv for o 
/■Jr 


b. 


Se\«'ral values of tlie l■oe^ieienI a are given in 'I’able 1(5. 

Heturning to tlie general ease where (h is not neee-.sariiy small 
and «i may li.ave any value, the e.vpres-ions for the bending 
moiiK'nts M. anti ctm be deriveil by using lap (129). The 
maximum vtilues of thi'se monn-nts ocetir ivt the center of the 
plate tmd can be nqtresented by the formulas 

~ /I'ljhjf/ - fiJ\ (.lf..)e:t.. - diOihi? = ^1^, 

where P — athtq is (he lottii lo.'id. 'Fhe values of the numerical 
factors P for a .square. plate and for varioii.s .sire.s of the loaded 
rectangle are given in T.nble 17. 'i'ht' coefricients pi can also be 
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K..— Drfi.jrrror- or Sr:rroprEr> Rfy-rA:rot:L*.n Pp'.tks 

f L o'DKD .•.lo:-"'; tv.t. Axi- or ?'yj:*':;;TEr P.‘.r*l'-el to ttik 

F^nrKv -io:.' o 
■'r =• 0.3; 


. - 2 


i.3 i.2 !.I ,2.0 


« r- fi 1075-. O.Ooor, o.OW> 0.0022 0.0S72 0.05 10 0^07^ 

1.2 1..3 l.-l J.5 2.0 ;« 

7jo ' ■ ! ; 1 

a - 0.570 0.2021 0.1135 0.I2-770. 1.300 0. 17700. 227.7 


T.*r !.K !7.-— 0V)r.nr<"ri;’.-T- t'i ron ,-,i. 

'»■ == 0.3 



P:yronrr.T} P.tiiTi^.u.r 


0 0.2 0.2 0.3 0.4 0..7 0.0 0.7 O.S , 0.0 2,0 


;i in I->;. = ,^P 


0 0.32! 0.2.'>I 0 2000.1^00,1.050.142 0.1^70.1120. 1020. 002 

0.2 0.375,0.2'50 232 0 107 0. 270 0. 2.7) 0 . 134 0. 1200. 2050.005 0.058 
f! 2 0 ;;0'- 0,2.7! 0.224 0.255 0 Id 0. 242 0. 227 0. 2 24 0. 203 0.003 0,05? 
0 3 0 2‘>20 22'.n 10.', 0 20' 0 . 2.72 0, 23? 0. 220 0. 205 0 .005 0 .055 0.050 
0 i 0 2120 20.30. iron. l.'AO. 142 0.2200.1130.2020,0020.0840.070 

0 0 2'J'O 1^-00 105 0.!!50 131 0. 1 20 0. 200 O.OO-O 0.057,0 ,070,0 072 

a (] n l^-'O P'.'O !.V)0,2.'.',0.222 0 200 0.000 O.W-O 0.052 0.074 0.007 
ri 7 0 2700 1.730 2370 22 ? 0 . 1 12 0. 101 O.OOl'o .053 0 070 0.000 0.002 
O'*. 0 1,330 2 100. 2'.''.0. 114 0, 20.30. OMO. 05.30. 0770. 0700. 003,0 0,37 
n.O 0 l?jO 2270 1 !.'0 10',0. Oo;o, 0=00. 0750. 0700. 001 0 0-350.0.33 

1 0 n 1270 I !.*0. 103 0.f/'3 0.0=0 0.07.'- 0.072 0.001 0.0-35 0.0.33,0. 0?8 
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obtained from this table by inlerclianging the positions of the 
letters Oi and In. 

Tlie numerical factors /I and fii for plates with the ratios 
h — ].•]« and b = 2a are ^iven in 'J’ables IS and 19, respectively. 

/ 

Tahu; 10. — Coia rictc.vis ,-t .\.vii (I, roa f.tt , ash (.U, i.v P.m-. 
Ti.M.i.v I,o.M)i;n HccT.AN'cei. Ml Pi.AT»;-i with h » 2n. (c r- ().,'{) 
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i i .■ : ; “j j 
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n.-i n TT.’.'n 27 i;o.ikio i;-oo i:.'.o itno i:.’ o. i.'.-,> o, ina'o.m o.ciot o.osi 

(Ml n 7;no to.'. o. n-i o mso ii:.ii (n'.n m o. i;m n. loo o.o'C o oto'o o’o 

n.s n 70.10 iTi'o.Hso v.o'.i) 1 ( 11.11 fi..ii inr o (fi-; it O'.; o.irTr, o ('•170 dm 

1.0 n iron lA.'.'o. Ill 0 ii:. o o-i; o omio o. j o o.i o.oti'o rr'ii d ov. o r>io 
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1 •» 0 UtO 177,0 ItlO (ro.O Hill) (!-kO (i/.t ri CWcl 0',; 0 .OM 0 0100.(0,1 

1 r. 0 ino 0 it.'.o loi n esro 0740 (io7o (''.■•.o n*.! o eti, ' 0,0100 ni'o ot'j 

1 ..S 0 I IS (I I(l( 0 Oil o (i7'> <> O' 7 0 It OS'i 0 or, O oil 0 010 o 0.1I 0.07'7 

2.0 0 1070 00(11 OMO (1770 fi.’.I 0 f.t o 0(4 0 Olio 0170. 0.170 O.’.sO.O.'l 

! 1 I 




33. Concentrated Load on a Simply Supported Rectangular 
Plate. — 'riie sohitiou nf the jin'vioit'^ article can be used in di.s- 
ciissint: the prohli-m of betidiuK of .simply 
supported rectangular plate.s under a concen- 
trated load. 'I'his kind of loading can be 
olitained l>y making thesithw «. and 6, of the 
loaded rectangle of the jirevious article very 
sni.'d!' and taking (juJn /k Let ti^' begin 
witli the .simple ease in which the load acts at 
a point .1 on the r-axis. which is the a.xis of 

/ svrnmelrv (Fig. (>'.•). Tin* dellcction of tlie 

Fkj. Gt). • . I ■ 1 . . , . 

.stri]) along the x-axi- in this ease is 



tCi 


2I\r'S:^ 1 

Ill 

I 


. inrt . f/iTX 

sm - —y 

a a 


' !io problem (»f u rtmenuniietl nrtinj; on n r*'cti\iii;ul:xr pbxto 
been disctiM.sed by ^‘ev^‘^nI mjthors. S*** the antJmr’.s pnper in HiVtingenirur, 
p. 51, 1922. 8<'e nlb’o A. Nndni, y/cKjrjr/tvjiVi.'r, j*, II, 1921; find Ib O. Gnler- 
kin, he. ctt.f p. M(>. 
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r rj.r. r <•,</ rcj I r>.'> ■ o5 *'-*'■ p'Oir.* or iT/D^iocrsorr or *}i 0 Chu- 
’.'I'.n P .-.r.d of tr.o From Foir; 

v.'-'- f/r/'-.':- rh^' fo.iov.'ir.rr ‘■•"orf"-'ior; ioT *.ho coofffcron*' iri ?o-no.^ 
of ‘L'- prf vio':- orrf'-fo: 

rr-.-zc 

~ h jpr'’ 

*;.i- ir.?o Eo. 'p; of rfoo premo:i= r-rf.iclo and tr-'in:^ 
'"pn-don- 'v of ff/- arHo for rho oomtanr-r and 

C,.. v^- oo'air. •h-'- fo'Ioa-in:: oo'ja'jor; for tho dofrcct.ior; Jr’irfaoc- 
<■■' *.:.a ,-*.riri of -viddi. O;: 


, . rcrr , rrm 

2 Po- 'c~ ~/ oo-n — |- 


7-A I 


— 27 r-,) 

CO-n a_. * 


/■ O'’ 'inh 2 y-i 1 

-•.rm ’a- — 2y.^.; -r r/_,r~“— , 

2 oO'r: «„ I 


,Vf, _ 2 - 

2-r f'O-h /I - > .. -a~ ^ ^ 


Ir. <• rd* r ro oonair. d^fioarion for f'no o-rii-o of a aronoon'raff-ai 
fo- m 0; in E.;- <-'~nr*'---;on rno-t a'-nrna-^i to ho ’.f ry >rr.a!!, 
Th' n civrn r.y orp.-o.-fon -''h> of tho jiromom-r arr.iolo. i-r a!-o 
ry -n.;;!. and a not 

''o-:. ~ 2 y^'; - rodo — 27-. .dnh cr-,. 

''a_. — o-/-.,: hi:*;, o-, — 2 y-. fodi 

.'in 2 ?- — 2 v,, 

d <o ;t.c jr: ''r;T(r>''- -Oir. and orr.ittintr dio torm' r^jn- 
'r.n.n.r 7- 'o t-o ■ r- \rzu> : than t!*o flr-r. v.-o oh*ain 
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plate along the T-axis in the follo^s'ing form: 


O'Oy-o 




Pa- 

2D7r^^ 

n -• 1 


. 7?i:rc 
Kin / 

— ( tanli ar, 

nr \ 



Kin 


mrx 

a 


(c) 


This scriCvS converges rapidly, and I lie first few U'rms give us the 
deflections with suflieient accuraey. In the particular case of a 
load P applied at the center of the plate, the niaxirniim deflec- 
tion, which is at the center, i?- obtained hy sulistitiiling 
X = c — a/2 in expression (r), which gives 


rruil. 






taiih 

}ir\ 


Or 




(132) 


r-. - 1,3,:., • • • 

Values of the nimierieal factor o for varioti' values of the ratio 
l(/(i are given in 'rahle 20. 


Taiii.v. 20.--I’.\<to!; ,i iiii! ! icrMa-j lov (l.'rji or a Ch xTnu.t.v I.ovDtD 

!tK<'T'.;.'<;et.\i: P(.\Tr. 

'r -• o:!i 

Ifn 1.0 11 12 It' l.r. l.S; 2.0* 3.0' * 

« 0.120r.O l.iMO 1 l7S0,lf,21 (I iriiO.lTi'.'.nKlSJWO.lStOO.lSlO 

i 1 . . . I 


It i*; seen that tin- ruaxinuim def!(*etion rajiidiy approaches that 
of an infinitely lonv plaie' as tiie lengiii of the jilate increa.ses. 
'file comparison of tiw maximum defieeiion of a stptare plate 
with that of a cen:- dly loaded circular plate inscriherl in the 
srpiare (see page 73 > indicates that the defleclioti of the circular 
plate is larger than that of the corresponding sejuare plate. This 
result may be attributed to the action of the reactive forces 
eonceiitrated at the cornet-^ of the siiuarc plate which have the 
tendency to produce defirction of the j'hite convex upward. 

To determine the li'-nding moments in the loaded portion of 
the plate we calculate the second derivatives of exjircssion (b) 
which, for y ~ 0, bccome 

' Tim dcdcctioa of plate.- liy a concentrate, I load wa.s investigated experi- 
inent.ally by .M. Herg-tras-cr; i-c- Fiy'sc.Kxtv.ijs'irl'HfK, vol. 002. Iterlin, 102S. 







100 


THEORY OF PLATES AND SHELLS 


Rlantially (ho same as (hat near (he center of a centrally loaded 
circular plate. The bending .slre.«.s at a point within tlii.s circle may 
bo con.'^idered as consi.-^ling of two jmrts, one of which is the same 
a.s (hat in the case of a centrally loaded circular plate of radiu-s 
0 , while the other rcjirc.sents the difTercnce betwcf-n the .strc.ssc.s 
in a circular and lho.se in a rectangular plate. As the di.stance 
r between (he i)oint of api)lica(ton of the load and (he point 
under con.sidera(if)n Ix'comes .smaller and .smaller, (he first part 
of the .stresses vari<‘s as log (o/r) ami beeonus infinite at the 
center, whereas the second part, representing (he cfTcel of the 
difference in the boundary conditions of tin- two plates, remains 
continuous. 

To obtain (he exiiressious for bending moim-nts in the vicinity 
of the point of application of ihe loa<! we use tbe first of the 
equations (114) fsee page 100). In the case undiT consideration 
the entire .surface of the plate, with th(' cMcejUion of the point of 
application of the load is free from load, and the equation 
be(;om(“s 


iV.U ii'M 
Ox' ' Oir 


(J) 


At the boundary tlu' (|uantity M -■ d- i)/,)/(l *f- r) is zero, 
since the rectilinear edges of the plate are simply stqiported. 
'I’hus (he prolileiu of determining .1/ reduce-; to one of fimling a 
solution of 1->|. (/) which is zero at the boiimiary ami varit-s as 
log (o T) at the point of ai>pIication of tlie load, 'fhis solution is 
hmnvn and for tin infinitely long jilate can be represented in the 
following form; 


M - 


11 

•Ir 


CtlSil 
log - - 
cosh 


>t 
- :t 

n 


(‘Os‘ 


rfx — r) 
n 


TI/ 

■1 



a 


(f?) 


where C is a consttint. lly calc. dtiting the secoiul derivatives 
and O-Af/Oij- it ctin be shown that ex|)ression (<j) satisfies 
(/)• It nlso that for x --- 0 and x — n, f.r., along the 

.supported edges of the plati*. the e.xiht-ssion for whicli the loga- 
rithm is to be taken beeomes equal to unity. Hence -If is zero 
at the boundary as it should bca For [loints close to the poitU of 
aiiplieation of (he load the quantities i/ c ud (x — c) are small, and 
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1 - 


-■(x — c)- 
2a- 

lC>:prf“-iori (f?) can ihcn he repra'cnted in the followng form: 


, -ru , , r*?/* 7r{x — c) 

,i‘ ran lake co~h — = 1 -r cos — - 

o In' n 


.\f 


•Jr 


lop 


^ ' 2a= 2a' 


in v.hich 


1 - cos 


2-c 




(- 


\ 2n sin 


C_ 

2 - 


log 


2a sin 


~c 


(h) 


\ 


r = V'/' + ( 2 - - c)- 


reprcsfiUs the distaticf of a point nruler consideration from the* 
point of ;i}){)lication of llie load P. 

In order to determine the, constant C, consider tlic cfpiilihrinm 
of a small eireitlar element cut ont from the plate by a c\’litidrical 
surface of small radios r with its axis along the line of application 
of the load. The shearing force Q, along the boundary of tlii.s 
element is fonnd from the condition of equilibrium to be 

2xrQr = -P, 

from v.diich 



Tie* ‘■hearing force Q, can atsf» be determined from the erpiation’ 



S'!b-'.it(iting for M its t-vpre^-^ion (/i). wf* find 

Q' - (j) 

I? from, tlii-' < .jii.at'ori .*ind from hiq. (i) that C - —p, and 

i.'.o Cl ri; r, . wit}; r-cjinrlion-i 
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THEORY OR PLATER AND SHELLS 


\vc obtain for ijoints closo (o tlio [Kiint of application of the load’ 

-c 


„ J>, .r 1 >. ''"IT 

M = -j; los --- s: = S '"S 

2'i sin — 
a 


For the other imints, i)y usin^ expression ig), m* liavc 
P 


M 


■It 


h>K 


, TIJ -(x — c) 

It a 

, T// r(r -f i~) 

It n 


( 133 ) 


( 134 ) 


The expros.’-ion.'-' for the iieiulinf^ inoincnls . and can bo 
derived liy nsint; lOii--;. (133) and (13-1). \\‘e b<'pn with the 

point-s alone: the x-axi--. I'or the.-e jioints M, — and by 
using Kfi. (134) we obtain 




1 _ 

/’(ld-»), (»s - - 

(1 


In the particnlar ca-e of the load apfilied at the center of the 
plate, c = it/2, anti we obtain 


jyf % ^ \ A ~ riuj 

(iV.),.« - log (136) 

1 sin ~ 

(j 

To obtain the la nding nioment.s at points that are not on the 
X-axis, let ns consider the deflection surface of tht‘ plate below that 
axis. The general • Npn -'ion for this surface is givtai by Eq. (f) 
of the j)revioiis article (see page 14S). 'Die constants in this 

’ 'I'liis expression can ri-inlily In- ulitnitu-d nlro l>y suintuntion o! series (r). 
For tlii.H pur|Ki,se wo reiilaee tie protin.-ts of sines t>y the liifTerenees of cosines 


«a 


and vise the serie.s — ~ log 2(1 


- cos V') 





I 

— CO-S V^ 
f.'l 
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rnnri'iori for ;-.ti ir;ririif<--ly lonjr plrifo ftrc' ovAaimd from tho 
<-"prf''-ior;- on pnzo- 150 ,. I 6 I rind can bo put in tho 
fo!!o'virip form ; 

Ai, ~ — 7^. ooth 2y~.) 5-irih 2yr-., 

JC. = —njl — 7-. 2y^) Finh 2yr-.. 

/4 - -C = j-inh 27 r... 

With th"'--'’- vri!u>-- of t'ti'; <'on.-fariJ‘-' and vdth fho a.^-'-fumption that 
7^, '' v.r:h-J‘\n i- infinifolv .‘-mali, ‘ho roquirod dofloction smrfaco 
of At<‘ piato }^-<"om''-' 



' 1 '})'’ vai!;'-' of civ<-n on pa"o 167 ha.^ boon introdnood. By 
forming thf- ^''^ond d'^-nvativo- of tho.-'o os})ro.-.-!oas v;o find 


ir r I t 

.V „ -,A 


OJ- 


B'S? 1 . w-rn , mzx 

-• " .‘■'in .O'ln c . 

r jn a a 


- 1-5 


V*V find .a!-o 


j/.y": = -. 1 / ^ 

or- ' f)Jj 

2//;::; „ 

rllj- O’J 


U'n 






A-: A 

-. 1 ! 

n 4 - 

\ 

“/>( 

f'f'T 

" Ar/*/ 

2 

_ 1 

L 

r 

n ~ 

\, 

Ay- 

07 -/ 

o 
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. r't.U ( 

-v}y~ •) 


{ 135 ) 


i '-r jvih;'. i-\<t 1- to !!,'■ no:.';! of .oppiif.';!if,n of tho load P v,o can 
*■;}' for i‘-- 'apr' -iori fl3-'b; thf-ri 


of. 


II 


L’r ^ ~r - ~ ' 2 _,f 


if 

’f. - 


I' 
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THEORY or PLATER AND SHELLS 


m 


It is inlorosliiiK to compare tliis result with that fora centrally 
loaded, simply supiioricd circular plate (see Art. 10). 'J'aking a 
radius r under an angle a to the j-axis, we find, from Jiqs. (90) 
and (91), for a circular jdate 


iUx = il/t. cos- rt Aft sin- « 

= ;^(M- .01og2 + 

A[y — Afn a + Aft cos* a 

P n P T- 

- ~(I -f <•) log - -5- (1 - y)~- 

*1 M 7* «r 7*' 


(/••) 


The first terms of cxpressinns (IHit) and (/:) will coincide 
if we take the outer radius of the circidar plate (>(iual to 


(2a M sin (rc/o). 


Under this couditidu the moments Ale are thi* same for hoth ca«cs. 
The moment A!.j for the long rectangular plate is ohiaincd from 
that of the circular plate Ia- suhtracliou of the constant fpiantity* 
(1 — !')/V'l“- I'rom (his it can he concluded that in a long 
rectangular plaK- tli<‘ stre.-s tli.strihution around the point of 
apidication of the load i- oluained hy superposing on the stresses 
of a centrally loaded eireular pl.ate with radius (2u,‘r) sin frc/n) a 
simple hending produe.'d l>y ihi' moments .Uy ~ —(1 — t-)P/'W. 

It may he assujiied diat the same relation h<‘fw/s-n t!u‘ moments 
of circular .and long r' l tangular |)!ates nho hohh in the case of a 
lo.'ul P uniformly <listrihiit<-d over a eircul.ar arrei f)f small rtKlitis 
c. In sucli a case, for ihc center of a circular plate we obtain from 
I'k]. (S3), hy neglecting the term containing r', 


A!,. 



c) log ~ -h i 


Hence ne.ar the ceno r of tlu' loaded rireul.nr area of a long rec- 
tangular plate we o. aiu from lC(|s. (139) 


4 , 


“ its 


2(1 sin 


re 


(1 + c) log 


-I- I 


"" 2rr- ) ' 


Af:, = 


2(2^ 


2a sill 


re 


(1 -k I') log 


rr 


-T- 1 




(MO) 


(1 - c)/vu 

2rr- ) 


* \Vp observe tlmi x- ■-* r- - ;/•, 



165 


Fl?^!PLY .SUPPORTED RECTANGULAR PLATES 


From thi- rompan.-nn of a Ion:; rectangular plate unth a circular 
plate it nrav roneludMi that all information regarding the local 
v*rr--r-. Ti' f lu- point of appHeation of the load P. derived for a 
rirruiar hy uring tiu- thief: plate iheor)' (?ec Art. 19), can 
a!-o he applied in the ca.'e of a long reetangular plate. 

When the plate is not verr long. Eq;^. (d} .‘^hoiild bo used in.=tead 
of Eo. (e) in tlie caleiilaf ion of the moments M- and along the 
r-axi'. Becat!-e of the faet that tanh approaches unity 
rapidlv and rodi beeorne-s a large number xvhen m increases, 
th'- difTcreiiees iyt’.veen the sums of serie.s (d) and the sum oi 
series (V) ran enrily he calrulated. and the moments dfr and 
along the r-a.xis and rln-e to the point of application of the load 
r.an ly rcprc'ented in the foilov.dng form: 


(1 - r)/'^ I . Mrr . mrx , 1 

Mr - - V-- - ton — — .'•-in -r Tig 


-.-1 


P 

ir 


rc 


— ~ '"S — tr- 




, , fl -f r)PNP 1 . tnre . nirx , P 

.V = s-m sin 

* 2r ^ in a a 


r-,- 1 


P/I -f f) 


go .'■-in 


rrc 


loc 




(141) 


in v.hirh *,•; and */; are numeriral factor.-; the magnitudes of which 
d' nd on the ratio h’n. Several valne.s of the.'e factors for the 
of central applie.ation of llie load are given in Table 21. 


T.'V, 

:t. 25, — F.'.rror.'^ yi 

AND 7: r?; 

rx3=- CH!} 



1 o 

1 2 

1 ! 

i 1 

1 r, 

i i 

1 S i 

2.0 1 


; -0 .'.O'. 

— 0 ,"'o 

-0 213 

-0 12-' 

„ -- u 

-n 07.3 ^ 

j 

-0.052 

! 0 

-0 ir.% 

n.', 

- 0 OS.-, 

~0 0.'7 

-0 037 

4-0 02.3 

: 0 


« •' o'i-trihuii'-n m-ar the point of application of tly 
’-i,-!ly the a- for a rentr.ili_v loaded circular 
■2'; r; rin To get the landing moments 
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Mz find My near (iio load wo havo only lo snporposo on the 
inomenf.s of llio oiroiilar plato the uniform bending by the 
moments iV' = 7)/V‘l ~ — —(I — y — 7 ;)/V^}r. Assum- 
ing that this coiK'lusion holds also when the load P is uniformly 
distributed over a eirele of a small radius r, we obtain for the 
center of the circle 


Mr 


My 


4~ 

‘It: 


. irr 
2n sjn — 

(1 + !•) log 1 

2a sin ~ 

(1 + r) log — • -b 1 


J. 


7 ./’ 


‘ -tr' 

(1 - r 



(142) 


If the load P is ajijilied at a point that i- not on the axis of 
symmetry, the general cxpre>-ions (e), (f). and to) of the previous 
article should be usfd. As an example, let tis df’termine the 
dedetition under a load P apjdied :*.t a point whose x- ami i/-coordi- 
nates are c ami t;. respet-fivcly. The general expressions for the 

constants .1,. />... given on page 151, can be put in 

another form by sub'-tiuUing 

.1- ^ .. _ s _ 

/ rx . Pe-> “ ■ ^ f / r-i ■— 


and treating In a.s vr-r> small, 'I’ln-n omitting all the tenu-s con- 
taining t<i a power iiigher (h:if! the fir-t and making y ~ f, in 
expre.s.sion (r) of ilie pi‘ \!c.ii-, artiele, we obtain the following 
re.''nlt for the tieficetion of the loaded ,>-trij) (i/ — ij): 


r . niTTj vxTC 

Pn- ND a ti 

j/* rs - ^ 

21)-’^ rr 

rn “ 1 


ro>!.- -'Ytanh y”— -) 

0 \ cosh- o„/ 


— sinh" ■'‘"’’(coth <x^, . 

n \ Miilr a,,/ 


2wr-7! . , rnry . rrir;;. , \ 

sinh - co-li (tanli — cotli Om) 


(143) 


By making y == 0 in (his cxpressioit we obtain expression (r) 
wliitdi was o!)tained l;efore f<»r the load applied ;it tht' axis of 
symmetry. When the plan? is very long, tanli otr» “ coth On « 1, 
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T-.u'l r/r~. '•'■/'ji- ry,. ]^-rr,rno ror/ l.-irgc; and v.-hnn 17 is not 

Iar;:o in oornpriri-on '’.-ifri a. Kq. (l-i'jj (f-’-'C-.'. 

, , >/:rz . rn-rn 

^ . __.':n sni 

Pn' n a 


u 


^fjTr w 


vhicfi can al-o o!/riin'''d from liq. fc) for the symrnclrir-ally 
loaded pla^y-'. 

34- Rectangular Plates of Infinite Length vdth Simply Sup- 
ported Edges. — In our p.’-evioijs di.-cij.-don.-: infinitely long p!at/-s 
tL'iV'-- fy^-i'-n cori-:d''r-"d in ‘■e'.v-r.ai The defieetioriH and 

rnorn'-'n?- in -ufli plate- v.v-re n-ua!iy olytained from the corre- 
•-pondiris: f-ohnion- for a finite p]a;<-' by letting the h-ngth of tb" 
f>!ao; inerca-'' indf-finiff-’y. In .‘■orne cri.-'-s it is ndvantageou- to 
r/bt'iin ‘ol'.oion.' for an itifini?'-!;.' long plate first and combine 
t'n^-rn in -o'di a v.-ay a- to obmin the .-.oltttion 
for a finite ?.f-vf:rn\ e.'camples of ihi.- 

tmebod of .‘olution vdll be given in flji- 
arti'’!'-. V."<- 'u’-zin vdth the e.a-e of an infinitely 

long plate of v/idtt! n loaded along the r-axi- 
a- >ho'vn in P'ig. 70. Since the defief-tjon 
'■’!rfae>; i-- i-yrntr.etri''al vdfh re,-{K'Ct to the 
r-axi-. r.v- fon-ld’-'r only the portion of 

/ 

Fio. 70. 


C«) 


t!i'> plat*-- 

f orro.-pon 

:di 


to po-itive v; 

alno-- 

of V in O!! 

r foTthord 

Kf' 

ft : 

-ion. Since the 

load 

i- di-trii^ 

•io-d orsly 

n 

Jo 

ng the x-axi-, 

the 

df-fi'-colon 

v: of tiie j) 

!a? 

r* ; 

-ati-fif - trie ''•nti; 

i-ion 


r/* 

h 

r 

^ c'i'* , d'lr 

= 0. 


C. 



“0;'* r>;/- ■ oy* 


Wr tnke t 

■L'* ^'Ol'Pzo: 

i 0 

♦* ♦ 

hi- ''pna’io.a in 

the fo, 



"A 




} ^;n J 

<1 




r. 


}''r:u(V-.ry r;!ori^! ^implv 
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Taking the solution of this eqimUon in the form 


»n»»i r*ifj T*tr'j nrtr 

a a ' 


and observing that the defleetions and their derivatives approach 
zero at a large* distance from the x-axis, it may be conehuled that 
the constants .1,^ and should be taken e cpial to zero. Hence 
solution (h) can be* re‘j>re*se?nte-el as fe>llo\v.-*. 



r-. *-l 


From the* cenelition of .symine-try ve h.'ive* 



This coiulition i' ,-ati'(i**d by taking -* I>.^ in e.‘Xj)re.s,'ion (cf). 
Then 



f - 1 


The e’onstants run b<- re-adih' calcul.ateel in each particular 
case- jerovidi-d the loael dixtributiem along the x-axis is given. 

.As !in example-, a.-'enne- that the- heed is unifeermly elistributcd 
along (he- e-niin- width eef the- plate-. 'I’ln- inte-nsity ejf loading can 
lhe*n be- ri-pri-.-'-nle-d by the- fetlleewing t rigeineune-trie; se'rit‘s: 


7 




1 . 
— .-m 
in 


yn-rx 

ei 


« - 1,3.5. • • • 

in which c; is the* leiael per unit h'ligth. Since the load is equally 
divide*d Oe-tween the two halvt*-s of the plate*, we- se-e that 


(,Qv)v-o 



0-tr 

Ax' 


d' 
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■fe/j 




■ 1.3,5. ■ 


1 . inxx If. 

— sin (/} 

rn a 
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from which 


C„ = 


. 7/1 rc . nirrh 

. . f-in f-in 

D//F a a 


qa'i" 


Exprc.«sion (c) for tl/c doflcclioj/.s then hccornre 


IP 


= E— > -- sm Hin 
a 

n I 




7nrx 

Hin (j) 


Tiie pnrticiilnr caw of a cf/nccntrah-fl force applied at a distance 
c from till' oriciin is ol>taincd hy mahim; tlic length 2b of the 
loaded portion of the x-axih infinitely .-mall. Suh.stituting 


2bp - P 


and 


. m;rh 

.•^in 

a 


f/irb 

0 


in Krp (i), '*.•(• obtain 


«• 


«e 

/'a- 

2.7'/)^ 

n - 1 


1 . 

. .-in 
//r 



r/tr/A . TfirT 

IP “ j-'in 1 

f! ) a 


(M- 1 ) 


an c‘X;ires.;i(m that coincides with expn -sion (l'{7) of the previous 
article. 


^^'e can fibtain 
iwpre.'sion (f) for 


'•l 

i 

1 ^ 


4. 

'I*'. 


-lb 

du'j 

4* 

*7 

L-- a > 

y 

I'Ki. ri. 



jioints for which 
follow.s: 


various otlu r ca.se-' of loadinit by integrating 
the dcilfction of a lung plate under a load 
distributed along a i/ortion 2b of the x-axha 
A.s an e.vample, con-ider the ea.se of a load 
of infen.sity r/ uniformly disiribulcd over a 
rci-tnngle with .sides etpud to 2b and 2d (shown 
-h.'uled in Fig. 71). 'I'aking an infinitc.sima! 
element of load of mngnitvule q2b tht at a di-- 
^iiice » from the x-axis, the eorrespondin.g 
delleetion produced b.v this load at points 
with 1 / > II i.s obtained b.v substituting qdu 
for and tj — tt for // in ('.xprcwion {i). The 
deflection produced by the entire load, at 
V f? tl, i.s now obtained by integration .as 



F,L' I' PORTED Rt-CTAPO'. L.-.R PLAit^-'i iil 


'ST' 1 . r-~c . mT'j . rr.-z 

. y — ;;;n r.Ti r-’.n 

a a 
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' r. . Tr.T(y - -~r 

1 = p 


,^-ri — - — cr^r^ 


. CC' 1 
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‘j) 


By n pro]>'r c'nanco o; ilic- limit,- of irrocn^-tion tho d‘;nc-ction 
fi* '■'.'ith '/ <! '1 csri fil-o ho oPt^urKoJ. Ix-t n-; cou-'i'l'yr 

{iio d'-fi til'jnz tho r-rird- (Vv’, ~lj. Tlio donc-otion prr/- 
d't^'fd hy ti.'.- tipiy-r itri'f of tiiO load o5)t.i5nf-d from o.'cpro-'.don 
■j) i>y tiio rnmtrity d,. 2 for y and for oh By dotibiins 

d;*"- ro-’dt oi/.'iin^d in thi- ’.va;.- r/'- nUo ‘aim into accoimf. *ho 
O' tiori of tiio lo'.v'--.- iiaif of t!of ioad and finaliv oi;*.ain 


, . 1 , rtrr . rtrO . 

' " a ' " n 


r'iTZ 

a 


t«. ~ I 


[£-('-S>-n 


r/:; 


V.l.' n d ~ -r. . tlm- load, !ndi'’a‘'-<i in Fia. 71. f- oxpandod alon." 
j!y> '-ntm*' hr.n'h of ti.o jjl.o'oj and tJjf' d'^'fi''‘'"tion ynrfaco L- a 
''ylir.dr;'','.! ono-, Ti.o corrf -iyor.di:.:: dofl'mtion, from {.-.’‘inro.'-ion 


o.-> „ i rr,Th . ^ r trr 

' ■’*"* r‘h-^TT.‘ “■ ■ ■■* n ■ a 
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h -■ c ~ r, z-,u f^rnro'-ton, tvo ontam 
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d' t.O'' d- to :r'-:ot; '-trVf? O'f a ’inifornrlv I'^'a^Io-d .atrip. 
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The followiiiK expropsions for bonding moments produced by 
the load uniformly distributed along a portion 26 of ilio x-axis arc 
roadil}' obtained from expression (/) for deflection w: 


1, 1 . m-rc . 7nrb . inirx 

il/r = “ ani sin sin 

* -s- <i a a 


n •• I 




1 4- >' -b (1 - y) 


niTTi/ 


nry 


<3 


ir 1 . in-rc . 7«r6 . »irx 

il/y — ^ y, -: -“l" •‘'•U " ' •• sin — - 


(w) 


m- 

n •“ t 


rxTV 


tj . 


a a a 

These moments have their maximum values on the. x-axis, where 

Hi 

-I- 1 . tnrr . mrh . wrx , . 

. jv,,, — Hin — — (ri) 


I in- 


n 


n 


a 


— t 


In the jinrtieular <-a,-c wln-n r - 6 r- ,t/2, when the load is 
distributed along ilie entire width of the plate, 


f \r \ — ( \f \ '1' 1 • airx 

r' y—J Ilf a 


N;? (-1) _ r(/r/i(l -f »■) 

' ’ ^ fir- ' ':’)2 


'".-1.3,.*.. • • • 

'i'hc maximum moment is at the center of the plate where 

rt. — I 

When b is very small, i.e., in theea--e of a concentrated load, we put 

inrh Tfizb 
n n 

Tlicn, from cxpres.sinn (n), we obtain 


sm 


anil 267 c “ 1‘. 


/■\r \ (M \ ^*(1 *>" 1 • IIITC , TllrX ^ \ 


III 


I 


wliich coincides with expression (c) of the' previous article. 
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In )})'.' f of a load 7 uniformly diHlrilniiod ovor Iho aroa of a 
rfftantdo H'iy. 7Ij. th'’- hftiditifr momfnls for tho portion of tho 
for '.vhif'l) y ri d nrr oi>tainf‘d by into^ralion of cxprosions 
(?/ij ah ffjllov.-: 
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r*.rf 
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Th*' inonK'n)-- for iho portion of flio pint" for v.}iif:]i y < d ran bo 
ralf iiiatid in a -imiiar inannrr. To oi)i:iin ihr rnornrnt^; rdonj' 
ill'- /-a.'.i-, v.f h.'iv/' only to -ub-tiiiito d /2 for d arnl y it) 
forinulF' fi irp and doiiblr (iio- rr-uit-; thus obtained. Ilrnro 
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Wien d is very small, Eqs. (MG) coincide \vi(li Eq. (n) if vc 
observe that 2q(l must lie replaced in siicli a cas(^ by qi,. When d 
is very large, we have the deflection of the plate to a cylindrical 
surface, and liiqs. (MG) become 


(iV.-)v-n 


Ajin-S;} I 

-^7/1 


. tnre . 

sm sm 

^ a 


n « 1 


r>iTh . 7/frx 

— — sin j 

a a 




1 . 7/irr . 7«rh . 771 tt 

— . sm -- sm sm 

TT" in- n n a 

n *- 1 


The expressions for the deflectiojis and bemling moments in 
a plate of finite length ran be obtained from tlie conesponding 
quantities in an infinitely long plate by tiding tiic mrthrxl of 
images.^ Let us begin with the case of a conctmtrated force P 

applied on the axis of symme- 
try of the rrciangular plate 
with sidi-s ri and b in Eig. 72o. 
If we now imagine the jilate 
jirolongi'd in both the positive 
and tlic negative (/-directions 
and loaded w ith aserif‘;sof forces 
/' applied along the line inn at a 
distance h from one another and 
in alternate directions as shown 
in I'ig. 72-’). the deneetions of 
such an injinitely long plate are 
evidently lajiial to rero along 
the lilies AiHu AP, CD, 
CjDi, . . , 'fhe bending moment- along the same liiu's are also 
zero, niul we may cijn-nii-! the given plate AIH'l) .as ii portion of 
the infinitely long plate loadi-d a- -hown in Eig. 72b. Ibaicf' the 
dencetion and (he stre--e,- prudiieed in the given plateat the point 
of applicjition 0 ot the conct nt rated force can be calciiiateti by 
using formulas derived for mtmitely long plates. Erom Kq. (M-f) 
wt’ find that tin* deflection produeeil at tlit' j-axis of the infi- 

* 'I'liis inetliod was ijM-d liy ])r N;'iiai, .Math. .Mteh., voI,2, 

p. 1, 1022; and hy M, 'I'. HnPi-r, ^ Z nug-ir. Math, Mich., vol. 0, p. 22S, 
1920, 
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ns the clislnncos of tlio forees from the point 0 increase, it will 
be necessary to consider only the fii'st few forces near (he point 0. 

The same method can he used when (he point of application of 
P is not on the axis of symnn^try (Fig. 7Sn). The deflections and 
momcnls can bo calculated by introdticing a sy.-tem of auxiliary 

forces and using (he formulas 
d(uived for an infinitely long 
plate. If the load is distributed 
over a rectangh*. formulas (1*15) 
and (11(5) can be used for calcu- 
lating tin; bending moments pro- 
duced by actual and auxiliain- 
loads. 

35. Thermal Stresses in Sim- 
ply Supported Rectangular 
Plates. — I.et us .assume that the 
ui)per surface of a rectangular 
plate is kept at a higher tempera- 
ture than the lowersurfacesothat 
(he plate has a tendency to bend eonvexiy upward l)e<‘ausoof non- 
uniform heating. Because o{ the constraint alotig the .simply 
sui)])orlcd edges of the plate, which preveitts the edges from 
leaving the plane of tlo- su|)ports, the non-uniform Inatting of the 
jdate produces certain rt'actions along the bovindary of the plate 
and certain bending stresses at a distance from the edges. Tito 
method described in .\rt. 24 will be used in caleiilating the.se 
stresses.' We a.-sume fir.-t that the edges of the j)late are 
clamped. In such a c.'t.se the lum-unifonn heating produe<‘s 
unifonn^v distrilnited bending moments along the boundary 
whose magnitude i.s (sec page 5!) 



V (a) (b) y 

7 .' 1 , 


.Wr, - 


at/M'l -r !■) 
- ~ /, ’ 


(«) 


where ( i.s (he difference Ix'tween the temperatures of the upper 
and the lower surfaces of th<* plate .and a is the eoefiicient of 
thermal expansion. To get the bending moments -If., and -Ify for 
a simpl.v supported jdate (Fig. (51). we must super{)ose on the 
uniformly distributed mome-nts given by ICfi. (n) the moments 
that are itroduced in a simply supported rectangular plate by the 
‘ f^*c paper by .1. b. Muulljet.scli, ior. cit., p. 101. 



DIMPLY srrrOUTKI) iuxtakgvlar plates 


iTt 


tnorncritv 3 /' i’)/h uniformly di?trihutc(I along flio 

fdgc-^. We .‘-hall u-e Kq^. (IM; page lOOj in di.^^cuj-Fing this 
latt'T problem. Kiiu'e the eiirvafiire in the direction of an edge 
i*- z'-ro in thf ca‘-c of simply HUj)ported cdgc.s, v.e have 3/J = c3/'. 
IlerK.e at tla* boundary 

V =. (b) 

1 + r 1 4* 


l’hu~ the fir.-t of the equations (114) i.s .‘•atisfied by taking M 
con^'tant along thf* entire plate and equal to its boundary value 
{h), Tluui the second of the equation.s (114) gives 

('rw ^ O'w _ o/(l -r I') . . 

57= ■ d}i- ~ —'- 7 ,— W 

Hence the deflection .‘surface of the plate produced by non-uniform 
licatintr i- the .‘-.arne as that of a uniformly .‘•t retched and uniformly 
loaded rectangular inembrane and is obtained by finding the 
solution of I'lq. (c) that .sati.'^fie.s the condition that v; = 0 at the 
iioundary. 

I’roceedifig as before;, v.c lake the deflection .surface of the plate 
in the fortn 

tc = ICi 4 - (r/) 

in which tcj is the deflection of a pf;rfeclly flexible .string loaded 
uniformly and .-tret 'died axially in .<uch a v.ay that the inten.sitv 
of the loafl di’.'ided by the axial force is equal to —a((l 4 - c)/A, 
In sue!) a c;i-e the deflection curve i,- a parabola v/hich can be 
repre-.,‘nted by a f rijronometrie .‘•■'•rie.-- .-is follows: 
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o/f 1 -f- ") :r(n — x) 
h ""2 
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yn-rx 
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4 Sc. es;pri'-..ioj) .-afi-fie- ]•>). (r). 
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'i'he deflectiot! tr-, which must 
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can be taken in the form of tlie scries 


W 2 


Xn . ^nTTX 

2j ’ " ’ 

m ^ 1,3.S, - • . 


(ff) 


in which Vm is a function of 1/ only. Sul)stituting (g) in Eq. (f), 
we find 




= 0. 


a- 


Hence, 


. , inri/ , . viTTi/ 

.1 r, sinh - - ■ + cosh 


(h) 


From th(' symmetry of the deflection surface with respect to the 
T-axis it may lie concluded that nuist be an even function of 
II, Hence tin; constant .Ir, in the ex])rcssion (h) must be taken 
equal to zero, and we finally obtain 


1(1 = K'l + 1(': 


r!“ l.n.J. 


sin 


wrj| 


a! (I '{* !•) -I';' 
h Tr'tn' 

4- /f^ cosh 


0 




'J'liis exprr'ssion .'•alisfies the bimmlary conditions ic = 0 at the 
edges X -- 0 ami x ~ a. To sati-fy the same condition at the 
edges // — ±b,2, we mu't have 


, , wr'> al(l -r »•) -In- 

lU co-h - = 0. 

Substituting the value of obtained from this equation in 
J ((), wo find that 

w 

\ 

tn wliicli, as before, <»,. — jri:rh/2a. 

Having tliis expri s-iun for the deflections tr, we can find the 
correspoiiding values ot bending moments; and, combining them 
with the moments (a), we finally obtain 


ftf(l 
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c'-h {v.^; 


cht <■•: -lii' rqjiation converge-s 
«) nr;- 1 rapidly approach 


TL'- .'C'rir-5 can t>e renrc-.-ontC'd 
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The bending monionis nnd Imvo tlioir maximum values 
at tlic boundary. 'J'lie.se value.s are 


(jVx) 




»/(i - »■")/; 
h 


,,, ,«/ 


(n) 


It is .seen fbat lliesc moments are ol)tained by multiplying the 
value of in formula («) by (1 — r). 'The same conelusion is 
reached if ve observe that th(' moments ^1/' which were applied 
along (ho boundary produce in the jjcrpendicular direction the 
moments 


iv; 


-.u: 


a!D(\ d- «') 
»' , — 


which sui)erposed on the moment («) give the value (a). 

36. Application, of Finite Differences Equations to the Bending 
of Simply Supported Rectangular Plates. — In our previous di.«- 
cu.'^sion (see Art. 21) it was shown that the dilTerential crpiation 
for the bending of plates can be replaced by two equation.s each 
of which luis the form of the etpiation for the dfdlcction of a 
uniformly .stretched membrane. It w.as mentioned abo that thi.s 
latter equation ctin be solved with sutlieient ticeuracy by n'placing 
it by a finite dififerences equation. To illu.strate thi.s method of 
solution let us begin with the ease of a uniformly loaded long 
rectangular plate. .-Vt a consideralile distance from the short 
.sides of the plate the deflection ,-urface in this case may be con- 
.sidered cylindrical. Tluai, by taking thir x-axis pandiel to the 
short .sides of the jdate, the diffcrctttial etpiation-S (ITl) become 



Both the,se equations have the same form a.s the oqtiation for the 
deflection of a stretched attd lat<‘rally loaded fle.xible string. 

Let AH (Fig. 7-1o) repre.sent the didleetion curve of a string 
stretched by forces .S and uniformly loaded with a vertical load of 
inten.sity q. In deriving the equation of this curve we con.sider 
the equilibrium of an ittfinitesimal element »iii. The tensile forces 
at poinLs m and « have tin; directions of tangents to the deflection 
curve at these poiirts; and, by projecting the.se forces and also the 



SiMi'LY SCrrORTED RECTAXGVLAR PLATES 


IS] 


iMfi q (It on the r-axis, u'o obtain 




q fix = 0, 


from vrliich 


rJ-W _ 

dx- S 


(b) 

(.c) 


Thi? f-qiiation ha=5 the same form as Eqs. (a) derived for an 
•nfiiruely lonp; plate. The deflection curve is now obtained by 
inlcpratim: Kep (c) wliich parabolic curve 

4 0 x(n — x) . „ 

IC — -! (a) 

a- 


sati.-fyinK the conditions v = 0 at (lie ends and having a deflec- 
tion 0 at the middle. 



rio. 75. 


'I ilo ‘•ame proldem c,-.n be solved crapliically by replacing the 
untfortn iorui by u ‘-•y.-tem of erpiidistant concentrated forces 
qlr. It Iwjng tie- di-tanc" b'-tweeji two adjacent forces, and 
the Inineuhsr polygon for these forces. If A (Fig. 
* 'd<; t- <<:;>• <i: tlie rip/ V' Ilf this funicular polygon ;ind and 
nri- the ten-;l.. jnm.-.' jjs the two adjacent sides of the polygon, 
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the horizontal projootions of (Iiokc force? arc equal to »S and the 
sum of their vertical projeirtions is in equilibrium with the load 
q At, which gives 


. ^ — . -I- , - — 

At At 


v\ 


q At = 0. 




In this equation and ici,.i are the ordinates corresponding 

to the three consecutive apexes of the funicular polygon, and 
{xi'h — Ji’;,_i)/AT and (ictvi — w'/J/Ar are the slopes of the two 
adjacent sides of the jjolygon. Kfiuation (e) can I)e used in 
calculating the consecutive ordinat(“s le,. ic;. • . . , lo, 

u'Lii, . . . , av of the funicular polygDU. I'or this purpose let us 
construct Table (/). 



(/) 


I’lie abscissas of the consecutive division points of the span are 
entered in the first column of the table. In the second column are 
the consecutive ordinates of the apexes of tlie polygon. Form- 
ing the dilTerences of the consecutive ordinates, such as iri — tr^, 
• • • , ti’i — tri_i, ici,i — ic;, • • • , we obtain the so-called 

fil'd (ItJTrrnicrs denoted by Aig-. AiCi^,. Ate;, . . . , which 

we enter in the third column of the tabli'. 'l*he yfcond iliffcrcnccs 
are obttiined by forming the difTerences between the consecutive 
numiters of the third column. For example, for the point h 
with the altscissa /.'At the second difi’erence is 


A-u'l = AiCjt — Aict_i = tCi,,i — ici — (u\ — ici_i) 

= — 2 u't + ( 17 ) 



5 / 'PL Y y f -ppon TED RECTA ECr 'PA R FLA TES I S3 
Wi:r-i ?hi= noTition Eq. <C} crin t>*-r v.-rittc-n in ihr: foliovanc form: 

E'xc n 

= -j- («; 

Ti;:*- i- n flrjt/-' difrrTC-nc.'“= '-qurstion '.vhir'h corrc-.'pond~ to tho 
d:fTf;r< ritiai f-qisrition and appronr-ho^ it olo^or and clo-^or a.s the 
t;!3nir.‘'T of dividon point,' of tiio .'pan inoTC-a-':-.'. 

in a 'in'iilar rnrini:or ■h'"- diffr-r-ntial equations (o) can bo 
ropiao' d i>y th''- foilovdna finite difierencc-s equations: 


1 -yi 


JIV _ _.v { 
Er- jy) 


(0 


To iriU'tra*o fiio application of these equations in calculatinc the 
d'-fisf'tiori' of ih'"- platr- P-t ?is divide the span, say, into eight 
fqual part', i.c., let Ej. — fu. Then Eq?. (f) become 


.-If 7 ^* 


^~tr = 


Mn' 

'fAD 


Forming the -■'•cond diflfr'-nee' for the consecutive division points 
t-j .and e"< in aofordance vdth Eq. (e) and observing 


lly.t 

in <)'!r 

ra-o rr- = (i and 

.’T = 0 and from symmetry tcj 

nrvj 

.V, = 

,V:, v.-e obtain 

the tv.'o follo’.ving groups of 

1 fpif. 

t'.oT;,': 




fd; - 

- .e, . ya. 

GJD j 

*/- - 

~ 2.’f- 



.’.f, 

- 2.Vs 

"■ ” -p 

— 

f f 

- 2 'd . 

U. - —^1.. 

- 2,-. _ r. = 

' ■ fAD 1 


*' y t * i 

' tir*" v* 0 

th“ follovdng value' fo 


O'i 


'd ■ 


le ... f'- 
— t — *e, 
Oi 


lo CO * 

~2 tr 


.v, = s<y. 0 :> 
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Thcsfi values coiiieido exncUj' witli (ho values of the bonding 
moments for a uniforml}- loaded strip, calculated from the 
known eciuation 


M 


- ^El. 
2 2 


Substituting (ho values (A) for (he moments in the second group 
of b'qs. {j), we obtain 

u'z — 2i/’i = —A A', 

u'i — 2u‘- -{- ii'x = — OA', 

v'i — 2tr3 + tr~ — — VA', 

u'3 — 2wt -r 1 C 3 = — SA', 

where 


ar-i) 


Solving these equations, we obtain (he following deflections at 
the division points: 

1C, = 21A', 1 C; - :iS.r>A-, ic, = o-tA'. (0 

The exact values of these deflections as obtained from the known 
equation 


for the deflection of a uniformly lomled strip of length a, for pur- 
poses of comparison, ar,' 

1C, == 2().7A’, 1C; = 3SA^ tc; ‘Ib.lA’, IC, = oa.SA*. 

It is seen that by dividing the span into eight parts, (he error 
in the magnitude of (he inaxiimuu deflectimi as obtained from the 
finite differences equations (t) isaliout ].2o percent. By increas- 
ing (he number of division points the accuracy of our calculations 
can be incre.nsed; but this will require more work, since the 
number of ecpiations in the systmu (j) increases as wc incrc.nsc 
(ho number of divisions. 

Let us consider next a rectangular plate of finite length. In 
this case the di ilections are functions of both x and 1 /, and Eqs. (a) 
must be replaced by the general equations (IM). In replacing 
these equations by the finite differences equations we have to 
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coriMflf-r ?}!<■• dififTf-tK-c*.--; rom*.'ponding to tho changes of l)otli 
th<- roordinntf-; x arxl >/. Wo shall use tho follov.-ing notations 
for tie- fir.-t difTorericos at a point Ar-.r. with coordinates mix and 
uLv. Tho notation used in dosignating adjacent points is shown 
in I'ig. 75. 

,1/* y-.— 1,^. ” ”* tCf~._i^r.* AiV n,n ' tt fn4-l,r. tt'ri.r.j 

^ Aytt n^r, ' ^ n,r..4-l tt ri.n- 

Having the fir.-t differences, v/e cati form the three kinds of second 
differencr's as follows: 



I'!'.. ~'i. Vi'i. 70. 


r> ;)!;ic/‘d Ity tli" following differences erpiations: 


ij-r- • 'L I 

Ax' ‘ Ay- ” JJ } 

In th'* ca^-'’ of a -inriily Mippfwted rectangul.ar })late .V and rr nra 
c<ju:tl to 7'rf> at the hotindriry. and wi' c.an stjlve* I’fqs. (n) in 
uitho!!' titiy <!i{iicult3-. 

lo i!tr;-frri!*' thi' pro!-!--- r,{ culculaling inotnents and rlenee- 
tvTo '.( ■ so th- v-ry simple cti'c of a uniformly loaded 

••pe.rr H i-, /t'o. A rough apjiroxiii'.aiioti for A/ and ic 
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will be obtained by dividing the plate into 16 small scinares as 

shown in the figure, and by faking At — Ay — in Eqs. {n). 

It is evident from symmetry that I he calenlalions need be extended 
over an area of one-eighth of the plate (mly, as shown in the 
figure by the shaded triangle. In this area we liavc to make the 
calculations oidy for the tlirei! points 0. 1, 2, for which M and to 
are dilTerenl from zero. At the remaining jtoint.s .8, 4, 6, these 
(piantitics are zero from the boundary conditions. Beginning 
with the first of the etiuations (n) and considering the center of 
the plate, point 0, we find the following values of the second dif- 
ferences for this point by using E(is. (jii) and the conditions of 
.symmetry; 

A.-.-iUo r. 2.1f, - 2.1/p. 

A,,M, - 2.1/, - 2.1/c, 

in which .1/, and M.-, are the values tif .1/ at points 1 and 0, 
rc.spectively. Similarly for the point 1 we obtain 

A,,.1/, - . 1/3 ~ 2i1/, -I- .1/r - -2.1/, .1/p, 

A,,.1/, - 2.1/5 - 2.1/,. 


The second difTerences tit point 2 can be calculated in the same 
w.ay. Substituting lhes(; exjjressiotis for the .second difTerence.s 
in the first of tlu; etiualions („), we obtain for the points 0, 1 and 
2 the following three etimttions: 


•l.V, - AM. - 
2.1/: - *1.1/, -i- .1/0 - 
— l.l/: -i- 2.1/, -- 

from which we find 


•" 2 (i t ’ 


1f - ' 
"2Gt’ 


'/O' 

16’ 

'la: 

16 ' 

■'16’ 


: 1 /: 


n q(r 

•1 'G-t' 


Substituting thes(; values of moments in the second of the equa- 
tions (?i), we obtiiin the following three etjuations for calculating 
defiection.s icp, ic, and ic;: 



A7.’j/'/.r srrrouTni) nncTAXOTLAn i'i.atks 


1 S 7 


•}!/•, — -lire ” —^V, 
2i/': - hi'i -f Wo = — iA', 
— •iv; -r 2(/'i — — ^4* A^, 


' in ■())/) 

I'roni iIk' " rTjiintions wo find the following vnltio.s of the dofioo 
tions; 

ir, trr ^'A', v't = J?,A', v'i ~ jUN. 

I’or liio fiefloedon at tlio conlor wo oldain 

"■ ■= ll'' “ = '’"''"It-- 


(7>ini)aring llii< witii tlio vahui 0.0i'137aVA’/t' givon in Talilo o, 
it fan he foiifliided dial the error of the calonlated inoxirnmn 
fiefieetion i« le«- tliaii 1 per ooiit. For the bonding inoincnL al 
I lie center of the jilafo v-o find 


.1/„n d- .') 


i.:{ O70* 

2 ' 2 'rif 


0 ,()h 57 r/r/-, 


wliieh i^ le- . than the evaet value 0.0I7!)7o* by about. -U jier rent. 
It can b<- f>-en dial in flii< ea-<e a small nimibor of snbdivision.s 
of the |)late givi”' an aecnrafV .‘•uHieienl for praetioal ajijilieadonK. 
liy taking twice the nnniber of Mibdivi.‘-ion.«, i.c., by making 
Ax • Ay la, the valiK; of the bending moment will differ from 
the exact value by le-~ than 1 per cent. 

Frum ihi- simpli; example it can be seeii that the il.^-o of the 
difTet(-n<-e . (■quatioti.-' give-: ni.- a sati'-faelory re.oiilf in the ca.^-f: of 
h imply -upporfed and uniformly loaded rectangular plates and 
may Is- apiilicfi in practical ea^e-;,' 


’ M'.av anriii rj- it c\:'.!ii(.!* -( nf l.inri aeiy !><■ fniuui in (lie hook hy 


[,e H. " I );'■ '1 ti< tirie f l'i‘ t r Ol'-.vctic,'' g'l cii., Itcrlio^ K).'t2; 

a'-' N’. .t, N'i-t'cri, "H'-tcrtir;. a! ■•ji-'.f tchni'i r i I'lri'lcr,” Coi»ciiIinf;i-!i, 
t'O'-i A !';• j (,f I ;', i- apijroxi.Oi.'i; iti!i - ui e-ini' tlic finite rlifTerenro-i 

* V » ).y }{. I,p tijunri, “Ilie rtrit'cirifierO' hrmitf Ituig 

; -ro' ••,!• '} »» J i >; li/ej ICecfercirr At.t'itdiiareny .S’lV.-tinjf'to, 

r-'- t t!'!'-. 'I l.e ri;*.v' fff ncy of ttij- rne»ho-I '.vn*! di-ni*. -ei] 

]■ W, •/. 7. or.;,-- .•///•>.. vol, f,, p. Its, !t>'jr,;.orel hv It. Coiirnat, 

y . , ^ ,) j, y2‘2, V.Ch. 
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37. Bending of Anisotropic Plates. — In oitr previous discus- 
sions we Iiave .nssuincd U>al the elastic properties of the material 
of tlic jdate arc tlie same in all directions. There are, however, 
case.s in which an anisotropic material must Ik; assumed if wc 
wisli to bring the theory of plates into agreement with experi- 
ments.* Let us assume that the mater al of the plate has three 
planes of .symmetry with respe(M. to its clastic ])roperties. Taking 
these ])lanes as the coordinate jdanes, the relations between the 
stre.ss and strain components for a cast; of plane stre.ss in the 
xy-planc can be rcpre.sented by the following erpiations: 


= K[i, 4 - 
~rj ~ Ctyxy- 


(n) 


It is seen that in the e.nse of plane stre.-s, four constants Ei, El, 
E” and G are needed to characlerizi; the elastic properties of a 
material. 

Considering the bending of a plate math' of such a material, wc 
a.ssume, as before, that liiu'ar elements perpendicular to me 
middle plant; (ji/-plane) of the plate bifttre hentling remain 
straight and norma! to the defleetitm surface of the plate after 
bending. lienee we can use our previous expre-s.-ions for the 
components of strain: 


^ = “"t^- 

Tiic correspontliug slres<i et)mponents, frotn lajs. (a), are 



(h) 


(r) 


With those expre.«sions fttr stre.«s enmi)onents the bending and 
twisting moments are 


' 'I'lif c.'ist; of a plait; of on tiinsofropir inuUTial has hfcn tiiscus.sptl by J. 
JJoii.s.siiif.stj, J. math., 3(1 .sfrit-s, vol. .‘''is' .also Saint Vonant’t 

trniiHlatioii of tlit; book “Tht'orit* tie IVlastirite (It's corps solities,” by A. 
Clcbsch, note 73, p. C03. 
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mutual^' perpendicular directions. Tlie quantities D., Dj, and 
Di can be calculated a])proxiinafely for a reinforced concrete 
slab by the methofls used in investipatiiiK the bending of rein- 
forced concrete beairus, or they can be obtained with greater 
accuracy bj' experiment. The tor-^ional rigidity D~j can he 
calculated aj)proximalely by taking the concrete; onl.v into 
account and using its .shear modulus G, or a more accurate value 
can be obtained by direct test, as .shown in Fig. 2.")C. 



I'Ki. 77. 


Kquation (I-IS) can also be .npijlieel lo ihe gridwork sy.stcm 
shown in Fig. 77. Tliis consists of two systems of pandlol 
beams .spaced equal distances a])arl in the and y-tlirections 
and rigidly connected at their points of intersection. The 
beams are sujqiurted at lie- ends, and the loa.d is applied normal 
to the xiz-plutif. If tie- distances a, arid Lt }»‘t\vron the hc.'uns 
tire small in comparison with the dimensions a ami b of the 
grid, and if the flexural rigidity of each of the beams panillel 
to the T-axis is equal t<i /(, and that of each of tlic beams panillel 
to i/-axis is ctiual to />;, uc can substitute in ICq. (1-tS) 



d'hf; tiiuinlity 1)\ in this case is ?cro, and the (piantity IE,, can 
be expressed in terms of the torsional rigidities t-’i :ind Cz of the 

this .subject. &'e ihUrr. h-.g. u. Arr>.\t. IVr., p. aaT, IPl-t. The 
principiil re.suits are eolleeted m Ihs boohs: ‘•'reorya Tlyt," I.woiv, 1022, 
and "Prolihane der .Statih teehiits.-h wielitiger ortliotroper Phittcn,” Wars- 
zawa, 1020. Abstracts of his papers arc given in ('oiny'.cx rftitlus v. 
170, pp. nil and lOO.'i, 1020; and v. I.SO, p. PJKl, lOJ.'i. 



Fr.’^rrLV srrrnnrrr/ nr.rrAynt'i.Mi rL.\ri::< iru 

i to tL''- r- .'MS'i y-:-.7j- . r‘ -y>< '-un-W. For thi-^ 
xrinyi'f' i-ov.-ylfr th*' t-,-.;-* of < i> i;i' T>t -hor Ti ir; F:::. 
77b .'ind o'otn.in ti;'- funor.ii’.:: }^*','o. n ;li'- ;r,;-!:riir 

r-.!:d th'- rrAy: 




r , 

fi, h~ *JV 


.V., 


( ', fV- 

(7; ('T •"! 


in ' ji“ !'t;s of oonnihrintfi 

on price S7. firn] ‘hr.? its tno r.-.-o nf th" :r r* p-r'---.' n-f/ri ;n 
Fic. 77fi ‘hi'' diff'-r-' niinl # q’l.'i’i'tn of !}><• d* H'-rtiori ^nrfr''- i- 


ZL‘ fiir ^ /"'j j- C-A 

h- fjz' ■ n:/yy-f<'r ' i"/ '* 


(M^h 


vdiii'h i- of lljo ‘•rn'i''' forrn n.- Fq. 

Fqurition (i4S; '-.-.n t--- --f.ivo/i hy th" m'-*hod- Tori its tin' c'vi' 
of ati i'Otrof):'" p’, Int o rpp'y 'h'- "Sr-.y'yr rrn'h'ei /'‘./■o 
Ar*. 27; ritnl tii.r? ’};•-• pinto i- tiniforrnly io.-td'd. T-nkirift 

tiio roKjrdir:r:t/- .n';o.-- .-liov-’n in ITc. of* .nnd ri’pr''"'-<'t)!inc th'“ 
lord in tiio form <>f n fio-nido tnconomn-'trir ^orh-.. th.r- fiijn ro;jti,i! 
ofp;r/:on fl-5Sj in-oorno.- 


fr:r 


D.~ ~ T /At- 

cT- 'Vj' o'r 


N? 'S' J n, 

T- ^ ^ ' 


rn 


■n) 


-im'-. - ■ 


A -Solution of tid- oqii.ntioji fhri! .'•nti-fn- tin' it'nindnre ofjnditiori^ 
can ly; takon in iho form of the donblo triconomotrirn! t'-.rio'..- 


tr 


2 


'S^ . niTT . orv 

Fjri '-m 

^ n b 

" tr.'., • - - - n.r.n . . - 




Sub^tifuting thin .‘■•-'•rif-- in Eq. v.'o find tis*.- foliov.-itiy o.rp.o -- 
sion for the c-ooffioiorits c_..: 


fl-rr.-. — 


Ky'ir, 


I 


^ V"- - F i.T/-'.) 
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Hence the solution of Kq. {g) is 


w = 


I670 




. imrx . nmi 

sin sin — ~ 

a b 


■ i.a.r,. • • • 11-1,3.,'. 


/vP 


^ a-b- ^ b 


—D ^ 


(0 


In the case of an isotropic material D~ = D.j = 11 = D, and this 
.solution coincides with that niven on pane 1 IS. 

As a second example lot us consider an infinitch’ long plate 
(Fig. 70) and assume that the load is distributed along thei-axis 
following the .siniKsoidal relation 

. VITX 

q = qa sm {j) 


In this case Kq. (MS) for the unloaded portions of the plate 
becomes 


n '1‘ 

"dx' 


di' by' ' 'dip 


0 . 


(/'•) 


A solution of this equation, satisfyitig the boundary conditions 
at the sides jianillel to the '/-a.\i-', can be taken in thi* following 
form; 


. VITI 

tr = } „ sin > 

a 


(0 


where is a function of y only. Substituting this in Eq. (/:), 
we obtain the following equation for determining the function 
1’.: 

-h = 0. (m) 

The roots of the corresponding charaeteristie equation are 


r i.;.3.4 ”• 


. mx [l! jin 
~~7t\l}l " ^'Dl /V 


AVc have to consider tin* following threi' cases; 


00 


( 1 ) in > D,D,, ( 2 ) in = Dj),. ill) in < d^d... ( o ) 


In the first casi' all the roots «.f Ftp (a) an' real. Considering 
the j)art of the7>hite with po.sitive y and ob.-erving that the 
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n'3 


nolritson.' 


a 


it.-- fieri' 

V.'lt ives 

inn-t vnni-i 

1 a* large 

di 

‘ can ret 

airi only 

tiif riejiati'. 

•e rf<o!-. 

\K 

1 


0 [u\ 


IK 




' \ IK 

JK 

V/>- 

/V 




1 


0 ffr~ 

Ur - 

IK 


/A- 

li, ~ 

■\/>i 

IK 

\i>i 






r P 
i> 


th(? intcgml of Eq. (jn) Iwc-oni'-' 

IV. - .U- ' -f- /Vr''V; 
and cxprr-.-'don (f) can Ik- in th<- fonn 

viri 


ir 


f/1, 


-f /V.'' ^in 


n 


From Ej.Tnmotrj’ v.'C conclude tliaf aloj:;' th" T-axis 





f<U /i~-. 


and v.-e find 


and 


fh 


0. 


•U 


IT 


= _ ^- 7 '^ 


(?) 


('!) 


Tho coefficient Ar-. i-^ o5)tain<-d from ilie contliiion rclatinj; to llie 
-siiearing force Q.j along the j'-axi,-, v.-hicli give.- 

Sub.stituting for w its exprc-ssion (7), v/c obtain 

^ ^ fpr-cpj- aq,/P 

"■• 2m’D,(a- - pA) ~ 2T'r,?lJAa^~^^y 
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ami the final (‘xpifvoioti (7) for the delleefion hecotnes 


tv 


2?)nV),{u' - 



— 


. imrr- 

jji„ 

a 


(r) 


In the peeoncl <»f the three cases (0) the chanieleristic equation 
has two donhle roots, ami the function has the same form as 
in the ease of an isotropic phit<* (Art. .'{!). In the thiril of the 
eases (o) the rotits of the eharaeteristic equation are imaginary, 
ami 1\, is expressed hy trigonometric functions. 

Having the diHection surface for the sinusoidal load (j), 
the deflection for any other l:iml of load along the x-axis can be 
obtained by expanding the load in the series 


Q 



.sin 


r=-I 


?nrrx 

a 


and using the .solution obtained for the load (j) for each term of 
this series. Ileiua*, for //- > DtlLj tlie general .solution is 


tv 


2z^D,{a- -/*=)■ 




in 


H«r 


He 


(s) 


r-.-I 


in which a and ti have the meanimrs given by Kqs. (p). 

Having this .solution, the deflection of tlie plat<‘ Ijy a load 
distributed over a reetnngiilar .are.a (•.an be obtained 'ov integra- 
tion, as was .shown in tlieec.-cof an isotropic jil.ate (\.;ee Art. 31). 
By applying the mi'ihiMl of images the .solutions ob*^ ained for an 
infinitoly long plate can lx- u.-cd in the invi'.stig.atio: i of the bend- 
ing of plates of finite dimen.sions.’ ^ 

38. Rectangular Plates ct Variable Thickness,^ — In dr i .lap the differ- 
enlial cqimtion of cquilihr.um of pl.’Uxs <tf variabli' tliirkclf. .\vc assume that 
there is no abrupt vnrialinn in Ihielau-- ^ .“o that the exjiipi, forbemUnc 

and twisting moments cU-nved for phite.i of eonsta 
.sufiicienl accuracy to this ea-e id-o, 'rhea 

‘ Several exaniple.s of this kind are worked o\it 
loc. cil., p. 100, 

- 'rids problem was di.scn.'.'cd by U. t!r:in Ol.-'-on, 
p. 3G3, 103-1; see also M. Krie Ueis-^ner, J. Math. /’/ 


nt till ^nr.s.s apply with 


ln| ' book-s by Huber, 
vol. 5, 
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ino 


r II min’ nr rhATi-s and shells 


'I'liiH (Icncclioti can he rcjircaaiilatl, na hcforr-, Jij- tha (riRonomctnc series 

I . viTi -If/./i* 1 Trirx 

. f'K " ' " ' ^ 

HJ* a z't)', ;«* a 

n~i.n.r,, • 

(c) 


•1^, 


ti-i - 


< \ i 

/>,/7 ’ 


'S' 


(1>0 + 


liy siihstitiitinn we ran readily show that this expres'.ion for ir, Fatisfies Eq. 
(150). If satisfies also ilie htumdary roiiditioii". ie 0 atid ri’ic/dx' = 0 
nloiip the supported ejlfies x f-= 0 and x n. 

Tlie «lcll(‘ctioii IS: tmist then satisfy the homogeneous equ.ation 


.il(/>4 -h - 0. 

We lake it in the form of ii series 


w 


tr: 


n-t.n,.'., • • • 


1 SlU 




SuhstitutiuK this s<'ries in Ixp (/), ^ve find that the funetions }'„ satisfy the 
followinp ordinary difTcrential equation: 




0 . 




UsinR the notatioiis 

(/k- -r I)i'A[ 

wc find, from Eq. [In, 

Then, from Eq. (j), we ohtam 

... 

. Di -r i)\fj 

there i.-, 

\ and twisf'^’’^'^ solution of tins eqtiaiion {n 
\ uflieient a> 

\ 1 .H ” f .a 


{^■) 


(0 


0‘) 


(k) 


"^whieh {!„ is a particular integral of Etp (j). To find this particular integral 
w(- use the l.anranci- method of variation of constants; f.r., we assume that 
pr, has the form 



SIMPLY srPPOUTKU nLCTASm'LAP PLATLS 


107 


in whioli !■„ nii>i l\ nrr funrlini)- of i/. 'I'Ik-c fiinr-lioti- Ikivi- (o !.»■ 
minc'd from the follouim: rt|iiiiIiotis.> 


from whicli 




.i. r\r <■ 
- ' 


.Ur''-" -i- /Ur""*'' 


" ‘inj.ih -}■ />,</)’ 

/U 

~ 2 «„'(/u" 5 - /O!/) 


IntrpratinR flio.'-o (•qiintion-', wo fmd 


- //y *' - I'>ir 

//l 


fyU + /Ur"*"'’ 

h-. ^ I ■ 

J 2n,.(/u 

/U p 

2 „Jh ‘ J '/.„(/>. -!■ />,y) 

r /U,r’'’-v 4. /U /U . 2rr„,, , . 

J 2«n(/U -f /O!/! />'. 


.U, 


/* 

Ih 


J 


' /^tv) 

r /'< ■ ' dl2o.,(/>, d; />.v)i 
-i- iLy i 


Sub'-'titnlinj; tlio-'C' f'Xj)r('‘-‘'ioim in Iv)-. [li ninl (/;) nnd tr'inv; lli'' iiotMion-v’ 
Lii>n 


ru ^ r^i 

• <hi, /i,(-ij) > j ihi, 
J - r 1 / ./ . 1 / 


V.-C represent function" lU in tin- followiiiK form; 
}‘ 


V„ = rl^jloR ~'^f/U + /;.;/) - r JL 

- io« + ihu) - 


-i- Dt'j , . 

e. jr 

-'2,uJlh -i' iLu) \ 

IL Ji 

-i- fUr"-" -f /Ur~"-». (m) 




The four constants of inlCKration Jl^, />„ an: olilained from llie 
Iroiindary condilions /ilon^r tlic sidoM y « 0 iiikI ;/ e' h. In tlie <’n"(: of sitniily 
supported edRes the."/; arc 

* E'„ and in the.se e(iualioi),« arc the derivativi-.s with re.-ipecl to ;/of /;„ 
and Fn. 

’ Tlio inU;frral //((«) is tlio so-called rxporit rilidl intrgral and is a tabulated 
function; sec, for instance, Jahnkc-Kinde, "Tables of Functions,” 2d ed., 
p. 83, Berlin, 1933. 
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(if)„-o 0, 

-= 0 , 



0 , 


» 0 . 


Tiif! tuiinrrir'al rcsnilfH for a hiiiiply .‘•■fliiara [ilato obtained by 

taking only Ibo fnail two terinn of tlie (•cricH (f;) are iibown in Fig. 79.* The 


^oco"* 



Momenf M, 


Morrent 

Kiti. 79. 


Deflection 


y = ao/63 

y e 0.I7S 

y - 0.335 

y = a49-( 
y c 0 053 


y = 0 . 6/2 

y- 0972 


deflect ion.« and llie inmnents M , and .If, along the line r o/2 for the 
plate of variabb' tbiekne^.s are eboan by full line-*; tin* wine (nuanlitie.*; o.alcn- 
Inted for a plate of ron^tant fli'xiiral rigidity l> ’■> \{l)i + //i/') arc* ybown by 
dotted linc.s. It was assumed in the eaUnilalion that Dth “Dj and 
e "=> 0 . 10 . 

* 1 be.se result.s are taken from R, t>r;in Ols.son’.s p.nper, !ne. rit., p. 194. 
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RECTANGULAR PLATES WITH VARIOUS EDGE 
CONDITIONS 


39. Bending of Rcctnngulnr Plntcs b}* Moment.': Distributed 
along the Edges. — l.el ns con-idnr ii rrctaiimiliir 
plate .supported along tin- edgi'.s and bent by 
moments di.stribiil<>d along the edge.s p :r: ±li/‘2 
(Fig. SO). The dedectifnis »■ must satisfy the 
homogeneou.s difTerential faiuntion 


f)Ur ^ ^ fVir 


Hr* 


a 

Hr-ihj- ' Hy* 


0 


(") 


and the following homidary conditions. 



I'l'i. SO. 


w = 0, 

'JJL — 0 for T 0 and r " a; 

()r‘ ' 

(7 


in - 0 for 1 / rr 

(r) 

\ 7 v-' 


(d) 


in whieh /) and/? rei)resen( the bending nioim'Ht <li.stribuHons 
along the edge.s y ~ ±b/2. 

We take the .solution of hkj. («) in the form of (he 5 'eries 


,, . mzr 

V’ — >, 1 .sin j 

>— ( rj 

n I 

each term of which .satisfies tlu; bmindary condition, s' (h). 
functions Vm we take, a;: before, in (In; form 


00 


O'he 


V„ A „ Hinh ^ + /L„ co.sh ^ .sinh 

0 a a a 

+ .OKI, (f) 

/I /I ' 


which salisfias Eq. (a). 
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Til mil y OF I'LATJ-S AND SHELLS 


To simplify tho disrus.sion let us boKin with the two particular 
cases : 

1. 'I'ho symmclrical case in which W 2 - 

2. 'I'hc ant isymmetrical case in which in- 

Tiic general case can he obtained by combining th(‘sc two particu- 
lar cases. 

In the case of symmetry Yr-. imist be an even function of y, 
and it is necc.^sary to put .•!„ = 1)„ = 0 in expression (/). 
Then we obtain, from Ec(, (c), 


tv 


1 / t n • \ "'"'A • "'"-r 

= Hn cosh — -5- ^ sinh 1 sin 

\ <i o a j tt 

n •• I 


To satisfy the boundary condition (c) we must juit 
Hr, cosh ar, + Cr,an sillll Or. = 0, 
where, ns before. 


rnzb 

'27' 


Hence, 


Hr, — rt(X rt tailll Ctn, 

and tho deflection in the svminetrical case is 


(t?) 


tv 



m- I 




tnnh of„ cosh 



nirx 

It 


ih) 


Yic use the boiiiulary conditions (</) to deternnne the constants 
Cr,- Kepreseiiting tin* distriinition of liending moments along 
the edges y = ±b/‘2 by a trigonometri,- serie.s. W(> have in the 
ca.so of .syininc' ■ e 


/ifj") — f~(x) - sin™A (t) 

"“'.li 

where tho coofficient.s can lie (•;■ tinted in the usual wa.v for 
each particular case. For instane , in the ease of a uniform 
distribution of the liending moments wc have (see page IfiS) 
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,,,, AMc I . 

(M.) } = — >, nn -- 


?;! n 




Suhstitnfiric r.vprf^.'ifini- (/-> nrui (/) tuio roiulifion f'/J, w'- obtain 


■STiniV-^ , . rii-rr r- • 

—2D >, — ~C„ rn4i n„ Mil -■ mii —— •» 

a- n — i a 

-;-l «-! 


from ivliifh 


^ ^ 2 ^ 

2[)in^~ fvi-h a„ 


. Virx 


- -t— I / 

ir = ;r-vK >, —= T E~\ a„ tnnh ro-h 

2r*D-^rn* co-h 0 -. \ n 

t-.-i 

- — •- linh ”-'-Y (1'>1) 

a n ) 

In tho particular coyr* of uniformly di-trilmted moment-'^ of 
intensity ive obtain, by U'.^ini: oxprT’.-'ion (/;, 


2Mra- 1 / , , mri 

— ;r?r- ~~r 1 \ tanji ro^It ■ ' 

ttD ^ vx^ co.'h «^\ n 

r-.-ia/. - 


jar!/ . , m 
— ■ .‘^inh — 


!rT/\ . jnrr 

I tni 

o / a 


The denection along: the axi.*^ of .cyrnnietr}- (p — 0} 

, . 2Mrji' Itinh . m-rx 

(tc).^0 = —-Yr -1 — ■••• (/;) 

r-7.; 7ir co-h a-^ a ^ ' 

r: -1 . 

'^Mien a i.~ vc*r>' large in compari.'^on ivith h, ive can put 

tanh Or: ~ a^. 

and cosh I. Then, by u.^ing .‘-•erics (j), ivc obtain 

•r, 

o,-, _ ^Uh- 1 . JUrx 1 yUh- 

= -K-pr >. — .sin = - 

2rrD ^ VI a s D 

r'.-I,3,3, - • • 
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Til KORY OF PLATES AND SHELLS 


Tliis is the deflect ion nt the middle of n strip of length h bent 
by two equel find ojiposite couples applied at the ends. 

When a is small in cornj):irison with h, cosh is a largo 
number, and the deflection of the plate along the a--axis is very 
small. 

For any given ratio between the length of the sides of the 
rectangle the deflection at the center of the plate, from expression 

(/:), is 

, , 2.1/cn- 'ST' , 1 tanh a., 

“-V'V;- 2j <”'> ■ 

n-I.3.S. ••• 


For a square plate wc obtain from this series 


(ie) 


tr-ft. 



0.03GS 


b 


It is soon that tlie deflection of a strip of length a is about three 
and one-half times tiiat of a square plate of dimension a. Having 
expression (lot) for deflections, we ran obtain the .<lopc of the 
deflection surface at the boundary by difTerentiation and wc 
can calculate the bending moments by forming the second 
derivatives of ic. 

Let U.S consider now the antisymmetric.al c;ise in which 


/iW = -fib) ?-in 

r\ — 1 


a 


In this CRso the deflection surface is an odd function of y, and 
wc must put /iri ~ =- 0 in expression {f). Hence, 



n •• 1 


sinh 


tinry 

a 


-!- I) 


m-ry 

„ cos 

a 


h 



Vi~T 

a 


From the boundary conditions (c) it follows that 
A n .‘-ioh cosh a„ = 0, 


bn "" * tanh 

Of m 



wlience 
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'S’ 

xc = y. 


. f . , }>iiry 1 , , VITXJ , niriA . rnr7 

.'14 .‘•inh - Inrih n^. - - } .‘•in 

\ fi n n / rt 


The con^tart^ .•!„ fin' obtninfd from rondition^ (d), from ^vhirli 
it follov.-.s ihtil 


Jr-D'S? , Jii- . , , , . ni--r- ^ 

-T- 511111 an Inilll On 5in Mil 

a- On n « 


Hence, 


, __ n- a^ 

^ ” 2r-7.) sitiii an Uitih ct^ 


Wi = coth a„ .siiili ~— 

h'Ulli an\ n 

n« 1 

77? rv , ??irv\ . inrT 

•- C05h — -•• ) .‘•in (J.'j2j 

fi H / n ■ 

We can obtain the deflection .‘■urface for the t:<^nornl oa.-e 
repra=onted by the boundary condition^ (d) from .'■oliiiion^ (lol) 
and (152) for the synimetriral and the anti.-^yiniri' trical 
For thi.s jiurpo^o we split (he tiivon monuMit distriiiutions into a 
.symmetrical moment di.stribiition and an anti.'-ymmetrifal 
distribution M", a.s folio w.s: 

= UMt) d-/:(z)), 

== -(K) * t = ilfxW) - Mr)]. 

The.se moments can 1x3 represented, a.s liefon-, by (he trigono- 
metric .serie.s 

•; ' 

= 2^- -> T' 

w 
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Til KORY or PLATKS AND SHELLS 


uiul tl\c total deflection is obtained by usinc; expressions (151) 
and (lo2) and .siij)erposing the deflections produced b\' each of 
the two foregoing momt-nl distributions (/). Hence 


It' 


« . ViT-X 

a- a 


2z-D^^ m- 


tanh «„ cosh 

cosh ar\ a 

rl " ] 

7/;rV . , f/tTri/\ , . i ^>i~U 

sinh — - ) -f Orv colh sinh — - 

a a / sinh o„\ a 


If the bonding moments ~ /v r, sin an* distributed 

m -* 1 

only along the edge y = b/2, we ha\-e /;(j-) = 0. Kl, = E” = Ui„; 
and the deflection in this case becomes 


XV = 


, „ .. xnxTX 

1 "' 

in' 

•• 1 


if,, , 

-1 Or, tanli ft,, co'ti — 

eosli Ot\ o 

7«ry . , inriA , 1 / . . . vimj 

1 + -I < 1 ,^ coth n., sinh — - 

n a / sinh rtr,\ a 

F)]' 


in-rt! , xnrrn 
cosli 


Solutions (151) to (15i) of fliis article will he applied in the 
investigation of plates with various t'dge conditions. 

40. Rectangular Plates with Two Opposite Edges Simply 
Supported and the Otlier Two Edges Clamped. — Assume that 
the edges x = 0 and x = o of the rectangular jilate. .shown in 
Fig. SO, are simply supported jind that the other two edges are 
clamped. The deflection of the jdate uiuIct any lateral load can 
be obtained by first solving the problem on the assumption that 
all edges are simply supported and then applying bending 
moment.s along the edges y = ±h/2 of such a magnitude as to 
eliminate the rotations produced along these edges by the action 
of the lateral load. In thi.s manttor many problems can be solved 
by combining the solutions given in Chap. V with the solution of 
the previous article. 
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J'liifnrmbj Plnlrr. — A^-uniinf: iha! th^ »>f th'; 

plnT*'- arf simply s’.ipport<-<i. the defh'etioii i,*- (-''f* J‘>i. (120;, 
vviZQ I2-S| 

« 

_ Ann' 

- - ^■ 


2nd thf" slope of th'^ def.ortion snnnee :doi>2 the y — <> 2 U 


2 I n;rv 
“• ro-n '■ 

(I 


i , n:rr /^ _ or,- tntdi o-. -4- 
A ‘ 0 \ 2 eo^h fi„ 

Tr.Tl/ . , 7 >'.Ty\ , ., 

1 . Kjnh )• to; 

n n / 


2 eo~h 



2 qn' 




[ff„ — f.nnh a-,'1 


t.'inh fr»)]. O') 


To cHminaf'^ thi-’ s!oj)e .end iho' to j-rpisfy the rirninl r^ojjndnry 
conditions v.-e di.'tri})tito aloni: the edfr'-.- y ±0/2 th<' l^'endinK 


moments -Vr riven bv the series 




X ; 


/± 


re; 


f-'.H 


(r) 


2 nd vre def'^rmine the ro'-'fncierits l/, jo ntakf the sIojk; 
produced by the>e moment^ equnl mid ojipo-jte to thrP riv'-n by 
expression (b). Usinn expre-^-ion (lol)' for liie deflection 
prodncc'd by the moments, v.c find that the corTf-j)ondinK 
slope niong the c-dge y = b/2 is 


a 



. mr-J- 
sin 

r^ftanh tanh — I) — (d) 


Equating the negative of this quantify to expresdon (f/j, we 
find that 


£r 


Aqn' a„ — ttinh — o. 




m- a. 


— tanh Or-Oa^. t: 


O') 


From the symmetr;-- of trie d'-fipctiori j-urf.-.ce pro/ltjp/'^i bv the uniform 


load it can be concluded tijat only odd numljcns !, 3. 
for rr. in exprc-sfio.n (151). 


rii’j=t fje tnl;< 
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Til EDI! Y OF PLATER AND RIIELLS 


Ilcncc the bonding inomonts along (he built-in edges arc 






n 1 ,n.v' . 


iriTX 

ft n*, — t.’tnli rr^(l + «-, Innll CT,) 
nr„ — tailll o„(«„ tlinli n„ — I) 


The maximum numerical value of this moment occurs at the 
middle of (he sides, \vlier(?x = a/2. Series (f) converges rapidly, 


Taiilv 22 . — CoNsTASTs <t, If, pi Axn n^n a Itr.cTANorLAn PaATi; with 
Two Kdc.hs SiMri.v Srrri)H'na> ani> Two Kdck'^ ftLAMriri); y <= 0.3 

l> > « 


b 

c 

1 

(1 ^ 1 
^ T-T V 0 

o ‘ 

qn^ 

"■ " ■ 

1 

n h ! 

' 2' " 2 , 
-l/v rf'/d- j 

r - 'y .J « 0 

Mt tUfi'Y 

! 

i « 


Cl 

1 

ih 

' P: 

1 

0,0200 j 

-0 070 

0 021 

, 0.033 

l.l 

0 0271 ! 

-0 070 i 

0 031 

0.037 

1.2 

0 (Vito ; 

-0 0s7 

0 0.3S 

0.010 

1 3 

0 0121 j 

-0 001 

0 0!,'. 

0.013 

1 1 

0 0,-(12 ' 

-0 100 

0 0.',2 i 

0.01.', 

1 

0 0.'S2 1 

-0 10.'. 

0 030 I 

o.oir. 

1 0 

0 (KiAS 

-0 100 


0.017 

1 7 

0 07;!)) 

-0 1 12 . 

0 071 

0.017 

1 ,S 

0 0700 

-0 ii;. ; 

0.077 

o.ois 

1.0 

0 ov)’.:? i 

-0 117 ■ 

0 ns2 

o.ois 

2 0 

0 no.s7 

-0 no i 

0 0S7 

0,017 

3 0 

, 0 127C. j 

-<> 12.'. i 

0 11! 

0.012 

3C 

1 0 1 122 

! 1 

-0 r>:. 

i 

0 12:) 

1 

ootts 


/ 

h < <S 



a 

J, 

tCn... ! . 

fl b ' 

^ 0 " 

V - 0 ; 

O ‘ , 

( 

f! 

J* n * ♦ V 0 

0 - 


•U, , 

M, ii'.'ih' : 

.M, - P:ql<'- 

v: 

0 02S1 

-OOsll 

i 

0.013 i 

0.012 

2 

0 02S1 

~0 OSI 

O.OM 1 

0.012 

1 

0.0270 

-0 0!^5 

0.017 i 

0.011 

i.-i 

0 , 0202 

-0 OSl 

0.010 1 

0.010 

1.3 

0.02.".,', 

-0 070 ; 

0.020 1 

0,039 

1.2 

0.02!:! 

-0 077 ! 

0.022 i 

0.037 

1.1 

0.022S 

\ 

t- 0.071 1 

0.023 j 

0.030 
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nn'i iho maximum rno!Ji'''nl ran Ik* rrafiily ralrulaff'cl in r-arh 
particular ca.-c. Ff)r fx.ampF', tiu- fir-t ihrif ‘rrm- of 
fjj give — O.OTO'/u- a- tiu' maximum ni'inimit in a cquarf- platr. 
In the general e.a'-e thi.- moment ran la- repre-ented hy the 
formula p'pi'-, 'vhere fi i' a mirnerical fa'-tor the maunitude of 
v.’hich depend' on the ratio o/b of the .-ide' of th'- plate, ,S<e/era! 
vahifc’ of thi- eoefTicient are mven in d'ahh' 22. 

SubjtitJifin:: the value- (/j /if tin- eoefl.’ciejit'^ iu < xpre--!on 
(151), v.T obtain the ri'-fieetiori .'Urfa/'/; j)roduce/i by th<‘ momt-.ut' 
.Vj. di.'tributed along the edge- 


tri 


. TUTT 

Ctrl 

27^‘ 

t'-'IJ irr ro-h ci^. 

r*. •- 1 , • • - 

e„ — tanh and ~ O- tanh an) / Ttit’/ 
On — tanh Onjar-. taiih — IJ \ a 

— an tanh a. 


inh 

n 

rnr 


CO- 


mrvY 


The deflection at the center i- obtained by .‘-’ib-titutingT 
y = 0 in e.vp.'-e-.don (g). Then 


(o) 

u/2, 




■r rt 

27a ‘ f~l) “ tanh an 

r'd) irr Cff-h On 

an ~ and -f- an tanh an) 
an — tanh (/nia~, tanh a,, — 1) 


Thb i.= a very rapidly eonverging .‘-erie.-, and the /Ichection can be 
obtained ivith a high /iegree of accuraey by taking only a fev.- 
terrn.=. In the ca^^e of a :-(iuare plate, for example, the fir.'t term 
alone giva~ the deflection correet. to three .‘•ignificant figure.', and 
v.e obtain, for e = 0.3, 

w, = 0.02.34-?™- 
rJr 


Subtracting thi.« deflection from the deflection produced at the 
center by uniform load (Table 5, page 133), v./; obtain finally 
for the deflection of a uniformly loaded nqiiar/' [)late v.ith two 
gimply supported and two clamped edge.s the value 


w = 0.0200 

hfc 
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In Uie general ease the deflection at the center can he represented 
by the formula 

ra = 

Several values of the numerical factor « are given in Table 22. 

Substituting expression {(/) for deflections in the known 
formulas (99) for the bending moments, we obtain 


2qn- NT) 

. 7«S-X 

Sin 

a cin — 

— ■> 

4t 

VR cosh (tn (tn — 

m *- I.M.r). 

.wi-w . , 

( a 


— (2c d" (1 ~ 

*5 

2qa- 

. J/irx 

sin , 

(t ftn ~ t; 

Jip cosh < 1 .., — t; 

M - i.n,.',, ■ • 



,Hl, "M, 
« i 


il‘) 


I,, f'irri/ . , mri/ 

' <1 (I 


{' 

-b [2 - (1 — tanh «„) cosh^--|' (0 

The valuc.s of these moments at the center of tfie plate are 

y j-ioi 

tE 7lp cosli o„ 

m *< * • 

n„ — tanh'.,,,! <r„ tanli n..,),- , ,, \ i i 

— — , , 2c d- (1 - tanh rt„l, 

On — tanh lanh <»-. ~ 1) 

ri- l.n,.V - - • 

'"-ho - (1 _ tanh «„1. 
a,T — tanli nrAn^ tanh n„ — 1) 

Tho.se serie.s converge rapidly so that .suflicientl.v accurate values 
for the moments are found by taking only the first two terms in 
the .series. Superposing the.H* momimls on tlx; moments in a 
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THEORY OF PLATES AND SHELLS 


the moments equal and opposite to tliat given Ijy expression 
(k). In this way we obtain 

— tanh nf„(l + am tanh Or,) 

” «r. — tanh or,(«„ tanh — 1) 

Substituting this in series (r), tljc expression for i)cncling moments 
along the i)uilt-in edges is found to i)e 


(.^tu)ym ±h /2 




;;r 


win 

0 


n " 1 



tanh nr„(1 - }- tan h a„ ) 
ilanh a„(rt„ tanli «„ — Tj ' ^ 


The terms in series (/) for which m is even vanisli at the middle 
of the Iniilt-in sides wliere x ~ n/2, and the value of tin? serie>s, 
as it sliould, !)eeomes equal to oiu'-half that for a tiniforniiy 
loaded plate (see !•>[. (/)]. 'I’he series converges rapidly, and the 
value of the beiKiing moment at any point of the edge can lx; 
readily obtained. Sevend values of this moment arc given in 
^'ablc'23. 


'r.Mii.r. 23 — Hi;\t)iNO MoMr.STs M, .m.ont. rur. Hvti.T-tv I'anr^s 


b/a 

m 

X - r./2 

r 3 ^/-t 

CC 

o.na<.i7/i- 

0 (V*i2^ 

— 0 . 

2 

n 0:177 

0 o*;a; n- 

- 0 . 0 .') 37 sj- 

5 

0 0327 /:• 

0 Or»2<7yi' 

- 0, 01 S 7 yj 5 

1 

0 0207/1: 

0 • 

- 0 .a- 5 .i 7 ;e.! 

» 

0 0217./.: 

n oil77»* 

* 0 .0!S7..y- 

j 

0 0217 

0 0127 M 

- 0.0o27:i* 

0 

0 iYllqb- 

-0 n!27 ,;.5 

-O.K2qLr- 

Conrinlrnlrd / 

’urrr Adiity on 

ific PlnlrA — In 

this c.nsc again 


the deflection of the jilate i.s obtained by .superposing on the 
deflection of a .simply supported j>late (Aj-t. 33) the deflection 
produced by moments distributed along ,the clamped edges. 
Taking the ease of a centrally loath'd plate and assuming that 
the edges y ~ ±1/2 are clamped, we obtain the following 

‘ See ftiitlior’.s paper, loc. eit., j). 15C. 
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cxprr.'.‘:ion for tlu' flffioction under liie lond 


_ Plr r n- 
“ 2z^I)\ I* 

r-.- 1..TA ■ 



ft-, ^ 

r-O'li' a^J 


T- i tnnlr On 

4 m j-'inh o-n eo-h rr^ -'"r f^n. 


(m) 


The first sum in the parentheses correspond' to tlie flefiection of 
n simply supported jjlate [.'(-e l-hj, (].'12), pn^ce loSj. 'ind the 
second represents the defieetioii du<- to the; netion <if the nuuiK'nts 
along the clamped edges. I'or the ratios h/n — 2, I, ’ and { the 
values of the e.xpression in the juirenthe.-e-; in J'hj. (vi) are 0,2.'?8, 
0.43G. 0.44S and 0.44d, respectively. 

To obtain the maximum stress under tlm load ue have to 
superposeon thestn's'ses calculated frtr thesimjjl.v supjtorled plate 
the stresses jiroduccd by the following moments: 


M: = -P 


^ L 


tanh Or 


4fi sinh It,, cosh o« 

n ■ •• 

(2c -r (1 — c)a„ tanh 


(^i) 


.V, - 


p 'SJ 

4a suih Cl,-, cosli Or, -f ct 

n- 1.3,5. ■ - • 


tanh a, 

;osli a 

{2 — (1 — c)o„ tanli (T^j./ 


For a .square plate these moments are 

.Vx = -O.OoOoP, Af., = -0.030.S/>. 

The moment at the middle of the clamix-d edge.s of a square 
plate is 

ilT, = -0.1 GOP. 

Tlie calculation.s .show tliat thi.s moment changes only .slightly as 
the length of the clamped edges increa.so.s and beeome.s equal to 
-0.108P when a/h = 2. 

41. Rectangular Plates with Three Edges Simply Supported 
and One Edge Built In. — Let us con.sicior a rectangular jilate 
built in along the edge y = h/2 and simply sujjporled along the 
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other edges (Fig. 80). TIjo deflccfion of the plate under any 
lateral load can be obtained by combining the .solution for the 
plate with all sides simply supported, with .‘-olution (154) for the 
case where bending mornent-s arc distributed along one .side of 
the plate. 

Umformlii Loaded Plates. — 'I’lie .«Iop(‘ along the edge y = 6/2 
produced by a uniformly distributed load is 



2eia^ 

t:'D ^ 


1 . rfiTTX 

— .sin 

771' a 


— tanh ar,(l a„ tanh «„)]. 


(a) 


The moments sin (tUTx/ei) distributed along the side 

y = 6/2 produce the slojic' (see Kq. (154)J 




dwi \ _ _a_ 


1 . 77trT,. . . , . 

— sm LrSetn tanii- «, 

771 a 


n-i,n..'.. ••• 

— tanh Or. d- eoth- Or 


COth Or, — 2<»r.). (6) 


From the condition of constraint tln-sc two slopc.s are equal in 
magnitude and of opposite signs. Hence, 



Or, — tanii Or,( l - b Or. tanh ct.,) 

On tanh" On — tanh o-, ‘'n cotli- — coth Or, — 2on* 


(c) 


and tlie expre.'sion for the bending moments .along the side 
y = 6/2 is 


(M,) I 
V-r, 




■ 1 n,.'.. 


vr 


.<■111 


77irx 


- tanh 7Yn(] d- On tanh o„) 


Or, — tanh o,..(or, tanh On — I) d- Or 


coth On(On COtll On — I) 

id) 


Taking a .square {date, as an example, the magnitude of the 
bonding moment at the middle of the built-in edge from exim;s- 


' Only Olid nutnlicn, must he token for tn in thi-s symmetrieal ciiso. 
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.‘••ifjn (f!) i- founfi u> hf 


■O.OHUj'r 


This inom^'ist i~ nurnf-ri^'.'iily lariL'f-r tiinri fli'- mouvni — O.OTO^/i* 
’.viiich v.’fi' hdiiid iti tin- pr^'vio'is arllfh’ for .'i .‘qiiarf pint'- v,-iih 
t'.vo '-'Ij:'-.- btiiif if!. H'-v'-rnl v.nlif'- of fh'- fii'ifri'-fit .'t* fh'- fiii'idh- 
of th'r I'uilt-in .‘■id'' for v-nrions vrihi'-- 'ff tli'- rntio ti/h nro Ldv' fi 
in Tablo 2f. 


Tmh.k 25.— lJf;n.j:'Tio'.w .• 

•.0 I'.r.-.nr.f; 

Moor,'. 7- 1 ' 

.•i I{i:'T,«*!':ff.'.it 

I'L'.Tr. 

v.ir!f Inxo; ] 

tffl.T I*. 

7iir. T))!:);); 

(t-iUi.li- i^suvs.r 








»• r. 0.3 



IJn 

5 

; j 

(.5/.0-. :•>- 

' 5.5/ 'i 

-r. 

' 0.1.52<?-i‘.7;t= 

-0.12',7.!- 

0 12.77'J‘ 

0 ffr', 77 !’ 

2 

> 0 10! 7-: 

-0 1227j5 

0 O'' *(7 r 

fi 05771 ’ 

1..' 


-0 n 27 !J 

0 ft','.'';:’ 

, 0 01^7!’ 

1,5 

! asfp.q p’KiA 

— 0 10/'7'j' ^ 

fl 

0 0577 :’ 

1.3 

, 0 0.'),' '/'(*////’ 1 

— 0 1057J* , 

0 0 , 7071 ' 

■ 0 05.'.7-j’ 

1.2 

; 0 0 57 ^ 

— 0 

0 . 0507 -!’ 

0 0557 !’ 

1.1 

1 1 

- 0 .(jC» 27 '.’- ■ 

0 0517 ;’ 

1 0 (S527'j’ 

1.0 

! 0 030 7'!‘,7iA= ! 

-0 O'. 57 .;! ! 

0 0157'i’ 

; 0 o:!'./',. !’ 

1 / 1.1 

: 0 03,7 . 

-0 or>l 7 »/’ i 

0 0337 ',’ 

; 0 0537 ',’ 

1 / 1.2 

: O-OriS'/y'./Z/A' ! 

— 0 i 

0 03277’ 

0 0577 '/’ 

1 / 1 .. '5 

i 0 051 >]’,'/ PfJ . 

-O.IO 37 O* : 

0 03 1 7 ',’ 

; n 070.;'/’ 

M\A 

0 05 5 qViKU' ; 

-n.iO'V/’ ! 

0 ( 1 , 307 '/’ 

• 0 f).727'/’ 

I/l..' 

■ 0.050 •• 

-0 1117 '/’ , 

0 OTJV/'/’ 

; 0 0.7 57 ',’ 

a.:, 

0,0.73 7t‘//7.’ : 

- 0 . 12277,5 , 

0 5 / 2 . 37 '/’ 

i 0 0 '/) 7 '/’ 

0 

; qV IE}.’ 1 

- 0 . 12 . 77 A* ; 

n.o!;' 7 'p 

' 0 <r/>q’,- 

) 

Suh'-:fif Mf ioK th'; v.nliif- 

s (c) of th'- 'ori-tarit^ /vV 

into '-xpr'-.—iori 

(154), v/(: obtain fho doflfotion ynrfnr 

j)rodo'-'‘d by fit/' rnofn'-fits 

of con.- 

traint, from vdiioh' th'; d'-.noction at. tii 

r; ra-nt'-r of tho 

plato is 


tr 

n “ J 



fwi) 


fS 


''S* ^TJ-* * , . 

~'Jj r/i* r'/-li 


‘%r-l) rrr r'/-li o. 

For a Hquaro {d.nfo fir.-l (.v/o torms of tiii.-: F';ri'',“: ffivo 

(Wi) 


-^.v-o 


0.013h'^.^,- 

hic 
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Subtracting this deflection from the deflection of the simply 
supported square j)latc (I’ablo o), wo find that the deflection at 
tile center of a uniformly loaded square jilate with one edge built 
in is 




Values of deflection and bending moment for several other values 
of the ratio n/b obtained in a similar way are given in Table 24. 

PlcitcN undrr Hiitlrdslotic Pnyxitrr . — If the plat«‘ is under a 
hydrostatic pressure, as shown in Fig. (>J. the sl(jj)e along the 
edge y = h/2, in the ease of simply siipi)oried edges, is (.see page 
200) ' 

tr. 

fc j/i* ' 



The sloi)e iirodiieefl by bending mometils distributed along the 
edge y = b/2 is 



^ sin - .A taidi- <t„ — taidi 


n - 1 


-T' <a>th" rrn — I'olh n„ — 2o„). (g) 


From the condition (,'f constraint along this edge, we find by 
equating e.xprrssion (y.) to e.xjjrcssion (J) with negaf i\’e .sign 

df/fC- (-1)"’"' 

/i r*i -, ■ * . " 

TT" //,' " 

o,. — taidt r<„(I -r t nnh o^) 

rtr, taidi* (Cr. ■ laiih o,, ii„ coth' o,., — coth (t., — 2nM 


Hence the e.\preS''ion for (he bending moment d/y along the edge 
y = 6/2 is 


_ 4g,o=N;^(-n"-' 

-t;— 


ntrx 

sm 

in’ a 


n — I 


a„ — tanh 0.^(1 -h or., tanh Or.) 


afn — tjinli tanh — 1) -j- <«„ — coth a„(crri coth «n — 1) 
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This srrirs r()nv(>i^('s nipidly, and \v<‘ ran readily ealeiilale the 
value of llie moment at any point of the 1 milt -in edtte, 'rahinu, 
for exam])le. a scpiare plate and put tine r (i/2, we obtain for 
the moment at the middle of tin- bnilt-in ed^e the value 

--- -h.or.vr*. 

This is ('(pial to one-half thf vahn- of the moment, in Table 21 
for a Tiniformly loaded square plate, ns it should b(>. \ alues of 

the moment for several jioints of the built-in edt;e and 

for various values of the ratio h/a are liiven in T.able 2.'). If is 
seen that as the ratio h/a deereases, the value of M.j aloriK the 
built-in ed^e rapidly aj)i)roaehes the vahn; v.hi<*h is the 

moment at the built-in end of a strip of length b uniformly 
loaded with a load of intensity qaln. 


TAnrn 2.'). — VAi.ta;^ nr -rnr Momi-vt .If, rio; Ittrn.T-i.*; Kten; 

y - f-/2 


h/a 

; r a /‘i 

r - a/2 

i 7 {ft 

\ 

V, 

-O.OrtOg./i* 

-O.Ofi 27 ./i- 

- 0 . 0 .'..'. 7 /i' 

2 

-O.mSqi/i’ 

- 0 .(MU 7 /P 

-n.o.v^./js 

3 


-o.(tr.r, 7 ./,i 

-n.a'Ov/i’ 

i 

— 0 . 02 r> 7 ./i’ 

-n.nt 27 a' 

-n,nin 7 /j'- 

i 

- 0 . 5 

-no, Vs;,/)! 

-ft . fKl 07 ,;<* 

1 

-0.(l3l7cf>* 


-0 

6 

-0 oai^.jp 1 


- 0 . 00 17 .V 


42. Rectangular Plates v/ith Two Opposite Edges Simply 
Supported, the Third Edge Free and the Fourth Edge Built In or 
Simply Supported. — Assume that the edges t 0 and x a .are 



simply supported (Fig. Sin). The edge, y = h is free., and the 
edge y = 0 is built in. In such a case I, he boumlnry condifion.s 









21G 


T II Win’ OF PLATES AND SHELLS 


arc 


te = 0, 

= 0 for X = 0 and x == a; 
dx- ’ 

(o) 

w = 0, 

o' 

II 

o 

o 

II 

ib) 


and along tin* free edge [see l-'qs. (H)G), (107), page 90] 




. d'lr 

'Ovr? 


dx' dy 


y-J, 


= 0. (c) 


Let US’ consider the particular case of a uniformly distributed 
load. In .such .a case we proceed .as in Art. 29 and a.ssumo that 
the total deflection consists of two parts, as follows: 


tr = ir, -i- ic;. 

where tci represents the delleeiion of a nnifonnly loaded and 
simply .supported .strip of haigth a which can be exjtre.sscd by the 
soric.s 


tCi 


•h/a' "s;) 

n«t.3.;. 



trnrx 

a 


and Ji’: is rei)resent<-d by the .'■cries 


(d) 




U'2 = 


.. . tfirx 

) „ sin > 

a 


n- - ■ • 


wlua’c 

r. - 




, tar!/ rarv . , /arV 

cosli -b Hr , — sinh 


a 


a 


(I 


ic) 


. , mzry vir . tar, 

-r ( -. stub — ■ -f- I)„~ cosh 
« 0 


?)• 


if) 


S( ”.es o/) and (c) satisfy the boundary conditions (<i), and the 
four constants in expression (/) must be determined so .a.s to 
.sati-fy the boundary conditions (h) and (c). Using the condi- 
tions 'tt). we obtain 





21S 


THEORY OF PLATES AND SHELLS 


intensity of the load distrihntcd alonp; the free edge instead of 
zero on the right side of tlic equation. The particular case of a 
concentrated force ajjplicd at the free edge of a very long plate 
•\va.s invc.sligated (Fig. It was found that the deflection 

Taulf, 2G. — Dr.ri.KeTio.vs .wn lUivmvo MoMi;.vrs ror. a UviromiLY 
Loai)i:d Pi-.ATK WITH Two OrrosiTK Kne.rs Simply SurptiitTri), Tin; 
Tiuun InKii; Fp.nn avi» tiu; I'oliitii Built Iv 
«• - 0.3 


b/n 



j S fl/2, p rn b 

r «-• a/2, y «= 0 



\ 

\ M. 



0 


37 (j!-‘ //;/.! 

0 

-0..5007!,= 

1 

i 

1 

03 qh '/ El ' 

; 0,r)07S.;o 

-0.-52Ji7!.= 

i 

i 

0 

035 qb \' E !.' 

i 0.02(137 .-s 

-0.3107t= 

1 

0 

.300 <;.?,» /:/.» 

' 0 055^7(0 

~0.2277t= 

1 

0 

123.;',* i:i.- 

0.0(17271 = 

-0.1107!,= 

i 

n 

151 q..t‘ El .' 

0 12.371= 

-0.12171= 

o 

0 

10! < 71 * El .' 

0. 13171= 

-0. 12 :, qa ’ 

3 

0 

100 '7,7.’ 

0 13371= 

-0.12.',7'1= 

« 

0 

IOC. « 7 ';‘ E!.' 

0. 13371= 

-0. 12.' 711= 


along the free edge' can he repn-.'iented hy the formula 


(ir)v-’- 



'Fhe factor /; rapidl; dimini.she.s as the distance from the point 
A of ai>i)licntiDn ot the load increa.s-e.s, Several vahie.s of thi.s 
factor are given in T ii»!e 27. 


Tmils; 27 


X 

0 

0 ! j 

h 2 

1 ^ t 

‘ I 

25 

h 

0.527 

0 170 1 

0.3S0 

; 0.213 j 

0.050 


The bending moment M.j along the built-in edge i.s .n ma.vinnim 
at 0 where it.s numerical vahu' is " —0.50SP. 

The ca.se of ti uniformly loaded rectangular jilate simply 
sujiported along three edge.v and free along the edge t/ = 6 (Fig. 

'See C. \V. MiicGo'Hor, Enijimertti/^, vol. ,'17, p. 225, 1035; also 

D. L. IIoll, J. Ajipl. Mfch., vol. I, p. S. l'.'37. 










I’LArics WITH vAiiiors roxofTfoxs 


2H) 


Sl«) fan be trfntfd in llie s-atnf nianrifr a-- (hf iireviou/- avn in 
v.’liich liif ('d^(' y ~ 0 waa built in. It is nff''.-';it y only tf) 
replfiee the .■''rf ond of tlif bminflary condition.'* ih) i>y the condition 



OmiUinp: the dc ri^'niioii'-. v.c pivc hen* only tbf final nuincrical 
rf?!ilt.s obtaiiifd for tlii.'* ca‘-c, Tla- iiuixiintiin deflection occurs 
at the middle of the free cd^^e. At the ‘^atne jKiinI the in.axiuiutn 
liendinp moriuail Ms t.'d;e« pl.'uv'. ^IIk- '* v.aliie-* of fleflcetions 
and fd/r).-.,,. arr- (riven in the f-eeond and third colmniis 
of Table 28. ‘ The la-*! (wo column'-- civc the bending inornetits 
at the center of the (date. 


Tahi.t: 2S. — Dr,n.c.fnio;.h Aan 'fovie.-r re t'.'.noit’.rt.r J.o.^fjce 

ItncTAr.'OTi.AJi I'l.'.Tii* v.iTii 'I'liitr.r. lac.)' .‘•’I'.'n.r Feernrs rra 

T!u; FocarJi Ja)'.c. rioo'. 

(• *•' ().:j 




, y - 0 

f v» *;,'2, 

y - hri 

hjn 

— 

— 

• 





.7, 

d/. 

■1 


. 

0.0007/7’ 

0 O.'iO*/ ;’ 

n 02271’ 

7 

OAQTu yn'/EX 

0 0K:{7a’ 

0 O.'jO';;’ 

0 OaO'y/i’ 

Id..} 

0,1 117 7*1 ‘///A’ 

O.OV>yy-j’ 

0 0.7)71’ 

0 03271’ 

1 / 1.3 

0.1192 7*iV/^'A’ 

0.0017a’ 

O.OOl'/j’ 

0 03 If/..’ 

1/1 .2 

0. 120.0 ' j ' l'/EIA 

0. HKIva’ 

0 iy;07,p 

0,0307.;’ 

I/l.l i 0 . 1 . 3 }.'i 7 ^£‘////‘’ 

0. 1077a’ 

0 0717a’ 

0 03771’ 

1 

0 MOI 

0 1127*1’ 

0.0‘-.07a’ 

0.0.3071’ 

1.1 

O.MO'I fyi\/r:iA 

0 1177*1’ 

0 . 

0 naij i'- 

1.2 

0,1011 fin'/ElA 

0. 1217*/’ 

0 non7a’ 

0 0H7.1’ 

1.3 

0,1017 7*; VWc 

0. 1217a’ 

0 OOl'/a’ 

0 ni2*;a’ 

1 .4 

0, 1070 q ' t^/EIA 

0. 1207*/’ 

0 OOK7a’ 

0,01271’ 

i.r, 

0.1.000 7a b 7 //c 

0 !2Vy/iJ 

0 1017*1’ 

o.tir/*/'!’ 

2 

0.1010 7aV/i/.' 

0 ! 327 <j’ 

0 I 13 '/a’ 

0 0117.1’ 

o 

ti 

0.1000 /yaVAVe 

0.1337*1’ 

0 1227*1’ 

0 n:';)7a’ 


0.1002 7 * 7 '//;/.’ 

0 . 1 33 */'/’ 

0.12.V/*i’ 

0 0377*1’ 


43 . 


— Rectangular Plates with Tv/o Opposite Edges Simply 
Supported and the Other Tv/o Edges ^upported Elastically.--- 


' Thi« table v,-;ih cfilculated by Jj. G. G«!c/kiii; rnr; Hull. PohiUch Inrl 
vol. 2r,, p. I2t, Ht. PfiterhbiirK, KH.O. / 
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Ixjt US consider the case where the edges r = 0 and x = a 
(Fig. SO) are simply supported and the other two edges arc .sup- 
ported by elastic beain.s. A.«.suining that the load is uniformly 
di.stributcd and that the beain.s are identical, the deflection 
surface of the plate will be symmetrical with respect to the 
X-axis, and we have to consitler only the coiulitions along the 
side y = h/2. .\ssuming that the Ix-ams resist bending in 
vortical plane.s only and do not re.-ist tor.-ion, the bouiulai^' 
conditions along the edge y = h/2, In' ii.dng ]•>[. (lOS), are 



where El denotes the (h'Xural rigidity of the supporting iH’ams. 
Proceeding as in the jireviou'.- ariirle, wi- take the deficction 
surface in the form 


where 


ir — K’l -f tr:. 


ih) 


and 


tr, - 


•b/a' 



1 . rarx 

— . sm 

f!i' a 


(<•) 




MU 


ynrx 




n - \ 3.:.. . 


]‘rom .symme'.ry it can be roneluried that in e.vfire.-sion (f) of the 
lireviou.s tirticle we me u put C,^ ~ — 0 atid take 




The remaining tv.( 


niry wry . , wr 

, cosii p //„ smh 

a a 


?)■ 


(<■) 


roii-tauts .1., atid /i\ are found from the 


boundary conditions (ay from wliieh, using the notations 


wrC» 

2n"~ 


El 

tiD 


- X, 
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we obtain 

/t„(l — f) eo^h a„ -f /^r,l2 cO'h <Tr^ + H ■“ n^] — 

— .'lr,[(l — »') f-'ifih -f- f“0'''h cfnj -f /^«[n 4* >•) ^iob n„ 

— (1 — f)ar^ co-^h tr-, - J^inh a„] =- ; 


Solving thc5e equation.*-', we find 



j (l 4" >') “ifdi ~ f (l “ y)nr, eo-li — nirX(2 rn=:h 

-f ‘-inli tin) ^ 

(3 4* OCl “ *') ■’"’'’'b a„ eo**^!! — fl — >')'«- 

4- 2r/!rX ro-ih* ct^ 


4 ;'(1 — !•) .'-inh 4* ro-h o'-; 

wiV^ (3 4* •’)(] — i‘) .4141 0-, eo'li — (1 — $•)•«-./ 

4* 2uirX eo-lr Ct^ 


^V) 


The defiection f'urfaeo of the plate i« found by .'-ubHliluling tlie^e 
values of the constants in the exprc'-ion 


f/fj* 

W = Wi -{■ Wi = — 






4-/1,, et)«h 


r;(ri/ 

« 


lun/ . , 77ir 
— “ J^irih 


iriA . 7?irx 
— i- ) .‘•■in 

(I / « 


f/-) 


If the supporting beam.s are absoluti-ly rigid, X — v; in exjires- 
sion.s (/) and (g) and /t„ and /y„ lu'-siinie the same value n.^ in 
Art. 29 for a plate all four side.^ of which Jire supported on rigid 
supports. 

Sul)stituting X = 0 in expre.=don.s (f) and (g), we obtain the 
value.? of the constant.? in .“crie.s (h) for the ea-^e •where two sirh*.? 
of the plate are .simply .supported and the otlier two are free. 

The maximum deflection and the maximum bending moment‘; 
are at the center of the plate. Several value.? of these quant it ie? 
calculated for a .sfiuare plate and for vuriou.s value.? of X tire gi%'en 
in Table 29.' 


‘The table wim calculated for the writer by K. .•\. ftiliitev, Mfm. In.’t. 
Engimerr. of Waytt of Communicnlion, .St. IVters.burg, I9bl. More recently 
the problem was dLscu.s.sed by K. Mfiller, IitgniiruT-Arr.hiv, vol. 2, 1932, 
p. GOd. Tiie tables for non-symmetrical faise.s arc enliailuted in ibis paper 
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Taiilf, 20. — Dnn.r.cTioNK and UnNDiNO Mdmfnts at thk Cf-nteii of a 
Unifoiimi.v Loadf.d SyuAiiK wirit 'I'wo Kdofs .Sisiply Sdp- 

J’OIITKI) AND Tin: OrilF.H T^VO SoiT-OItTFI) iiv IClastk,’ Bkam.s 

r r- 0.3 



O.OlTOijn* 

O.OlTTijd- 

o.nmqn- 

0 . 0 KtTiqa' 
0.01 (“^a- 
O.Oll'VP 
0 . 0 .'i 7 C^«! 
o.a'n.^^y! 
O.Q07>7q(Y 


44. Rectangular Plates with all Edges Built In.' — In (li.wcu.'-'.'ing 
this problem, wi; ihi* the .‘'iime method a-'' in the ea.«e.-< eonsldered 
~i- previously. We .^tart witli the solution 
of the problem for a .'■imply supported 
-> .X reetnuKular plate ami siiperpo-'e on the 
^ (lelleetion of.-ueh a plate thedefleclioii of 
j the plate by moment.'^ di.'tributed along 
the e(lee.< (^ee Art. IlO)- 'I'lie.-'e moments 
we adjust in .viieh a manner :ts to .-lati.'-fy 
theeonditiou <>!e/tO! — 0 at the boundary’ 
of the elamped plate, d'he method ean be applied to any kind of 
lateral ioatliiu;. To simplify our tlbeii.^.-ion we begin with the ease 
of a uniformly di-t" uted load. ThedefleetionsaJid the moments 



ri.;. S-J 


' For tin* iniitlirain . .o Iu>-r:iture on thei sahjixl iee “ Fncyklopfiiiic <icr 
Mathi'innti.'-'flicn Wi" . vol. art. 2.’) ('I'etinne-'l'inip!'), pp. 1G.5 

nnd 1!T). The ri’cent ri-a rva' *-,-* on tlie v-anie MiPjeft are Riven in the paper 
by A. F. II. Iaivp, Pn>c. AV,, vol, 20, p. ISO. T!ie first numer- 

ical rc.'iilts for c.'ilculatint; “ir>-'>'-i and deflections in clntnped rcctanpihir 
platc.s were, obtained by 1$ M. Kojalovicb in bi-i doctorV ilb'-crtation, St. 
Petersburg, 1002. Further proRre-..! was made by J. G. lioobnov, who 
calculated the table.s for defh-etions nnd tnonient.s in uniformly loaded 
rcct-iriRulnr pinte.s with cl-'imped edRe.s; .see Jtoobnov’.s ‘‘Theory of Struc- 
ture.s of .Ship.s,” vol. 2, p. .St. PetersburR, lOM. 'I'lie same pniblcm was 
di.scu.s'-ed nbn by 11. Mei.ekv in bis di-sertation "Per Spanmmesrustand in 
rcchtcckiRcn Platten," Mt'nieli, 1013. llencky’s metlunl was recently used 
by I. A. Wojta.sr.nk, J. Ap/tl. Mtch., vol. -1, j>. 173, 1037. The numerical 
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in fhi'^ v.'i!! ijf’ rirnl with rr.'pf’f’f to fiit^ roortiinnto riAf'.- 

fhovax in Fip. S2. Tho deflf'ction of a simply Mippfjrt' fl filnto, a*-- 
given by En. (12G) fpngo 12S), is for the new voonVi- 

na*e= in tim follov.ing form; 



r-.-i 






mrif . cf-i t anil nr_ w 
fo. - - (^1 ~ - o-codre/;' 

■2 , 

ro-h 

v'i-ry 

a 








+ 1.- 

7«ry\ 

(p) 



2 CO'll rr^ n 

« A 



where = ra~hj2n. Tim rotation at flK- f>fl"e y ~ h/2 of the 
plate is 



« rt I 

'S' (.rAr*r 

- r; - I • 

[a-, — fa?ih o„fI -r «-> fanh r/^)] 
_ 27/7’ 's:' f_i) 


r‘/; 


7n' 




-tnnhaX 
n \eo-h- / 


ih) 


Tx't US consider now the deflect ion of the plate by the moment s 
distributed along the edges y ±h/2. From considerations of 
sjonmelrv' we conclude tiiat. the moments ran be repre'cntr-d 
by the following series; 



The corresponding deflection ir. is obtained from r‘X})rr‘ssion (iol) 
bj' substituting r a/2 for t and taking ni = 1, ?., 5 , . . . . 


results obtained Ir.- V.'ojtaszsk in this v.ay for n tiniforrnly loaded plntf' 
coincide vdth the value? given in I}<-)ob:iov'fi ta!>Ir-. Our further di'cin-oion 
makes a?e of the method that was developed in the writer's paper, Prfx. 
TAk InU^m. Cony. Appl. Meek., Cambridge, Ma*-?., ICdtS; the method i? more 
general than tho-:e prrrdoiL'Iy mentioned; it ersn f)e applied to any kind of 
loading, including the case of a concentrated load. 
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Then 


Wl 


2 K.4=i^co.=(=3/ 

2t-D m~ cosli a„ a \ a 


rr/ 7 ) 170 / . , JH-y 


rinh 


m" 1,3.5, • 




— a„ tanh orr, cosh (d) 

The rotation at tlie cdpo y = b/2, corresponding to this deflec- 
tion, is 

•! m — I 

Ahi'A a ntTrrf^ , 

I I — — > h„ cos- 1 tanli a-, 

Vdy/v-?- 2)71) ^ 7)1 a \ 


n •* 1 , 3.0 


In our furtlier discussion we shall need also the rotation at the 
edges parallel to the y-a\is. Forming the derivative of the 
expression (d) with resijecl to x and jiutiing x = o/2, we obtain 


= « N: ;; .1. 

2rrD "ai eo<h rr,-. 

ri - t.n..'*. • • 

_L "S? 

•il) r'Osh- 

(^li sinli ftrv cosh — 2y eo-h sinli (f) 

The expression in iis.reruheses is an even function of y which 
vanishes at the edge.- y = ±b/2. Such a function can be repre- 
sented by the series 


— «„ t!mh o,, cosh 


«/ 




far// . , 7/ir// 
- sinh ™' 





.1, C(fS - 


(?) 


I -1.3.:.. • • • 

in which the co. lents .1, are calculated by using the formula 




— 2f/ cosh «r, .siidi 


;f!r//\ iV// , 

-r) 
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iTom which i: foilo"-;: thst 


I6^ j-iL£ ^ 

r.-T- c- 


I 


ro=n- cr^. 


Sub-'titutinc: thi- in rKprc^.-^or..' (c'j nnfi •;/)• '"f’ ctb'niri 


tel: - 




i'-lj * 




(r.) 
u 


In £ similar manner t-xprc'^.-'.’on.' can ck; oh'-ain'-fi for th<’’ cicfi<"'C- 
tloas Vi and for tiic- rotation at C"tin>-> for trie ra.'f' vrlytei- moment.'^ 
M. are dbtrihuted alonn the tdcc--: r = t.c-i2. A.-'-riniin? a 
sammctrica! distribution and takina 




' : t 


vre Snd for thb ca.=c. i>y u^inr exprc~don,' b) and fA), tiiat 




_L "v: 


2rD 




mrf// . , 

CO- - . ‘ I tanSi 3~. 

(j 


where 5^. = 7r-a/2i^. and that 




(tl 




/•-. 


1-! 


^ f-'-l) - frr ... 

.o nr/pY^-T- ''--J 

\A- * rn'J 

hen tne moments fc) and fz") act siraukaneoiisly. the rotation 
at the edges of the plate is obtained by the method of superposi- 
tion. Taldng. for e.tample, the edge y = h/2, %ve find 
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- y 

2S-/J ^ 


m — 1 


cos 


m 


m- i.rt,... 

( tntili ^ ?!? — ) 

\ (•Osll* Ofr,/ 


4«= /•*,. 

--l)h ^ vF ^ 



m-rrx 


a 


cos 



Having expressions (h) and {/), we can now d('rive the equations 
for cnlcidating the constants AV. and /V. in series (c) and O') wliicli 
represent tin; moments acting along tin* edges of a clamped 
plate. In the case of a clamped plate tin- edge.s do not rotate. 
Hence, for the edge's 1 / — ±f> we obtain 



In a similar manner, for llie edges r — ±a/2. we find 



(m) 


(«) 


If wo .substitute expre.'.Mons (/<) and (/) in K(i. (ni) and group' 
together the terms that contain the .‘■iune vo< {{tx/o) as a factor 
and then obsc-rve that l'',(i, (m) holds for any value of x, we can 
conclude that the c(jeflicierjt by which cos (frj/n) is multiplied 
must be etiuai to r.ero fijr each value of f. In this manner we 
obtain a system that eunsists of an infinite number of linear 
equations for calcid.iiing the coefficients Hi and tis follows: 




i^\cosh- rr, / 

l{tanho.-i- ) 


Sm 


"S' 

^ •• i.n.'p. 


H 

III 


[if ‘ m-J 


0. (0) 


A similar .system of eciuations is obtained also from Kq. («)■ 
Tile constants Hu Hu . . . , /’i, Hu . . . can be determined in 

* It i.s ii.sHuinod tlmt tie* (inicr of sunini.'tlion in exprr.ssion (1) b inter- 
eliniigenlile. 
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rr.rh p5rt;''u]ar from ’'vo ~y.'*'rr:= r,; rapja' to'i- ny 

HiCthoi of I ."'.VO riuprorviir.a'io;,-. 

To mo*Ko"i >!' c-'jU'-.ne-T tia' oa.--' n: n .-qiaar'- 

p;ato. In sur-h a th<' rn-trionti'-n of tr/- ivna:!;:: rnorn'-nt' 
alont; all Ftdo.' <if ;;a‘ -qiiaro j' th>' .'•'■.rn*’. Honoo if, / ,. and 
• I’.f' '’.VO of '■.'■tiist to:',', in'miion'''! fif.-O’vo, arc idcntscal. 

form ot C' 0 < 2 ri*!on'' 


E..{ , . \ , .Sf 




1 




‘oc- 1 


Oi 

r-o-h* o. 


tnru'i o. 


ti'.o 


in tia-.-o 


Subytito.tinc th'’ niimoricru valiif- of 

c-Oija’ion> and rorj'idonnn only th'- fir-' jo'ir r-fx-iiiriiTi*.-'. '.vo 
obtain tho folio’.’.'ina .-y.-toni of fotir '''inatior.- v.-jtn fonr unknown 
E:, E:. E, and Ep. ' 

l.S033E;l -O.OTGl/;: -rO-OISS/T: -rO.OOTl/:; ft.GGTy/: 
O.OTGiEj d-0.d045/f4 -f 0.0330/;; ~0.0! 30/;; = 0.01232/: 


0.01 SSE: -1-0.0.330/;; -r0.223.3/;‘ 
1.0071 

TEore /: 


-i- 0 . 0 103 /;: 


0 . 00100 /: 

o.mnE: ^Q.oioOE: -ho.niaiE: -bo.’.o.-''./;; 0 . 000 : 2 /:. 




— .-ca-'V. I; may l.>c .'-'■•'■-n ;haf tlx- f'-r'.n-' alon" tbf- 
diaponrd h.ave tb':- IrirEc-.-t rr-'-'-fncdf nt.-. lie-:;'-'- ',v<- fjbtr-.in tlx- fr-' 

approximation.'^ of tho ro:;-'.ant~ E: /.’: by ron.'-’idf-rinn 

on tho k-ft .ddc-x of Ko'. only th'’ tf^nn- to tlx- k-ft of ;h'- h‘''.ivy 
line. In .svx’h a w.ay v.-f obt.-dn from thr- fir-t of it.'f r-qmation-? 
E-. = 0.-3700/:. Sub'titTitinn tlik in fix- ^v^-onfi »x]u.at:on. v:o 
obtain /f; = —0.030.5/:. SutH'itutinc tlif- vnluw- of Ab and A; 
in the third cxjmation. wo find E-, — — O.OISOA'. Trorn the la-^i 
c-q-aation vro thr-n obtain E- = — 0.00S3/:. Siib-titutina tho-o 
first appror-dmatioms in tiio terms to th.e riahi of the heavv' 
line tn Eq.s. fp), we ran c.aleulate tlx- sr-eond nppronim.ation.';. 
■rrhich are A; = 0.3722A'. E-. = -0.03S0/:. A; = -0.0I7SA'. 
E- = — O.OOSoA^. Ropeatinq the ealeulation.- again, we .‘^hall 
obtain the third apprommation. and so on. 

S-abstitutir.g the r-aieuiated values of the coc-ffirients A-, 
Ej, . . . in seric-s ‘'c). we obtain the bending moment.^ along 
the clamped edges of the p!at»>. The maximum of the ab.=olutc 
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vnliio of I hosn moinonts i.s at <hc middle of (he sides of the .square. 
With tlie four Etjs. {])) taken, ihi.s value i.s 

|i'/vU';.x-o = - -^'-1 0-0''517ry«=. 

The compari.'-on of thi.s ie.‘'Ul( with Boobnov's table, ealeulatcd 
with a much larf^er mirnlxT of eqii!ition.« .‘^itnilar to Kqs. (73), 
show.s that (he error in the raaxiinum bending moment, by taking 
only four Eqs. (p), is le.«s than 1 per rent. It may be seen liiat we 
obtain for the moment a series with alternating .‘-igns, and the 
magnitude of (he error depends on the magni(\ide of the last 

of the ealeulated eoefheienls /,‘i. A’j 

Substituting the values of Ah, Ky., . . . in expre.-sion (d), we 
obtain the dt'fh'ction of the plate produced by the moments 
di.stributed along the edges ;/ = ±l>/ 2 . For the center of (he 
plate {x = y — 0) this deflection is 


(iCi)i_y_o = 


;a- cosh n. 


n- I.n..',, 


hid 


Doubling this re>ailt. to take into account the action of the 
moments di-^iriliuted along the .side.s j -- ai.d adding 

T.sm.!: an ! U ri c.('T^u^^ am> itr.r.niNf! Mioic.vrs tx .\ U.viroaMLY 
I.u.’.ei.i) wf.ci.Mi unit Itcu.r-ix I'.dchs 

. - 0 ,:! 



V. 


o.ni; 5 S 5 !‘ /;/.> 

0 0.', 135-1 = 

-o.o.'i 135,1= ; 

0.0101 53 • Eh - 

0 0 .'iSl 5 .j! 

-- 0 .D.V.JX 5 i= ) 0 . 02 t>l 5 ,!= 

o.oi.ss5i< 

U 0 .; 31 i 5 := 

-■0.0:,.*.l5'i= : 0.02995.1= 

0.020a 5!' Eh ' 

0 Itis75i= 

-0,0:.035i= j 0.03275-1= 

0.022051' Ei :- 

-0 072051= 

-~o.o:.r.xi;,|5 i 0.03195(1= 

0.021051* Eh ' 

0 07 .'>751= 

\ 

0.02r)l 51' El .-- 

-0 07 x 053 = 

-0,0:.7l5-i= i 0,0:1x15.1= 

0.0200 5(1' 

~0 07lt95,i= 

~0.0.'.7l5.i= ! 0.0:1925-1= 

0.0207 5(1 VAVr 

-0 0x125,1= 

-0.0.’’.7l5i= \ 0.01015,1= 

0.0272 53'//;/<> 

-0 0x225,1= 

~ n .():, TU/<r ‘ 0.010751= 

0.0277 511 VAVi'i 

-0 0x211511= 

-().0.’-,7l5)= 


(M, 


0 . 02 .tl( 7 .e 

I 0 . 022 S^'iJ 
; 0.022253= 
I 0 . 02125 !!= 

i 

! 0.01935,!= 

I 0.01825-1= 

: 0.017-153= 

■ o.oit)ri5!i= 



PLATFS V.-ITP VAPinrs pj/7K '"O.VWr/O.V^ 


onn 


to th" of ‘hr- j^irnp*;* sTipj^ct* -'pj-rj' p!.'it<' r r.'v'f')!c - t}. 

■rre o'jta::: for '.h*- :=/ o.-rst'^r of n uniformly lonrlod 

^uusro "late ""ith c’-amn-'-'i 


f L~ . . 


•: 0.04-13 - 0.030-3) -’V. = 0.0537-;;;-.- 
Ln- hr.- 


ic; 


?*rn^I'^" caic*tIa*!oa-^ can ma'*'"- for nnv ratio f-A t?;'*- 
of a rc-rtanct:Iar plat''. Th*'- rrv-ilt-; of ra!’“u!.'ifion' arc 

gtv^n in Table 30.= 

,3.= a feeor.'i cnamn!-'' let t:~ ror.'M'T K-'-ndir.a fh a n-rtansnilar 
rcate rrith claratV'd hv a Inafi /* rottroaTrat''*'! at th'- renter. 

Wc tfectn acaln "dtti the cr-^e of .a -tnipiy supportrii rrrtc.ncttlar 
plate. U.dnc the rr*-';!*' of Ar". 32. f.mi from expro.-.do.n fj) 
’'’?ee pace I4S} for the unloaded portion of the pinto and fory > 0 




. . r:rv , r:ry r^y 


-h Bl dnh 2'.:-: 

c 


-f eo'i: J An (>) 

a n / n ' ^ 


3Vhen the plate L> londc-d alone r. narrotv .‘•trip of th*' ’.vidth h; 
extended alone the n-axi-. the con-etant.-' A[,. B'„. . . . , calc'ilateei 
from the paneral c-.xnre-'don' on r>.aee 1-50, arc 


_ r:xO;'a, f \ 

-1„ = -J ; \ ^tn.u a-. )• 

-zC CO'H a.i\ co-.n a~/ 


Bl 


rtTO -c- 


C1 


T.rhin^ 


tanh Dl 


rnrOtC., 


nrhere, for a concentrated load P at the center of th.o plate. 

_ 2PGb--I)V 

Subetittriine into ercprc-5sion (r). vre Snd 

t The table -ttos csIraJatc-fi bv T. H. E'.-ao?: s/^ J J pp' 
p. A-T, 1539. ' ' 
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XI' = 



«c 

n — 

1 




Pa- 

^ ( 


- Cl 11 

7/1 rx 

1 ? ( cnili rr 


2x^D 


nP 

• *111 

a 

. iiT'iiiii tin 

[ ro'^h ar,\ 



- I..'!..'. • • • 







cosh 

7/1 ri/ 

sinh 

7/ir// 

— tanh sinh 

raxy 

cosli «„/ 

a 


a 

a 

a 


, xn-rit , t;!t 7 / 
J cos'll — i 

a a 


is) 


Taking tlio connlinnk- axisa'-'.^hown in Fig. S 2 , ut imist .‘''ubstilutc 
X -}- a /2 for .r in ('xprc-'-^ion (s), anf! wc obtain 


ir 


2 r= 7 i 


1 ^ _ airj-j 

»r « 


^tnnh <rr-. 



v.rit 

a 


sinh 


7 «ri/ 

a 


n.’Tg 


tanh >ifih 


;arr/ 

a 


XHTXj xnxij 
C 05 h — 


I’ho angin of rotalicrii along the cflge ?/ ~ b;2 i< 



I\x 1 viTX banhjr^ 

'2-' I) vv * (I ro'h Or, 

S-. - I T .*,, ■ - • 


(0 


To oaicnlatf tin- iiciniing moment.'-' along the rhimpf'd edge.'^ \ve 
proceed a.-' in tin’ previous ease and obtain the .same two .sy.stem.s 
of Kq.«. (m) and n 'I'iie e.xpression.s' for (c. and tc; are the .«.anic 
ji,s in tlie previtejs ( and if v.ill be necessary to eliange only 
tlie first term of t'erie equ.ations iiy .subsiitiitiiig expri'.ssion (t), 


instead of 



in F‘). ijn). and abo a eorre.sponding expres- 


sion for 



in Fq, ifi)- 


For the particular ca-e <>f a square plate, limiting ourselve.s to 
four equations, we find tli.M the left side of the equation.s will be 
the same a.s in Kq. (p). 'I'lie right sitles will be obtained from the 
expression (/), and we find 



2Zl 


I'LATEH WITH VARIOI'E TJ/GK COGhlTfO::/, 

i.S033/:i -r i0.07r/i£; ~ O.OiSSE: -f 0.007 1 A’: ^ -0.1S23P, 
0,070-^Er -r 0.40 -f j 0.03.30/>. — Q.OI'/JH: —0.0020;'/'. 

0.0ISSjE:i-r 0.0330/:; -r 0.2205A. -f j 0.010-3 /:t -0.0000-1/'. 

0.007lE;-r O.Oi.30/:;-r 0.0103/:;-- 0.1.73H 0.000005/'. 


Solving ihl- py-t/’in of 1<>' 

a- iyi-forf:. firi'i 



El = -0.102.5/0 /f; - 0.0203f', T; O.OOS2/0 

El ^ 0.001,5/'. 


SalH-.i*u*2nc: the--'': v;i!'2';'- i:: f-xiin-'-ln:: <r), th" l/"Tuji;i" rnornfjjf. 

for tho rniddlc* of ifi" 5:d“ y -- 5/2 !'•* .5 iiior'' 

accurate calculatiorr givo- 



Comparing thi.= ro."j!' v.dtJi {h.ot for t;.-'- onii’orrjily lor:oO.<l .cqt-.'ir'- 
plato, T.'e ooncitido th.a? tho uidfori.n load prodi)''- jno:ri"ri'- at 
tho rniddlo of ‘ho -ido.- tha'. arc h-.- thati half of fhiat '.vidch th** 
same load p.^odiicoi- jf oo .a centra tec] nt the ccritc.-. 

Ha’dng tho morn'.-nt- along tho cj.arnrH-d f -lge-. v.-c ran calculate 
tho corTO;p'’-'“''Chn" deflection.-' hy li-ifj" Ifo. 0/^. .Stip'-rpo-ing 



dcfloc-tioas produced by the moment,- on the dcflcctjotH of ti 
Kiraply support.ed plate, tee obtain liic deflections of the plate 
v,-jth b’lilt'in edge;. By the itarne methfri of suj)er{)osif ion tiie 
other information regarding defleetion of plates- with liiii!t-in 

^ In tF;L? c.';IcaI.'it.:o,n -cr/eri eqii.atio,n.?, irute-fi r,: four muhtl'in^. t.'ikcn 
aho—f;, wem 11 =-';^!. 
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edges under a central concentratcfi load can be oijtaincd. Some 
results of such calculations are given in 'lablc 31. ‘ 

It. is seen that tiie moment and the deflection approach 
rapidlj' constant valuc.s, corresponding to h/n = jus the ratio 
b/a incrcasc.s. 

45. Continuous Rectangular Plates,— A rectangular plate of 
u-idth h and length = n, -f Oi + oj supported along the edges 
and also along the intermc'diate lines /ts and tt, jis shown in I- ig. S3, 
forms a simply supported eontiniious plate. The bending of 
each span of such a plate can be readily inve.stigatcd by combining 


X 



• C> * 



(b) 


I k,. S-i. 


7S 


the known .'•■olnfions for laterally loa.ded, .--■imply .supported 
rectang\ilar i)lutc.-- with thu.^e for rectangular jdates bent by 
moments distnl>ute(i along the edgt-s. 

Lei us Ingiii -• •!! the .symmetrical ca.se in which 


and the middle .-.pan is uniformly loaded while the .side sp.an.s are 
without load (Fig. s:pi), (’on.sidering the middle sjtan as a 
simply .supported rei tanguiar plate ami u.sing eNpre.s.sion (5) of 
the previotis article -ce page 22.3). we eoiielude that tlie slope of 
the defleetiori surface tiloiig the edge j; = a/2 is 

* Tlic t!il)k- wa.-i catciilati cl liy D;uia Yeum;, J. Appl. Mtch., vol. C, p. 
A-IM, 1039. 'I'o elitaia tin- aiiiiacnt.s witli the Kmr rorreet fiRitres it wa.s 
neco.-s.ary to usf- in flits calculation .-even coctncicnt.s A’ and .seven cocincient.s 
F in Ikis. (in) and (n). 
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2^1/' 

t^D ^ 


r-]) = 


- Janfj f}-). 
h \rfftv / 


rrhore 8~. = inrn/2h. Or.in" to IIk- rontintsity of fh''' p!rit^, 
tK^ndinE rnom'''rit.' 3/- rir<"- di'-trihiit''''! nlonc tlK.- rdz^:-. ~ i:'t/2. 

From 5 -ymmotr}' it F that tho-'O jr.onvnl- can ix- rcj>r'-cnt"d 
bv the fo!!ov,-inc ?cric.-; 


= T. - 




The dcj3c-clion= tr; prr/inf'cci by tjif-/- rnorr/nt^ ran U' ob'ain'"d 
from Fo. ^151), and tlK- rorri->pon'\\uz aloni;: the 

xz = a/2 [500 Eq. (c), pajrc 22-;] 55 




-A. 

2zD ^ ■ ' m 


mxijf 13 . 5 -. \ , . 

X tanh vr, -1 .-r-^ )• fr i 

b \ co-Jr ' 


From the condition of roritinnity v.r- con^'htdf ttsat thf -urn of 
c-:cpro=.?iorL= f'a) and ('ey rf-pr^-'^-ntint: tix- j-Iojx of th'- alona 
tfco iino x.z — a/2 mn-t ix- r-qnai to th'- Aojf- aion" th'- .'-rime lirjc 
of the doficction ^irrfrxc of the plate in tiic adjacf-rit r-jjan. Con- 
sidering f.hi= latter sjian a.'-- a simply supj)ortr-iJ rectringular plat/- 
bent b;.' the inonx-nt'-- 0,) di'trihu»/-d along the edge r; = —a/2, 
vre find the corrf^ponding deflection ir- of the plate by using 
Eq. (154) f.sec- page 201) from v/hich follo;v.s 

* r: — 1 

r. *« 2^*^.', ' - • 

1 1 f x„,t, o I ynrXi m-rxi . , mrrjX 

[rshety- T -jr) 


- — Mth ii„b ^ - :2g.' 

Einh - h h 
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The corresponding slope along the edge Xj = —a/2 is 


^5h)2\ 


b ^ En!-.- 

.5 ‘\ttD wi 

m •" I .n.r*. * • • 


cosh (Jn + ™l}, (C) 

The equation for ealcnlating the eocfiifieni.'; K„ is 



bit),,..''- ' V’-r 


Since this equation holds for any value of y, we obtain for c.ach 
A'alue of m the following equation 

~{tanh 

■r‘'D 7?d\cosh- do, / l-rl) in \ cosh- d^/ 

from which 

p 

r'/a' 

d-. tanh d-. eo-ir d^, , ^ 

3 tanli d-s eo-li- dr-. -T- eotli dr. co-^h- dr, -f iid-, — dn coth- dr, ” 

It is .«een tiiat decrease.- rapidly as m increases and approaches 
the value — 27 /'- -'ur. Having the eofflieients calculated 
from {(j), W(‘ o!)taiu tie- valm s «>f the ixniding moments d/. along 
the line tl from e\[)rt ',rion (h). d’he vahie of this moment at 
7 / = 0, r.c., at tin- middh- i>f the widtli of the plate, is 




iu~\y 


Taking, as an example, b ~ a, w(> have dn = wx/2, and the 
formula (y) gives 

E, = Ei =■ 

K, - 

*> 

.",.^..0 -O.OdSH/tr. 
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1: r. rpan i- •irAnorr-.'.W rL' -’lov.'n ir; nr. ?3'‘, 

:on fr.iniv*''? i- i'.'.' lonr'T "vrr.iiv'ri'T'.: r*'';- rt to t;;" 

'.••'-rticr; a?::.- of fvrrirr.'''.r.' of thf- rliA‘ . tl." rr.o::>^-nt 

<i:-:nbiil;or:i rlonc tb" ii!:---- nn'I ti u:>' no* i'i' ni. I.ot 


i; * 1.^ ci.- 


To calcuirto tho oo-'-ffi'";'':!’.- /.T o.o.a I\ v.-.- derive tv.o ^yrV Tr.- 
of erur'-ion? frorr. ;L'“- of con*!.o’::t" of th'- 

fnrfrco of the r-'liiV' olorir ib*’ v-t-'i f rfnr ‘b'' 

loado-'i fpan sr.d f-.f.pr’--:'.::- 'cj or.d v.-.-- ^1/. 

s:opC' of the defie''t;or: .''irf:!---.- r/. -.!;■• poirst'- of th'’* -’it'rK^rt 
for C; = C: = C; = c. i- 

/coA 2c'.= 'S: ‘-i';’'- yrvf sT 

\cr.A-,.| " r‘l> ^ ■" ""i 

- tr-nh ~ - - ro-r. ' 

.J J \ 

~ OO'.'i 5_. ). .■>; 

co-h- 3-, .-:nh- r.,/ ^ 

Con.T:derinr t;o~ the rrdddf'"- ?-pm ri oir.o- ov 

the moment- GL-'trib'tt<''d alor.r the lir:*— ' ■ .''.nd ritid cr.V'n 
by theiones {r.). -.re find, by u.-:nr Ivi. '’>.>{) O':^: trice 20?). 

* ^ * 

(6ir\ _ h 'S: ^-1)“-^ 

WJz:--| 4rZ> m - 




From expression.? f:) nnd (j; v:fi obtstn tiie fo’Iovdnc sy.-tern of 
eenistions for cniculattnc coefneients and F„‘. 
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+ C„) = + /’«) - C'„(7!J„ - F„), (/;) 


where the following notations arc used: 


cosli^ /3, 


— lanh^m, Br 



ri • i »* fl 

sinh' ^r. 


\eo.s 


o.sli-/3. 


+ tanh pr 


coth P„- 


The slope of the deflortion snrfaco of (he middle span at the sup- 
porting line U, by using expression (j), is 


fe) 2 

+ + """■ ^") + - sFfc)' ■ 

This slope must bo ('(pial to the slope in the adjacent unloaded 
span which is obtained from expression (r) by substituting/'^ for 
/in. In this way we find the second system of efpiations wliioh, 
using notations (/), can be written in the following fonn: 

B„(Er, + I\) + C„(I-\ - E^) - - (//. + {m) 

From this equation we obtain 


• r\ **f 


C “ /tn 


■ " -f c’„) 

Substituting in F.qs. (/:), we find 

,, _ , S'/a- 2(/t^-bC„) 

Vad -'ir/C + 

Sid)s(ituting in each particular ease for .L,, B„ and Cn their 
numerical values, obtained from Ktis. (f), wo find the coefficients 
and and then, friun expres-ions (/i), we obtain the bending 
moments along the lim ss ; ind It. Take, as tin example, 6 = a. 
Then P„ — ;/)r/2, and we fiinl from Kqs. (/) 

A I - -0.0077, /i, - -1.1G07, C, = -0.793G, 

As - -0.0'), S3, Hs - -1.0013, Cs = -0.9'JS7. 

For 7)1 larger that! 3 wt* can take with suflieient accuracy 

/I r* ' - /tf^ — — 1 , 

Substituting the.se values in Kq. (o), we obtain 
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_ Scav rr 

iii ^ 0 ,i< 20 . Ez — 




X24&6, E. 




I r'i- 




’j-zzz-z.z £' *iic- r-iiddle- o: zh^i -lo^orr. a i= 

^ (E._- Ez^ Ez - ' ' ' ; = - 0 . 0424 ^ 2 ^ 




For t-Le rriaoL? o; =ripport ve o.">‘s.rr: 


— ,fr 7 ' 


= i'F: - Fr F- Fs - ' ' ' } = O/j'O^i&aF 


Hsvfng: tFe K^ding: nio-iic-r-r^ alor,? tee irne? ot ";pp<irt, the 
dedecd-oe-r od tFe plate re eaerr srpse cae reatiilj' be oPtained by 
Hrreeme-drig ori tee defeetieee 
credited bv the lateral load the =^t; 

dedto'tieet dee to the reoeoeete 
-rr,eorf= 


■ .-; iujO-t--, 


r 


r 

r C:. 


! IT. 

f / t 


lee ecTiattoe* tir/tarr.ec ror / c 

r 


three =par.= eae readdv he gee- 
eralized aed expanded for the 
caseof aejariraherofspar-'- In ^ 
this TTzr ae eoriatroe strnilar to FT 


74 r ■ I 7„.-f 
r . ' f 


rc: 


/ 

ct: 


Ft'}. i 4 . 


tee titree n:oeoeet= eq^iatioee or 
eoethreo’*!? hjearet edli he ob- 

adfat-eet =pae~ f and f -f- 1 0 : the length a.; and o:.;^.:, respeetr/ely 
'Tls, S~j, The eorrespondhig o'ghres of the ftmetroee ffj are 
denoted ht' A^. Fh Ch: and AFy Ff'- F^h The bending 
moment.? along the three eoneeerrtive imss of support can be 
renneented fay the series 

30 .^ = i 


rr.— I 


rr.A 7 ^j 




r-i) ^ Ft'- cos -y-, 
0 


'-FI cos ^ 


3 F 


r- 2 


TK-^l 


EEr- cos 


Tr.;nj 


h 


«=nnn--- 

'T^ pro^erc rn a sr/rcsTrl'^-; ornerent Trav Tras dkrnr.^Hfei by E- G- 
<^eriru ''ntLame rofa Kates^” ilosm-Tr, logg'. Cort^rr.notL; plater on 
cearrs Trg-ra coramerei by :r, jr. 2 re 7 tnar>, £i/:R, tV.'?. JET,, g-i l&Sg. 
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Considering tlic span 7 + 1 and using expressions (o) and (j), wo 
find 

w n — 1 


( dw \ ^ ^ 

m •" * * • 


( — 1 ) “ 

— cos— 
■vr b 


a: ni — 1 

^ Llii-l- cos — -[(7i' + 

irrD 7« b ^ 

- (p) 

In the same manner, considering (he span i, we olitain 

»■ m — I 


fdw\ 2q,b^ 'sn (-1)^' wJ-'/u 

\,W,.i. = +7 2i 


m- i.n.r. 


7?r 

rj-l 


j ^ !)_ (.o< — “i-VF‘-' + F*' 

^ ci~o ^ m ‘ 6 


pip-i.rt.ri. 


+ (F^ - 7;+')Chl. (7) 

From the condition of oonlimiity we conclude that 


Vlj-M-l/ ^ V-T*/ .. ^5.‘ 


Sulistiluting expressions (p) juid (</) in this e(iuation and observing 
tliat. it must he satisfied for tiny value of »/. we obtain the following 
equation for calculating , /+ ami F;.;': 

E'-hik - (-\) -h iwiu + d- liu' d- C+-') 


+ F+h/t*:' - F-') 


- 7. . I -d ir ' d- 7.-1 1,) . (1 on) 


liquations (/;) and (m), which we obtained jireviously, are par- 
ticular eases of (In'; c(iii:ition. We can write as many Kqs. (155) 
as there sire interinediaie suiiports, and there is no difliculty in 
calculating the moment «. at the intermediate supjiorts if (he ends 
of the jilate .are sim[)!v ‘.iqiporterl. The left side of Eq. (Iv55) 
holds not only for unifnnn load but also for any type of lo.ading 
that is symmetrical in each span with respect to the x- and 
7/-axcs. The right side of Eq. (15.5), however, has a difTcrent 
value for each type of loading as in the three moments equation 
for beams. 
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46. Bending of Plates Supported by Rows of Equidistant 
Columns. — K the dimensions of the plate are lai^e in comparison 
with the distances a and b between the columns (Fig. 85) and the 
lateral load is uniformly distributed, it can be concluded that the 
bendins: in all panels, which are not close to the boundary of 
the plate, may be assumed to be identical, so that wm can limit the 
problem to the bending of one panel only. T aking the coordinate 
axes parallel to the rows of columns and the origin at the center 
of a panel, we may consider this panel as a uniformly loaded 
rectangular plate with sides a and 6. From stmunetiy* we con- 



(c) 

Fig. So. 


elude that the deflection surface of the plate is as shown by the 
dotted lines in Hg. 85b. The maximum deflection is at the center 
of the plate, and the deflection at the comers is zero. To sim- 
plify the problem we assume that the cross-sectional dimensions 
of the columns are small and can be neglected in so far as deflec- 
tion and moments at the center of the plate are concerned. We 
then have a uniformly loaded rectangular plate supported at the 
comers, and we conclude from sjmmetrj' that the slope of the 
deflection surface in the direction of the normal to the boundary* 
and the shearing force are zero at all points along the edges of the 
plate except the comers.- 

^ In this Eunplified form the problem was discussed by several authors; 
see, for example, A. Xadai, “Uber die Biegung durchlaufender Flatten,” 
Z. angeic. Hath. Meek., vol. 2, p. 1, 1922; and the book bv B. G. Galerkin, 
“Tnin Elastic Pktes,” Moscow, 193.3. 

-Tne equating to zero of the twisting moment M.,j along the boundary 
foUows from the fact that the slope in the direction of the normal to the 
boundary is zero. 
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Proceeding as in Ihe case of a simply supported plate (Art. 29), 
\vc take the total deflection w in the form 


where 


W = Wi + Wi, 


Wi 


384 /A Ir ) 


(fl) 


rcprc-senls the deflection of a iinifornih’ loaded .strip clamped at 
the end.s y = ±h/2 and .sati.^^fie.s the differential efpiation (101) 
of Ihe plate a.s well a.s the hoiindary conditions 




.. 0 / (Vwi fl'icA 


The deflection ic; is taken in the form of Ihe series 


= 0 . 


(c) 


, , imrx , 

IC; = .4 0 4- >, A cos ((/) 

rt • • • 

each term of which satisfies the conditions (r). The functions 
Pr. nutst be chosen so as to .<atisfy the homogeneous crpintion 

A^icc - 0 (r) 

and so ns to make ir satisfy the boundary conditions at the 
edges y ~ ±6/2. Mquntion (e) and the conditions of symmotrj’ 
arc satisfied by taking .‘•cries (d) in the form 


u>5 — A 0 -}■ 






/ I 1 f""! 

I . I, ..cosh - 
\ « 


sinh 
a 


iTry\ mz-x 

— ~ I cos > 

rt / a 

if) 


whore the constants Ac, A^. and H„ are to be determined from the 
boundary conditions along the edge // ~ 6/2. From the condition 
concerning Ihe slope, viz., that 




we Vcadilv find that 


tanh Or 


/n't 
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in whieli, as before, 


Clr% = 


m~h 

2a 


(h) 


Considering no-^v the boundary condition concerning the shearing 
force, vre see that on a normal section nn (Fig. 855) of the plate 
infinitely close to the boundary' y = 5/2, the shearing force Q.j is 
equal to zero at all points except those which are close to the 
column, and at these points Q,j must be infinitely large in order to 
transmit the finite load ^qab to the column (Fig. 85c) along an 
infinitely small di.stance between x = a/2 — c and x = a/2 -f- c. 
Representing Q,j by a trigonometric series which, from symmetry^ 
has the form 


Q.J — Co I Cr-. 


and observing that 

Q, = 0 


k=2,4.C.-- 


cos 


m-jrx 


a 


(^) 


for 0 < X < ^ — c, and that 


J- Q, & = 


we find, by applying the usual method of calculation, that 

r — 905 _ P 

° 2a 2a 

and 

C — ^ f nr. F, 

t/rj — - Qy COS dx (— 1)^J 

Oja a a 

where P = qah is the total load on one panel of the plate. Sub- 
stituting these values of the coefficients Co and Cr-. in series (f), 
the required boundary condition takes the following form; 


m B 

y—T. 


-d(~ ' ^ 

\dy- dx- by},jJ>^ 

i (-1# 


cos 


El =2.4.6, • 


mirx 

a 


2a 
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S\ibstit,uting expression (o) for w nnd observing tlmt llic second 
term in parentheses vanishes, on account of the boundary condi- 
tion dw/dy = 0, we obtain 





from which, by using expression (/), we find (hat 

7n-V-'> P - 

D-^KAr. + 3/i„) siidi cosli «„] = (j. 


Solving l^qs. ({/) and (j) for the constants A„ and B„, we 
obtain; 

, , _ _ }Hi- Or. 4- tai ih 

” ~ 2inVlP siuh (anil nf„’ 

~ ^ ^ ■ shd?^' 


The deflcelion of (he plate takes tin* form 




to 


f 1 _ 4- ,1 , -J- 'S' . i. _ 1!1.. « 

3 S 4 /A (>" J 2 r’/; ^ 7 «^«inh a., tanh 


l.O, • 


tanh «r, — ^ smh — — («„ A- tanh n„) rosii — -i- 

0 a a 


Un 


(0 


3'he constant .Ip can now In- df-ti-rmined from the condition that 
the deflection vani.dics at liie corners of the plate. Hence 


and 



0 , 


Ao 


qerb 

2rV} 





Of »*> 


+ ta nh ftr. 
tanh- nr, 


(»0 


The deflection at any point of the plate can be calculated by using 
expres.sions (/) and (tn). The maximum deflection is evidently 
at the center of the [date, at which point we have 
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cb' cc^b — 1]' -r tanh a.„ 

'j-;^i7.jf=a — j sinh tarih. «« 

ffl = 2'. 4:.^- 
ac 

_ ccAb ^ _ g-r, -r tank 

2-x^D ri*\ tanh- a.^ } 


(n) 


Vslttes of tM? deSection csicidaced for several values of the ratio 
5 /g are giver, iu Table 32. Values of the bending moments 
snd calculated by using formulas (99) and 

exoression {1) for defiection are also given. It is seen that for 


Tisns 52. — ^DHrLScrroN's .ear* Mojnnrrs .vt vm: Cextsk of a P-^xel 

:r = O.S 


t'G = 


1 


lA 1-2 


l.< 


1.4 


i.O 


2.0 


cc 


V = Ci =10 -06§40-Cc52 0.0467.0.0420 0.0S91 0.0S6S O.OolO 0.02S4 

^■'"1 1 i ! i ! 

.bV = (=.??•-) 6 =b-C3.5S0. 02920.02460. 02100.01S60. 01690. OISSO. 0125 

jr, = f,cc-.s-. ='0-0S09'0.Co72 0.0o77'0.0SS5 0.0392 0.0o9o 0.0412 0.0417 

' ' 1 ‘ . it 


h > c the maximum bending moment m the center of the plate 
does not diner much from the moment at the middle of a uni- 
formly loaded strip of length & clamped 
at the ends. 

At the points of support of the plate 
there are concentrated reactions 
acting, and the moments calculated 
from expression (1) become infinitely 
large. To obtain the actual stresses 
in the portions of the plate near the 
columns, the cross-sectional dimen- 
sions of the columns should be considered. Let us begin udth 
the case of a circular column. The calculation of the bend- 
ing moments, using expression (1), show's^ that in the case of a 
square panel (a = f>) the bending moments in the radial direction 
practiceJIy vanish along a circle of radius c = 0.22o (Fig. Son) so 
that the portion of the plate arouud the column and inside such a 

^Sacb, cak'ulatioas v.-ere made by Xadai; see hts book “EI?.stisehe 
Flatten.'' p. 155, Berlin. 1925. 
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circle is in (lie state of a simplj' supported plate. Hence the 
conditions of bending around a column are as shown in Fig. 80, 
and the maximum stress is readily obtained by using formulas 

(75) previously derived for circular 
plates (see page 67) and combining 
ciuscs .3 and S in Fig. 36. 

The bending moments corrasponding 
to the centers of columns of rectangular 
cros.s section can be calculated by 
iisstiming that the reactions are uni- 
formly distributed over the rectangles, 
shown shadc'fl in Fig. S7, that repre.«ent 
the cross sca^tions of the column.s.* In 
the ease of square panels and square 
cohimns we have c./a = d/b = k, and tier moment.s at the centers 
of the column.s and at the centers of the panels are given by the 
following formulas: 



Fio. S7. 


(iVr) o = {M,) 

z 


h t')7«- 
.} _ 


(1 - /■•)(2 
l2 


, 1 'sn 2 . , vx-xh , air(2 - /; 

sinh mx 2 2 

ri "* 1 


sin nir/: ; 


LniL: a. mr/.-sin mxk '] 

4 [ 12 ^ rV.sinhwir J 


The vahics of these moments, ealculnted for various value.s of k 
and for v = 0.3, are given in Table 33. 

It is seen that the monifiils at the columns are much larger th.an 
the moments at the p.-inel center and that their magnitude 
depends very much on the cross-sectional dimensions of the 
columns. The moment.- at the panel center remain practically 
constant for ratios up to h — 0.2. lienee the previous .solution, 
obtained on the assumption that the reactions are concentrated 

• Tliis cusi; was iiive.stigatiMi by S. Woinowsky-Kriegcr, see 3. angnr. 
^fatli. Mrch., vdl, 1-1, p. i;$. t'.r.U; m‘v ul.-o tin* papers liy I.ewe, Rauui- 
gciiietxr, vol. 1, p. (131, 1021); uiul liy K. I'rey, iSmtiiKjciiicttr, vol. 7, p. 21, 
1020. 
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at the panel corners, is sufficiently accurate for the central portion 
of the panel. 


Table 33. — Moments at the Cesteji and at the Cobneiis of a Squabb 
Panel of a Unifobmly Loaded Plate 
= 0.3 


c[a = k 

1 

0 

0.1 

0,2 

0.3 

0.4 

o.r, 

Oimir. = 

1 

P-\ 
Pi = 

— 

o,oa;'io 


-0,H2 

0.0348 

-0. JOI 
0.0334 
0.842 

-0.0730 

0.0313 

- 0 . nr , 28 

0.0287 

0,419 

■I 





The .shearing forces have their maximum value at the middle 
of the sides of the columns, at points m in Fig. 87, This value, 



for the case of square panels, depends on the value of the ratio Ic 
and can be represented by the formula Q = yr/a^. Several 
numerical values of the factor y arc given in Table 33. It is 
interesting to note that there is a difference of only about 10 per 
cent between these values and the average values obtained by 
dividing the total column load by the perimeter Aka 

of the cross section of the column. 
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Uniform loading of the entire plate gives the most unfavorable 
condition at the columns. To get the maximum bending moment 
at the center of a panel, the load mu.st be distributed as .shown by 

the shaded areas in Fig. 880 . The solu- 
tion for this ciuse is readily obtained by 
combining the uniform load distribution 
of intensity (//2 showm in Fig. SSb with 
the load f]l2 alternating in .sign in con- 
secutive spans .sho\ni in Fig. 8 Sc. The 
deflection surface for the latter ca.se is 
evidently (he.same as that forauniformly 
loaded strip of length a simply supported 
at the ends.' Taking, as an example, the 
ease of .square panels and using the values in Table 32, we find for 
the center of a panel (Fig. 8 Sn): 





2 ''/ 


0.0031 


Avf 


h q (I ' 
381 2 T) 


0.1028 


qn^ 


= Iq • 0.03.')y«- -1- = 0.0.S0r)7nq 

(i1/v).-v-n - \q ■ 0.03.')0«- -b OmCuqn'. 


The case in which one panel is uniformly loaded while the four 
adjacent panels are luU loaded is obtained by superposing on a 
uniform lo.'ul 7/2 (he load 7 / 2 , the sign of which alternatc.s as 
shown in I'ig. 80. In this latter caw each paiud is in the .same 
condition as a simply .supinuted plate, and all nece.ssary informa- 
tion regarding Inndiug can be taken from Table 5. 7'aking the 
case of a squ.are p.'iiicl, we find for the center of a panel that 


- 2 '/ ■ 


■* 1 n 

+ r// • 0.01-13 


Av'-. ” 


= (.U,)r-v-o - Vl • 0.03500= -1- h} • 0.0170n= = Q.Omqa-. 


The ca.s(! of bending of a long n'ctangular plate .supported only 
by the two jrarallel rows of eiiuidistnttt columns (Fig. 90) can also 
be .solved without any difiictdty for .several types of lo.ading. e 
begin with the case in which the plate is bent by the moments 
represented by (he seric.-; 


' It i.s n.s.sumoil that tlic I'liliiinn.'i nre not rigiilly connected with the plate 
and can produce only vertical renction.s. 
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^ ^ n =2,4,6, --• 

Since there Is no lateral load, the deflection surface of the plate 
can be taken in the form of the series 



in =2.4,6. — 


the coefficients of which are to be determined from the following 
boundar 3 ^ conditions: 




- iu + 2 

m = 2,4,6. 


D 


dy 


3 + (2 - v) 


d^w 
dy dz-jrj^ 



Er-. 



is) 


and from the condition that the deflection vanishes at the 
colunins. Substituting series (r) in Eqs. (s), we find that 




A 


m — 


Br: = 


_^0 

2D’ 

a-En (1 4- v) sinh oy. — (1 — v)cin cosh Or, 
■r'hn-D (3 -f- ^)(1 “ c) sinh Om cosh Om — 0^.(1 ~ v)~ 
ci~^Ef:i sxnh ocjTj 

■KhnrD (3 + v) sinh 0^1 cosh Om — am(l — v) 


(0 


Combining this solution with solution (J), we can investigate the 
bending of the plate shown in Fig. 90o under the action of a uni- 
formlj^ distributed load. For this purpose we calculate the 
bending moments Aly from expression (Q by using formula (99) 
and obtain 
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2^’ _ £«?» 's;;' 

12 2v^ vt 

m- 2.1.0. • • • 


1 + >’ 
tanli or„ 


«,.,(! — I’) 

sinli' a„ 


cos 


mzx 

a 


(») 


rCqiiaiinp: llii.s momoiit (o llie moment (7) taken with the nega- 
tive sign, we otitain the values of Mn atul E„ which are to be 
sub.stitiited in I'liis. (/) for the constants .1 1 , and B„ in expres- 
sion (r). Adding expression (r) witli thesi' value.s of the con- 
stants to expression {/), we obtain tlie desired solution for the 
uniformly lo.-uled plate shown in Fig. DOo, 



ft... '.10. 


Combining this solution with th:tt for a uniformly loaded and 
simply supiiurted strip of length l> which is givtm by the equation 


ir 




we obtain the solution for the rase in which the plate i.s bent by 
the load uniformly distributed along the edges of the plate a.s 
shown in Fig. 

47. Bending of Plates on Elastic Foundation. — A laterally 
loaded plait' imiy re.-t on .-in elastic foumi;ition as in the ca.se of a 
concrete ro.-id or foundation sl:d> which is supported by the 
retictions of the subgraii'-. .\ plate resting on an elastic founda- 
tion may jdso bt' supimrtcd along it,s boundary. An example of 
this is shown in b'ig. Ul wlu'it' t\ beam of recttingular tubular 
cross section is prc.ssed into an t'la.stic foundation by the loads P. 
The bottom jilate of the beam, loaded by the elastic reactions 
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of the foundation, Is supported by the vertical sides of the tube 
and by the vertical transverse diaphragms indicated in the figure 
by dotted lines. It is usually assumed in discussing bending of 
plates of this kind that the intensity of the reaction of the elastic 
foundation at any point is proportional to the deflection w at that 
point. With this simplif 3 dng assump- 
tion the differential equation for the 
deflection of a plate on an elastic founda- 
tion becomes 


d^w 


+ 2 - 


d^w 


+ 


c)ha 


dx^ dy~ dy 


1 

D 


kv) 

W 


(a) 


< 0 

- 4 - 


1 

1 

t. 


where g, as before, is the intensity of the 
lateral load, and kw is the reaction of the 
foxmdation, k being expressed usuallj'’ in 
pounds per square inch per inch of deflec- 
tion. Sometimes this quantity is called 
the modultis of the foundation. 

Let us begin with the case shown in 
Fig. 91. If lao denotes the deflection of 
the edges of the bottom plate, and w the 
deflection of this plate mth respect to the plane of its boundary, 
the intensity of the reaction of the foundation at any point is 
k{wo — w), and Eq. (a) becomes 



P P 








w 

Fig. 91 . 




AAw = ^(^0 


w). 


(b) 


Taking the coordinate axes as shown in the figure and assuming 
that the edges of the plate parallel to the y-axis are simply 
.supported and the other two edges are clamped, the boundary 
conditions are 

1 An example of a more rigorous treatment of the problem in which the 
foundation is conridered as a semi-infinite elastic body and the general 
equations of elasticity are used to determine the reactions is given in a 
recent paper by A. H. A. Hogg, Phil. Mag., vol. 25, p. 576, 1938. 
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The deflection w can be taken in the fonn of a series: 



The first, series on the ripht side is a particular solution of 
Eq. (6) representinp the deileetioii of a. simply supported strip 
resting on an elastic foundation. The second .‘•erics is the .solu- 
tion of the homogeneous e(piation 

AAii' -f -~ir = 0. (f) 


lienee the functions l’„ have to .satisfy the ordinary differential 
c(iuation 


yiv 



= 0 . 


Usitifi notations 




2^1 - 


-f X' 4- 


2-,^, - 


+ X« 


(f7) 

(/<) 

(0 


and takiiif' tlu* solution of Eq. (p) in the form we obtain for 
r the followintr four roots: 


r = ^ -f -(3 4- iy, fi - iy\ -(3 - iy. 

The corrt'spondiii;: four independent particular solutions of 
Etp ip) are 

cos 7 „J/, <-->'’-M'os sin 7„I/, .sin 7nl/. 

(i) 

which can 1)0 taken ai-o in the foliowinf; form: 

cosh jSnt/ cos y-nij, sinii cos 7 „v, cosh sin y„y, 

sinh sin yr.y. (/:) 

From symmetry it can be concluded that in our case is an 
even function of y. Hence, by usinp inteprals (/;), we obtain 

Y„ ~ dr. cosh Pr,y cos 7 „f/ -f Ii„ sinh (3„i/ sin 7r.!/, 
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id. zhs dedectioii of the piste is 



d" ^T. cosh S~y’ cos "r sinii 5-|/ sin 7 ^ 0 ']- W 


■This expression sstisSss the boandsn.* conditions (c) . To satisfy 
the conditions (’dj tte most choose the constants and B~. so as 
to satisfy the equations 


4Jnr:- 

1 r , 

Ihr 

/mV , ?A ^ ” 

r: 

\ G-- ^ DJ 


,S^h Tr-.h 
— cos — 


. , 5-0 . 7_h 
-r sinh — sin 


0 .\ 


(m) 


r t c f Ty {*rA^ 

T4^£:^ -r 5„7-j sn-xh — cos — 


(x- 1 ^ 7 « - B^e.) cosh ^ sin ^ = oj 


S-nbstituting these values of J.-. and B„ in expression (T), we 
obtain the required deSectlon of the plate. 

The problem of the plate with all four edges simply supported 
can be solved in a similar manner. The Xavier solution can 
be used in this case also. Taking the coordinate axes as shown 
in Rg. .59 (page 113}. the deSection of the plate is 


XT = 



(n) 


As an example, let us consider the deSection of the plate by a 
lorce P concentrated at a point Using the energy method 

(see Art. 2S), the strain energy of bending of the plate from 
Eq. (i2~) is found to be 


The strain 


energy of the elastic foundation is 



(0) 


(P) 
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Wc use the principle of virtual displacements to determine the 
coefiicients from which it follows that 


, . uirf . n-rij 

PoAr^n sm sin -7— 

0 b 


dA, 


-(.V + V,)dAr 


Hence, 



SulistitutinK these values of the coefiicit-nts in series (n), we 
obtain the <lenection 


1C 


, , . wr-t . /i~rj 

, ,, sin sin - — 

n h 


(to 




sin 


nirJ . 

sin 

a 


»->/ 
b ' 


(</) 


Ilaviiip: the defleetioti of the plate produced by a concentrated 
force, the deflection produced by any kind of lateral loading is 
obtained by tlu' method of superposition. Take, as an e.vamplc, 
the ca.s'e of a uniformly di'tribiiied load of the intensity 7. 
Substituting ryf/tdi; for P in ('xpression (7) and integrating lK.‘lwecn 
the limits 0 and « and between 0 and 5. we olitain 


h>7 " n ;) 



.sin 

virx 

it 

• «-'/ 
sm 




^ tit' 

. 1 

r*. - ' ■> '. ■ • 


. -vin 



When I: is equal to r.ero, this deflection reduces to that given in 
Navier solution (122) for the deflection of a uniformly loaded 
])latc. 

Let us consider now the <-ase represented in Fig. P2. A large 
plate which rests on an elastic foundation is loaded at equidistant 
points along (he j-axis iiy forces PA We shall take the coordinate 

' This prohlcia 1ms Ix'cn by H. M. Wcstcrgnnrd; sec /ripcnutrca, 

vol. 32, p. .">13, 1023. l’ractic;i! .•■ippliratioiis of the solution of this problem 
ill concrete road design arc di--ci|.,..(.d by H. M. IVcstcrgnard in the jmirmd 
PuhUc AVids. vol. 7, j). 2.'>. ipgti; Vol. 10, p. Gj, 1920; and vol. l-t, p. 1S5, 
1933. 
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aze= as shov-n m the figure and \t-/i Eq. since there is no 
distributed lateral load. Let us coasider a solution of this 
equation in the form of the .series 


w 


V = -f E*, cos 


in vrhich the first term 


«*» 2 , 4 , 0 , ' 
->v 


^ d- .sin 

2V2«fc V V2 V2/ 




H) 


represents the deflection of an infinitelj' long strip of unit vridth 
parallel to the y-arx-i loaded at y — I) b%" a load P/a.’ The other 
terms of the .series satisfy the requirement of symmetry' that the 



tangent to the deflection surface in the z-direction shall have 
a .slope of zero at the loaded points and at the points rnidvray 
between the loads. We take for functions F„ the particular 
integrals (j) which vanish for infinite •'/alues of y. Hence, 

E„ = cos '(r-y -r sin 7 „y. 


To satisfy the symmetrj^ condition 
in this expression 




7 « 


0 we must take 


Hence, by introducing the new constants we 

represent the deflections fg) in the follovdng form; 


v> -wn-^ 2 K. COS cos 7«y 



d- .sin yrry). (u) 

’See Eq. 237, p, 39G. 
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In order to cxprc.‘=.s tlic constants A'„ in terms of the magnitude of 
tlic loads P, we consider tlic shearing force Qy acting along the 
normal section of the jdatc through the ar-axis. From symmetrj- 
we conclude that this force vanishes at all points except the 
points of application of the loads P at which points the shearing 
forces must give resultants equal to — 7V2. It was shown in 
the discussion of a similar distribution of shearing forces in the 
previous article (see page 211) that the shear forces can be 
represented by the series 


Qv - 


2(1 


P 

a 

n 


2 


VItT 

a 


The shearing force, as enleulat<-d from «‘xpression (?/), is 






ovN 

/ s-9 




-r yl) cos 


inrrT 

a 


Comparing these two expres>ioii< for the shearing force, we find 


. 4 ' 


p(~iy 

2iil);)^tJ.il, -r 


or, by using notation' if), 


-'ll, -- 


P(-l)-' 


nD\\/Xt, 4 - 

Substituting this o ' xprcs'ion (a), wo finally obtain 


a n: 


( — 1 )- Uirj- ^ , 

' , CO' — -~e~‘-Hyn cos 7n!/ 

\4\« 4- Pt. « 

4- sin T„7/). (r) 


The maximum dclleciion is evidently under th(> loads P and is 
obtained by .substittiting x - a/2, j/ — 0 in expression (c), 
which gives 
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p\ 


2V2 ak 


ak 2ii 

in — 2,4,6, ' 


Tri 




(156) 


The deflection in the particular case of one Isolated load P 
acting on an infinitely large plate^ can also be obtained by setting 
G = cc, in formula (156). In such a ca.se the first term in the 
formula vanishes, and by tising notations (t) we obtain 


w-.. = 


PX^ ^ 2^ / yx^ -j-tit,- I^i 

2V27rfc a\ X’ 4- 


pi=2,4,G, • 


PX 


2y2 


- r /yx^ 4- — p? 


Using the substitution 


we find 




x^ 2«y V? 4" 1 

_ PX2 f - 1 du _P\^ ,, 

2y2r/Jo y2’l+^^^ 8^^' ^ 


With this magnitude of the deflection, the maximum prassure 
on the elastic foundation is 


(p)m7.r. kWc 


^^P [I 
8 sVp 


(158) 


The maximmn ten-sile stress Ls at the bottom of the plate under 
the point of application of the load. The theorj’’ developed 
abo%^e gives an infinite value for the bending moment at this 
point, and recourse .should be made to the theorj* of thick plates 
(see Art.. 25). In the above-mentioned investigation by Wester- 
gaard the following formula for calculating maximum tensile 
stress at the bottom of the plate is established by u.sing the thick- 
plate theory: 

Qrr)^ = 0.275(1 -f r)p logio (w) 

Here h denotes the thickness of the plate, and 

‘Thk case was considered by H. Herz, TT^fedewaTin’s Annalen der 
Physif: vnd Chemie, vol. 22, p. 449, 1884; see also his “Gesammeltc Werke," 
vol. 1, p, 288, 1895. 
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b = -y/l.dc' + h- — O.G7o/i, when c < 1.724/!, 
b = c, when c > 1.724//, 

^vlicrc c is tlio radius of tiie circle over the area of whicl) the 
load P is assumed to be uniformly distributed. For c = 0 the 

c:i.«o of the conccniraicd force is 
obtained. 

''i’he case of equidistant loads 
P applied alonp; the edge of a 
semi-infinite plate, as shown in 
Imr. C!in also bo treated in a 
similar way. 'Die final formula for the maximum tcn.silc stress 
at the bottom of the plate under the load when the distance a 
is largo is 

= O..520(l -f 0.r,.l:.);7, loK,o(-^^~) - 0.71 j, ( t ) 

where b is calciihvted as in the previous <-.ase, and c is the radius 
of the semicircle over the area of which iIk; load P is a.«sumod to 
bo uniformly distributed. Formulas (ic) and (x) h.avc proved 
very iiseful in the dfsign of concret** roads, in which case the circle 
of radius c represents the area of contact of the wheel tire with 
the road surbice. 

The c.ase of a rectangular f)late of finite dimensions resting 
on !iti el.'istic fotiridaiion and submitted to the action of a con- 
centrated load has been tlisctis-cd by 11. llappcl.* The Ritz 
method (see page 121) w:is used (o determine the deflections of 
this phite, and it was sh<»w!i in the particular example of a cen- 
trally loaded •■quaro phite that the .series rei)resenting the 
defleiMion eonverge-; rapidly and that the deflection can bo cal- 
culated with sufi’ -ient accuracy by taking only the few first 
terms of the ser - 'I'lie case of an infinite plate supported by 
an elastic foun<i .ion and loaded by equidistant equal loads 
wiis discussed by L<'we.^ 

> H MM'KI,, II., Z , vol. fi. p. 20.1. 1020. 

* 'J’lie pmitlcm i)f 11 '"O'e O' plate on nn I'liv-tii* foumintion lias ftlso been 
invcstiKiiteil I'xiioriirn'iit .ll\ ; s"'*' tlio paper by .1. \’iiit ami W. X. b.lpood, 
/ViiV. -I/rif?., Till SiT., vo! It), p. I, 103.1, • ami tliat l>y G. Murpliy, Bull. Iowa 
Eng. Ex per. Sin. 135, 1037 

’Lawn, V., i/nii:n!;fnb»r, vol. 3, p. -Ill, 1023. 
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CHAPTER Yll 

PLATES OF VARIOUS SHAPES 


48. Equations of Bending of Plates in Polar Coordinates. — 
In the discussion of sj-mmetrical bending of circular plates polar 
coordinates Tvere used (Chap. III). The same coordinates can 
also be used to advantage in the general case of bending of cir- 
cular plates. 



If the r and 6 coordinates are taken, as shovm in Fig. 94a, 
the relation between the polar and Cartesian coordinates is 
given by the equations 

r- = X- -p y-, 6 = arc tan y/Xf (a) 

from which it follows that 


dx 

dx 


= COS 6 , 


.1 

«> 

r- 


=r I 

dy T 
sin d 06 

r ’ dy 


sin 6, 


X 

o 

r- 


cos 6 


(S) 


Using these expressions, we obtain the slope of the deflection 
.surface of a plate in the x-direction as 


d^ _ d^^ _^dw 06 _ dw 1 dw . 

dx dr dx ' dd dx Or r 06 


(c) 


A sunilar expression can be written for the slope in the y-direction. 
To obtain the expression for curvature in polar coordinates the 
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second derivatives arc reqnired. Repeating twice the opera- 
tion itidicaled in expression (c), we find 


d-w 

dx- 


( 


’) 


0 n 1 • n ]dtV. 

— COS 0 Sin cos 0 sin 0 

dr r dO/\dr r DO 

n sin 0 c.aH 0 . dwmi-O 

dr- dO dr r ^ dr r 

^dw sin 0 cos 0 ^ d'w sin- 

‘‘dO r- ' d0‘ r- 




In a similar manner wo obtain 

d-w _ d-w . ~ A , o ^ ^ 4 ^ 

d\r dr- ' *" ~d0 dr r dr r 

..fli/’sin 0 cos 0 t)-(r cos’ 0 , . 

--m 'r= ' W 

d-w d-w . „ . , d-ir CO-: 20 dw cos 20 

— rr; sm 0 cos 0 d- v-.A ■ ~ - 

dx dij dr- dr dO r i>f> r- 

_ dw sin 0 cos 0 _ d-w sin 0 cos 0 . 

~l)r r ■" di^ r’ 

With this transfonnalion of coordinates we oiitain 


. d'-w , d-w d-w , 1 dw , 1 t‘etr , , 

dx- dtr dr- r dr i - dO- 

Repeating this operation twice, flie tliffercntiai equation (iOl) 
for tlie di'flcction surface rjf a laterally loaded plate transforms 
in polar coordinates to the following form; 


44, „ = 


* • i '’jYf>bc 1 dw 

r dr r- dO-/\dr- ‘ r dr 


-t- 

» 


1 h-u\ 
T- dO' ) 


1 ) 


(ir,9) 


When the load i- --ymmetrically distrih'.ited with respect to the 
center of the jilate, the ileflection ir is independent of 0, and 
ICtj. (150) coincides with hitj. (5S) (tee page 58) wliich was 
obtained in the case of syminetricaily ioadctl circular plates. 

Let ns consider an element cut (»ut of Uhe plate by two adjacent 
axial planes forming an angle ilO and by two cylindrical .surfaces 
of radii r and r + dr, respectively (Fig, Olh). We denote the 
bending and twisting moments ni'ting on the element per unit 
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in Avliich Wn is a j)iU'rH>iilnr solution of Eq. (150) and toj is the 
solution of the homogenoous c(}ualion 


/ ^ + i ii + 1 + 1 + i = 0 

\dr- ^ )■ dr ^ r- dO-J\ dr- ^ r dr ^ r- dO- J 


(162) 


This latter solution we lake in the form of the following series:* 


tth = Ro R,^ oos jn0 -r ^ R’„ sin mO, (1G3) 

rj •” 1 r» •“ I 

in whieh Rn, Ri, ■ ■ • . R\, R\r • • • functions of the radial 
distance r only. Sul)stilutiiig liiis series in Eq. (1C2), we obtain 
for each of these functiotis an ordinary differential etiuation of 
the. following kind: 

( d- , I </ m-\(d'!U , \dR^ m'Rj\ „ 

\d? + F di- ~ N- jv r -d7 - "7-; = 0- 

The. general solution of tliis eejuation for m > 1 i.s 

/7 =- d' 7 7 (?) 

For in ~ 0 ami in ~ 1 the solutions are 

Ro ~ .-In -r Rir- 7 (V log r 7 Ar- log r1 
and / (r/i) 

/I'j - .111' 'r /»'ir* 7 f-’sc * d' Jhr li>g r. ) 

Similar expres-ions <:in l>e writl< !i for the functions R'^. Sti}>- 
stituting these e\[)r(--'ions for the functions 77 and Rl, in 

series (lO-'l), we obtain the gem ral .'ohitioii of Eq. (1G2). The 

constants .7. 77. . . . , 77 in e.aeh j)artieular ease nutst be 
<let('rmine<l so as to satisfy the boundary conditions. The 
solution Rp, whi h i- imh-pemient of the aimle 0, n.‘{)resents 
symmetric.nl Iw ! ng of circular {>lates. Several particular 
c.ns('s of this kin * li.ive .nlready been di'Cti.ssed in Chiip. III. 

49. Circular Plates under a Linearly Var)'ing Load. — If a 
circular plate is acted upon by a load distributed as shown 
in I'ig. 1)5, this load can always be divided into two parts: (1) 
a uniformly distributed load of intensity .)(/>; 7 7>i) (2) 

!i linearly varying load having zero intf'Usity along the diameter 

* This soliUioti w.'is given t»y .\. C'teli'ch in tiis “Tlicorie der ICkn-sticitrif 
fcst(‘r Kiirpcr," IStV’. 
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CD of the plate and the intensities —p and d-p at the ends A 
and B of the diameter AB. The case of uniform load has already 
been discussed in Chap. III. We have to consider here only the 
non-uniform load represented in the figure b}'- the two shaded 


triangles.’- 


The intensity of the load q at any 
point with coordinates r and Q is 


pr cos d 


(a) 


The particular solution of Eq. (159) 
can thus be taken in the following 
form: 

. pA cos d 

Wo = A- 

a 

This, after substitution in Eq. (159), 
gives 

1 


A = 


Hence, 



192£> 


pA cos 6 
~ 192cir‘ 


Fig. 95. 


(b) 


As the solution of the homogeneous equation (162) we take only 
the term of series (163) that contains the function Ri and assume 

Wi = {AiV Biv^ -j- Cir~^ d- DiV log ?') cos B. (c) 

Since it is advantageous to work with dimensionless quantities, 
we introduce, in place of r, the ratio 


r 

p = _. 

With this new notation the deflection of the plate becomes 
w = Wo + Wx-= d- Ap d- Bp^ d- Cp-’ 

+ Dp log p) cos 6, (d) 

1 This problem has been discussed by W. Flugge, Bauingenieur, vol. 10, 
p. 221, 1929. ’ y , > 
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where p varies from zero (o uni<y. The const anls A, B, .. . in 
tliis expression must now he detei-mined from the boundary 
conditions. 

Let. us hepin witii tlie case of a simj)ly supported plate (Fig. 
95). In this ease the deneelion iv and the l>cnding moment 
Mr at the boundary vanish, and we oI)tain 

(»■),„, - 0, = 0. (c) 

At tlie center of tlu‘ jilate (p = 0) the deflection lo and the 
moment Mr must he finite. From this it follows at once that 
the constants C and I) in expression (r/) are equal to zero. The 
remaining two constants .1 and B will now he found from Eqs. 
(c) wliicli give 

(U’L-I = -i--t -f- /o <'C,S (? = 0, 


Since Ihoe eipiations mii'-t la- fulfilled for any value of 0, the 
factors hc'fore eiw 0 nui't vani'-h. 'i'his gives 


and we obtain 


1 d- .1 d- B r~. I), 
u:) d- i) -h 2i:? d- t)B 0, 


B 


2to d- 
.'5 d' !• 


7 d* c 
It d' 1' 


Substituting the^.- \ :due- in expri-^^iim (o'), we obtain the deflec- 
tion TC of (lie plate le. (he folhiwing form; 


- ' 


'O', 


- P-). 

192 ;-; V : )// 


(I> d- »’)p'] CO' 0. 


(I) 


l’'or calculating the lu nditm moments and the shearing forces 
we sulistitute e.xpres-imt if) in fhj.;. (100) and (101). from 
which 


Af, ~ ’'let 1 — p') to- 0, 


M, 


•1S(:1 + c) 


p((o d* ^(l d- or) 


io) 


(I d- or) (a d- y)p‘] cos 0, 
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It is seen that (Mr)r.-^. occurs at p = 1/ VB and is equal to 

72V3 

The maximum value of Mt occurs at 


ih) 


p = - y/io -{- p)( I -{- .3j')/v^3(1 + 5j')(3 + v ) 
and is equal to 

ru-\ - ^ fo d- yjH -f 3r) 

I ju ~ ^2 3 q- j, 

The value of the intensity of the vertical reaction at the h»oundary 


■V 


.n f. 0 , 0 

‘ rdO 4 


The moment of this reaction with respect to the diameter CD of 
the plate (Fig. 95) is 


T 

4 f oos 6 aP- cos 0 dO = 

Jo ^ “4 


This moment balances the moment of the load distributed over 
the plate with respect to the same diameter. 

As a .second example let us con.sider the case of a circular 
plate with a free boundary. Such 

a condition is encountered in the rib K' — a — ri 

case of 
.supporting 

result of vrind pressure, a moment 
flf will be traasmitted to the slab 
(Fig. 98). Assuming that the reactions corresponding to this 
moment are distributed follovring a linear law a.s .shown in the 
figure, we obtain the same kind of loading as in the prcviou.s 
case; and the general solution can be taken in the same form (d) 
*The reaction in tke upv/ard direction is taken positive. 


ition is encountered in the K — ° * 

a circular foundation slab 

ting a chimney. As the -p 1 1 


>dj: 


p 

’_X 
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= 0 , ( 10 .-. 


0 . 


(0 


ns l.cforc. The boundary conditions at the outer l)0undary of 
tlio plate, winch is free from forces, are 

r DO J 

Tile inner portion of the jilate of radius h is considered absolutely 
rigid. It is ai.so assumed that the erlge of the plate is clamped 
along the circle of radius 6. Hence for p = h/a = 0 the following 
boundarv condition must be satisfied: 


(e. 


(-'I -(’A 


O') 


0. 

0 , 

0 . 


n 


c 


1 ) rr 12. 


Substituting expression (d) in Kijs. (i) and (j), we obtain tlio 
following e.juations for the determination of tiu* r'onstunts: 

4(.'i + c) + 2t.'l + 1-)^ d- 2( I - i’)(' d- 0 d- ;■)/; 

‘1(17 d- c) d- 2f;} d- c)/f d- 2(1 - ~ t:i - !•)/) 

-bS' d- 28'B ~ 28--C d- D 

From thcs(' e.piations 

y!f2 d- .•)_+ (1 - y)8H8 + 8') 

^ '■ cfd-Trd- tf-'c)'^'' ’ 

^•1(2 d- f)8' - Cl d' ;•)«■(• 2 'b 8') 

Cl d- c) -i- (y~''r)8"' 

Suiisliluting these values in exprcs'^ion (d) and using I'iqs. (ICO) 

and (101). we can obtain tlu‘ values of 
th(‘ numients and of the shearing 
forces. 'I'he constant .1 does not 
apjacar in tlu'se equations. The cor- 
responding term in expression (d) 
represents the rotation of the plate as 
ji rigid botiy v.ith ri'spect to the diam- 
eter perpendicular to the plane of Fig. 
1U>, Provided the modulus of the 
foundation is known, the angle of rota- 
tion can 1)0 calculated from theeondi- 
th.n of e(|uilil)rium of the given 
moment M anil the reactions of the 
foundation. 

U.sing expression (</), the case of n .simply supimrted circular 
plate loaded by a moment M at the center (Fig. 07«) can bo 


\ I r>,> 


-?s 


(a) 



I — 


' M 
(c) 

I'Ki. 117. 





2G6 


TIIEOIIY OF PLATES AND SHELLS 


The Cfit'o in wliich the outer ])oundary of tlie plate is clamped 
(Fig. 07c) can be di.'^cus.'^ed in a .‘similar manner. This case is of 
practical interest in de.sign of cla-^lic coupling.s of shafts.' The 
maximum radial stre.«sf‘s at the inner and at the outer boundaric.s 
and the angle of rotation <p of the central rigid portion for this 
ca.‘;c arc 

((Tr)r-^ — Oi— i^5, 

_ 

aiKIr 

where the constants a, ort and n; have the values given in 
Table 31. 


Tmu.k a ( 


P - h/,: 


1 

nr* 

0,.'. 

1! 17 1 

7 10 

||ra|H 

0.0 

to .">1 1 

12 S.'> 


0,7 

so 27 1 

2.'> <;.7 


0 8 1 

! 

S2 20 

00 .'.0 

IHIHii 


60. Circular Plates under a Concentrated Load. — The ca.^o of a 
load appli'sl .at the eent'-r of the plate h.as already Iwon dis- 
cussed in .Srt. 10, Hen- we shall assume th.ai the load P is 
aj)p!ie<l at i)oint .1 at distance h from the center 0 of the plate 
(Fig. ttS).' ].)ividit>ir the plate into two part.s by the cylindrical 
.section of radius h .as .-hown in the figure by the dotted line, we 
can ai)ply solutioti for each of lhc>e portiojis of the plate. 

If the angle 0 is measured from the radius 0.1. only the term.s con- 
taining cos viO sjuiuld he retained. Hence for the outer part of 
the plate we obt.ain 


ic ~ /iV -f- ^ A’-, cos mO, 

r: ■»- I 




* Itr.issscn, H., IngtiMi'ur- trr.'.!r, vi>! I, p. 72, IKO. 

“ This prolihiia was f.oh i'i! Pv Ciel.-rt;, /e<-. c!!., ji. ’.’I'lt). Si'e also .\. Feppl, 
Sttzuugfb. hri'jn. Ahati. JI'iV'' , .laiir;:., p. 1.*.'), 1012. Tiio discuysHin of the 
K.ainc prohtem hy iisinj; l>i)n>!nr cooniiii.ntcs nans jsiviai l>y K. Mclan, Eifnlxiu, 
t). U>0, 1020; and hy W. Flhcfe, “Die .s^tn'!ii;e Itcn'chminR von Krcisplattcn 
uiUer Faiiridhistcn," Herlin, 102S. Sec also the paper hy H. tsohinidt, 
I narntetir-Archiv, vol. 1, p. l-t7, lO.tO. 
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where 

= Ao + Bor- + Co log r + Dor^ log r, 
Rx = AiT Bit" + Cir-i + Dir log r, 


+ B^r--' + C„r-+2 J- 

Similar expressions can also be •written for the functions Rq, 
R[, R'^ corresponding to the inner portion of the plate. Using 
the symbols A'„, B'„, . . . instead of A^, B„, . . . for the con- 
stants of the latter portion of the plate, 
from the condition that the deflection, the 
slope and the moments must be finite at 
the center of the plate, we obtain 

C'o =D'o = 0 , 

cj = d; = 0, 


b:. = d:=^ 0 . 

Hence for each term of series (a) we have 
to determine four constants for the outer 
portion of the plate and two for the inner Fig. 98. 

portion. 

The six equations necessarj' for this determination can be 
obtained from the boundary conditions at the edge of the plate 
and from the continuit}^ conditions along the circle of radius b. 
If the outer edge of the plate is assumed to be clamped, the 
corresponding boundary conditions are 

W... = 0, = 0. (c) 

Denoting the deflection of the inner portion of the plate by Wi 
and observing that there are no external moments applied along 
the circle of radius &, we write the continuity conditions along 
that circle as 




dw _ dwi dhv _ d^Wi 

dr dr ’ dr^ dr^ ’ 


for 


r = 6. id) 


The last equation is obtained from a consideration of the shearing 
force Qr along the dividing circle. This force is continuous at 
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all points of (he eirele exeept point ^1, where it has a discon- 
tinuity due to concentrated force P. Using for this force the 
representation in form of the series' 


rl\2 ^ ^ 

n •" 1 


cos raO^i 


(c) 


and for the shearing force the first of the expressions (IGl), 
we obtain 


r \ — 1 


if) 


From the six Fqs. (r). Ul) and (f), the six <’onstants can be cal- 
culated. and th(! functions ]i„ and 7i’^ can be represented in the 
following form; 


Ro 


K o 


/ - -1. j w I r , (rt* -r h'){n' - r-) 
(r- -f i-) I"t: - -r 


Rx = 
R[ = 
77„ = 


P 

Sr73 

P 

Srf) 

_ ! 

IGr/; 

_ PIr 
Unrl) 

Plr i r'' 
i>m{m — l)r/.t|(i-'' 


/ . 1 t.s , f> , U‘ + — h’) 

(r- -f (r) lot: - -f - - , 

<1 Jn- 

1 , 2 '(i- — l-)r ( 2 <i- — f»’)r’ -tr, a 
r ' a-/,- a‘h- I,- ' ^ r, 

2(0' — l)')r , ia- ~ .}?• . n 

(i-!r ‘ n'lA b' r 


(>.'! — l)ir — nui- -t- (jji — l)r- 


tnim — l)h*r- 
wj 4- i a- 


R' 




Plr 


+ ’1 — 1 ) 


«•- 


1 


^ 111 b- __ T / I 

r.'f 1 . r« -f i yt*/ . / 


Using these functions, we obtain tin- deflection under (he 
load as 

p UP - h-y- 


(ic).^! f 


IGr/J 


(16-1) 


'This scries is nnaleitoiis in ilie -crie.- ttint we.s ii-eil in tlie case of rve- 
tnnj;illnr ptntes see p. 2 -'t, 
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fintrah:' 


Eds ioTHidz codd-iss vrirh formriis !'&2> for £ 
l< 7 zded "fare. Tbs case of the plsA.e "trith, simplT s'ipported e<ige 

The tjrehlen la trhich a drcTiIsr riag piste is cisinpeci alo: 
th^ iane'" edse 'r = ash ioade^i s coaceatrateti torce 
at the otiter cjottsdarv ftlg. 6’5j^ can. aiso 
he solTcd. bj ttsag senes (c/. In tms 
case tbs bo'-mdsrj" conditions for ths 
clamped inner botmdarp 


for}. 


»■ (iL = ®- 



For the enter b-enndarv-, — hich is loaded onin in one point, the 



It i*oo". 


bending moment Jf- at the inner bonndarv i= 




== 



ine variation o! the moment along 

- RmssTTHH. H,. Jk-, cfl, p. S'to, 


the inner edge and also along 


bJiM 
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a circle of radius r = 5n/G is shown in Fig. 100. It can be seen 
that thi.s moment dimini.slic.s rapidly a.s the angle 0 , mca.sured 
from (he point of application of the load, increa.se.s. 

Cl. Circular Plates Supported nt Several Points along the Boundary. — 
Considoring the ease of a load Hvitiinetrienliy distrihiitcd with re.speet to the 
renter of the plate, we take the general exiire.x.sion for the deflection surface 
in the following form;’ 

tr " irji -f ici, (a) 

in which tct, is tlie deflcclion of a plate aitnply .supported along the entire 
boundary, and tr, satisfies the homogeneous differential etpmtion 

.lAic, 0. (h) 

Denoting the eoncentrated reactions , 'it the points of .siipport 1, 2, 3, . . . t,y 

iVi, iV; A’, and using .series (k) of the previous article for repre.sen- 

tation of eoncentnited force.s, ^ve have for each re.aetion A’, the exprcs.sion 


where 




P. ^ 0 - 


(r) 


7 , being the .'vngl" defining the jiosition of tin' .supjmrt i (Fig. 101), The 

inten-ity of the re!ieti\'e forces at any fxiint of 
the iKJumlary Is then given liy the expression 





r*. »* t 


in whirh tlie .siimnintion is extended over all 
the eoneentrati'd re.aetions (c). 

'File gi-neral Solution of tiie Iioinogeneous 
e<iualiou (f>) vs given by expre.'sion (103) (page 
200). AMiiming ih:’.' the plati- is solid and omitting the term.s that give 
infinite deneeiioiis mul moments at the eenler, we obtiiin from expre.-sion 
(ir,3) 

ti'l es .1. /!;r- a- ^ eos r;" 

ri- I 

^ ’•ll,''' d- f sin v.P. fi) 

v\ - I 

' Several problems of tliis kiml were liiscnsscd by A. Xadai, Z. Phjsik, 
vol, 23, fi. 3()0, 1922. 
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Vi . 


■jT.r^zxs. TT*; hsT 5 the- foIIo-?rrri2: cnind:tio::2 at tte 


r/; 


I " n = I / 

fc TTri-^a Jfrt O- are grrea L- En?.. (IKOf aa.'i tlRI}, 

Lft' n? Vj-zdi^-z a parti'rriar ca% iri — t'-rh tLe plate fe sripportefl at t— o 
pczzts "hizh are the ea-i? o: a diaraeter. Vt'e sLall caeasrire g frena tliia 
ciaiaater. XLea a*'; = 0 . "/« = 3", aad tts oTitain. 

IT = f'l -r 


2:r 'S 


- 2 b 


T - 

T 




2 ' 1 -f r , 


— tc ” ees Tj } 


r 


^r'/rr. — 1 > ‘ ("I — 7i'r/-. — l,rA rr/m -7-1) 

! 7 I = 2 , 4 , t , 

ra -PilSz k\ is tLe ce-ffictie" e: the srcaplr sapperted aad symmetricallr 
loadsd plate, P is the total load oa tbs plate ar-d p = r/c. Wbea the load 
is applied at rbe oerter, 'Tre obtaia froxa e^pressioii (g),hj ^^smztnz v - 0.25, 

Pc’ 

O ' j-wi = 1-3 

Pc’ 


For a Trrifonair load.ed plate ~e orytaia 


= 0 . 252 ^ 




Or )^= i,»«a = O..371 


D 

aa' 


Hv r-fjzdhz 


_ tTTo sobitioas o: the tppe the case sboTm in Ftp. 102 can 
also be obtabied. 

Wr_er. a circular plate is supported at tfxree f 
points 120 des- apart, tbe deSsctior 


tbe center of the plate, vtben tbe 
plied at tbe center, is 

(p)f—n pj-T 


A at t.tree ^ — /‘^ 

I produced jf ,ELjr 

tbe Load is 

} 


Vv cen tbe load is 1 


Tig, 102 , 

’.y distTiazz^ tbe deSsction at tbe center is 
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The ease of a circular plate supported at three points was investigated by 
experiments witli glass plate-'. These experiments showed a very- satis- 
factory agreement with the theory.' 

62. Plates in the Form of a Sector. — The general solution developed for 
circular plates (Art. -IS) can also he adapted for a i)!ate in the form of a 
sector, the straight edges of which art; siinplv suj)porfo<l.- Take, ns an 


examjjle, a plate in the form of a 



fa) (b) 

I'm. KCt. 


.“einieircle simply supported along the 
diameter AH and uniformly loaded 

(Fig. 103). Tlie deflection of this plate 
is evidently the same as that of the 
circular plate iiidicatetl by the dotted 
line and loaded a.s shown in Fig. 1036. 
The distributed load i.s reprcsenteti 
in .sttch a case by the series 

N? -I? . 

<7 e- — Sin tnO, (a) 

■— < rsT 

r-.- ■ • . 


and the differential e([u:tti'>n of the di-tlecliini surface is 


I X? *7 . 

.iAt.- -• ^ ■ .‘■m ! ti>. (6) 

D ^ e: c 

f. - I .a . . . 

y- The p.iriicular .•■'ilution of this eijiiatiott that s.atistie.s the boundary con- 
ditiotis iilotig the di'iim ter AH i-* 


X' 

in — tn')D 


-MU !ri‘<. 


(C) 


The sohition t>f tie- h'imi>'j:e:. ilerirresitia! eiiuati"!i (102) that satisfies 
the comiitiiins along the tbaiie ■■ r '.// is 


tri ^ 




sin r:;6 


id) 


“t.3.5. •• 

Oimbining expre'-ions (c) ami • wt- oht.aln tlie cottiplcte expression for 
the deflectaui !;■ of a semirirrule.r plali-, Tlu- ron-.t.ant.s .■!„ and Hn an* 
deternute-d in eaeli particular c,a-e frotn the cotulitio.us along the circular 
boundary of the plate. 


’ The. e experiiin'iits wen- made by Nadai, liK. c:!., p. 270. 

* I’mblems of this kirsd were <li«cu-,'<'ti by N.adai, Z. IVr. deaf. Iv.g., 
voh .70, p. Id*), IPK',. Stf nl-'i the b(*ok by G.alerkif!, loc. a'!., p. 237, in 
which mitncrica! tablea' for such c.t-e.s .are given. 
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In tne case cf 2 simple s-:ppor;;cci plate; ,.c; n; 

= 0, 


=0- 

\r cr r- or* / J-«e 


SalnrSt-ttrnz iLe snm cc seties 'c] ann /■<:/ f-yr ir In thee-e c^rnatrens, —e c-ntaln 
tne fcHTninp cenrations Mr cslcnlstlng and 

- i; — mljr, — iil -T- -f- i.> n 2 ~ 7-'2 — rr}! 

_ 4oc-di2 — y'4 - n.v? 
rriPifj — — r;*>Z? 

th-^s5 

^ c^'r-t -f- 5 -r y; 

c^i-rflO — n~,'2 ~ r;;^r! -r -f- 
c-r‘'p5 3 -i- r, 

~ A- r,'., '4 - - iP -f* 

VThh itLcse Talnes o: the censtants the expreslen for defL^Atozi cf the plate 
becemes 


y. fe ^ 

f c' rea-^tO — rrS/A — 


Vi — o 


<r^ rriPAiE — rr'i'2 — v.Ajr. -r* IP -h J'yl 


re 4- 3 -f- r 


^•re-r -hr'./ 


*.,f4 - rehPe -f i'J ~ A/J 


^ TTi^. 


y^'rJb. tclT ei5;r=25=37n. for tb=3 c.^-ertr?r:u the henfih::? rcorrrerht-e are readfly 
'chtarned frvzi’ E/??. 

In a shnhar manner ~e can obtain the solntl'/n for anv sector rritl; an 
anne x/fn Jr hems 2 o|-/cn Inteser. The hnal expressions for thecehectlon* 
and bending mernents at a ^ren point can be represented 22 each partfroiar 


J/r = Son*, JIs = ^■.' 11 % 


m Trmcn ce. r: ann 5; are rmnerttal factors, Seo'eral valnes of these factors 
:or pomts taken on the axis cf sjinnistr".' or a sector are gr/en. In Table 35, 
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Taiu.h 37). — VATAn;^ oi- thk Factoiis a, 0 and pi ron Vaiiioi-.s Ang!,ks vjk 
or A Hi;ctoii Simi'i.v SorroftrKD at tiik ]5oi;.VDAnv 
i- = 0.3’ 


x/k 


t/\ 

r/n 

t/Z 


r/a - } 

O’ 

. 

Pi 

o.tmor. 

I).0021 

O.OIOl 

0.0f.l3 

-n.ofu.5 

-n.fK)2.5 

0.00.1(1 

0.0(W2 

(t.WKtl 
0,0177 
0,0.110 
0.01.', 7 


r/a ~ J 


/!■ 


r/a 


^1 


r/a *■ 1 


,a.oo 3 c./i.<tfHi'i o.oisn o,W)sn o.oini o.oir.ri; o 

n . tjo*.?'!) . 0 n;i!i) . oi’.'.'.'o . n i o i jo . r)i> lalo. n; i n! o 
;(i . ();; |rt.D 2 v,j o 

o. ossr, o.oicA n 

i i I i i I 


Pi 


0.0025 

jO.OOll 

jo.ooss 

: 0.0221 


Tlio c.nso in whioh n pl.’ilo in the form of ii is rloiniwl nlonR the 

riroiil.'ir houmlnry tim! .‘•imply .'•iipportf-*! olons; tin- .vtmiftht odKo.s- r.'in he 
treated hy the .same method of j-ohition rei that ii'-i-d in tlie prt'vions ra.^o. 
'rill: vnlne.s of the roellirient.'i a ami p for the point.-t t.ahcii nlonp the axis of 
symmetry of tlie .seetor .an; yiven in 'J'alOe 30. 


'rAtii.r. 30. — VAt.ct:'; rif Titi: foin tTonavr*; « A'.t» fl I'oit VAntot.’s Angus 
r/k or A Sm-rni! aming tmi; (*ii>.i rj..\n ]Joi;Ni)Anv and 

Si'.’.i':,v .StTi'onrr.D ai.ong tiu: .SritAiGiiT IlDotus 
r 0.3 


— n. 


r/ii 

1 

* ‘ 

r Vj 

4... » 

1 

i f'/« 

■ ■ 

- : 

r/a <» 1 

rr/K 


o 1 

1 


ti 


t't 

■ 

i 

n 

0 

y.'-l 

0 

I 

flOO.'i 

-0 WKIS 0 

OOIN 

0 oAsr 

; 

o.tvni 

, 0.0107 

0 

-0.027)0 

rdl 

n 

OOP.) 

- 0 IKM)'. 0 

0!K,2 

0.0! « 

o.oo:.i 

■ 0.012:5 

0 

-0.03 to 

?/2 

0 

OO'it) 

0 ivv.s n 

OMt 

0.0-272 

O.OiWO 

0.0113 

0 

-O.OISS 

- 

<) 

fl:i'.’o 

0 017;: 0 

(«0K 

0 oiir, 

0.0 If, 7 

. 0 Wp; 

0 

-0.073<) 


i L___ ^ i 


It enn Ix' f'cn »hal in thi'* tie- maximum Ix-ndinK .stn-As occurs at the 
mid-point of the cir ■ 'ar cdc'- of the .•■••etor. 

If till' circular >■ .,\i- of a nniformly loaded plate hnvitis the form of a 
.sector is entindy free, the maximum ih-flia-tion occurs at the mid-point of the 
un.suiijKirlcd circular cdm-. l-'or the can; when r/k •« r/2 we obtain 

C'l' 

tr..... OC.Pl^'.-y 


The hendinit moment at the same ia>int is 


- O.K'.inijua 
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63. Bending of Circular Plates Resting on an Elastic Foun- 
dation- — We shall consider here only the case in which the load is 
symmetrically distributed with respect to the center of the plate. 
We shall also assume that the intensity of the reaction of the 
foxmdation at each point of the bottom surface of the plate is 
nroportional to the deflection of the plate at that point. In 
such a case the deflection is independent of the angle 6 (Fig. 94), 
and the differential equation (1.59) for the deflection of the plate 
reduces to the equation 



In this equation q is the intensity* of lateral load, and I: is the 
modulus of foundation. Thus kw represents the intensity of 
the reaction at each point on the bottom surface of the plate. 

Let us first consider the particular case of a plate loaded at the 
center with a load PA In this ca.se g is equal to zero over the 
entire surface of the plate except at the center. By intro- 
ducing the notation 

D P’ 

Eq. (165) becomes 



Since k is mea.sured in pounds per cubic inch and D in pound 
inches, the quantity I has the dimension of a length. To 
simplify our further discussion it is advantageous to introduce 
dimensionle-ss quantities by using the follovdng notations: 


w 



Then Eq. (b) becomes 



(c) 



Using the S 3 TnboI 




-r,! PmWem was discussed bv Hertz, he. cit., p. 25.5. See also 
roppl, ‘Vorlesungen uber tecbnische Mechamk,” vol. 5, p. 10.3, 1922. 


A. 
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we then wrilc 

AAr -}- 2 = 0. 

Tliis is Ji linear dilTcrential equation of the fourth order, the 
general solution of which can he represented in the following 
form : 

2 = /lA',(x) + JiX^{x) + CX,{j) + DX,{x), if) 

where >1, are constants of integration and the functions 

A’l, . . . , Xi. are four independent solutions of Eq. (e). 

We sliall now try to find a solution of ICq. if) in the form of a 
power series. Let Orf’' he a term of this .‘•erie.s. Then by 
difTerenliation we find 


A(flr.2’’') = n(n — l)o„x''~- -f = u-OnT’'”- 

and 

AA(«r,T'’) = ?!-(« — 2)‘«^T’--h 


To satisfy E(i. (e) it is nece.<sary that to each term in the 
scries corres[)onds a term such that 

ii'{n — -f o. {g) 

Following this condition, all term< cancel when the .•••eries is sub- 
stituted in Eq. (»); hence the .-erii's, if it is a convergent one, 
represents a jiarticular .‘•olution of the e<iiiation. From Eq. 
ig) it follows that 

a. 

Observing also that 

AAlflr) r- 0 


H-(fI - 2)* 

and AA(«:t") 0, (0 


we can conclude that there are two series .satisfying Eq. (r), viz., 


A',(t) - 1 


and 




rtr 


2--4--6-- S-- U)- 12^ ‘ 


(i) 


A :( j) =r- . X- ^ ^ ^ ^ 


•}-*0'-S-'-'U)-- 12-1-E ■ 
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It maj" be seen from the notations (c) that for small values of the 
distance r, i.e., for points that are close to the point of applica- 
tion of the load P, the quantity x is small and series (j) are 
rapidl}^ convergent. It may be seen also that the consecutive 
derivatives of series (j) remain finite at the point of application 
of the load (x = 0 ). This indicates that these series alone are 
not sufficient to represent the stress conditions at the point of 
application of the load where, as we know from pre^dously dis- 
cussed cases, the bending moments become infinitely large. 

For this reason the particular solution X3 of Eq. (e) will be 
taken in the following form: 

Z3 = Zx log a: + F^ix), (fc) 

in which F^ix) is a function of x which can again be represented 
by a power series. By differentiation we find 

AAZ3 = -I- log a: AAZx -f AAF^ix); 

and substituting Z3 for z in Eq. (e), we obtain 

I ^ + log a:(AAZx -k Zi) -f AAF^ix) -|- Fsix) = 0 . 


Since Zi satisfies Eq. (e) and is represented by the first of the 
series (j), we obtain the follovidng equation for determining 
F3(x): 



X dx ^ \ 22-42 

6 • 7 ' 8 • ad 10 • 11 • 12 • a;» 


AAFsCx) -k Fs(x) = -- 


+ 




)■ 


(0 


22 • 42 • 62 • 82 22 • 42 • 62 • 82 • 102 . 122 

Taking ^3(3;) in the form of the series 

Fs(x) = b4X‘^ -k bsx^ -k bizx^^ 4- . . . 

and substituting this series in Eq. ( 1 ), we determine the coeffi- 
cients 64, bs, bi2, ... so that the resulting equation •will be 
satisfied. Observing that 

AA(i) 4 ad) = 42 • 22 • bi, 

we find, by equating to zero the sum of the terms that do not 
contain x, that 

2 - 3-4 


42 • 22 - &4 = 4 


22.42 
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or 


hi = 


2 • 3 ' 4= 


]2S' 


2 ‘ • 4 < 

Eqimtinf; to zero tlie sum of the terms eoutnining r‘, -wo find 

25 


hi ~ 


In general, we find 


"-J 1 

{-\y --.7----.^-. 

ifiii — 2)- 


1.7(5'.), <172 

, , rAn - l)f;i - 2) 

*1' 


2-- -}-0-- • • • /r 
Thus the third jiarticnhir .solution of (<•) is 


A'a - A' j log X 4- , l.-r 






12S i,7(>;i.}72 


(n) 


The fourth partieiil.'ir integral A'< of Eq. (<) is obt.nincd in ji 
similar mnnnc-r hy taking 

A-. = X; log X + I'iix) = X, log X -h 

_ . ^ f-l . .1 '.IL' j. . Vio .i. . . . (o) 

lO-S'-V -t'-G' • -E-G- • • • 107 ‘ ' ^ 

By substituting the particular solutions ij), («) and ( 0 ) in 
'■.vpressiofi (/) we obtain the g'-neral .solution of h'q. (f) in the 
following form; 

: .ifl - 4- • ' • ^ 

V -•■••5- 2--<}--G-S- ) 

i(j - _ _ . . . \ 

V -E-G^ * <1- • G- -.V- • 10= ) 


4- m 


4- c 


[ ] _ ™ .u , ^ 

\ T'-r- ‘ 2 = • - 1 = • 0= • 8= J 


log X 4- 


2.5 


1,7G'J,<}72 


\ 


r’ 4- 


-b D 


Y-_ -r' . 

V 4 ■ • 6" 4= ■ 0- • b- • 1 

\ , , o , 1051 • 10-‘ , 1 . X 

) ^ + s.rr,(S - T- • • • j- (7>) 

it renutins now to determine iit eaeh jtariiouiar case the con- 
sl.nnt.s or\integration ,4, . . . , J) as to satisfy the boundary 
condition;. 
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Let as coasider the case in %vhioh the edge of the circular 
plate of radius a is entirely free, the boundary conditions for 
such a case being given by Eqs. (j), Art. 48 hsee page 259), 
Using for the moments AT, and shearing forces Qr the first of the 
equations (160) and the first of the equations (161), respectively, 
v.-e v/rite the boundarj' conditions an 


/ fPv) j_ 1 dwN 
\dr® ‘ dr/r^a 
d ( d^v) 1 dvj\ 

dr\dr^ r d.r)r~a 



(Q) 


In addition to these tvm conditions v.'e have two more conditions 
;hat hold at the center of the plate; viz., the deflection at the 
center of the plate must be finite, and the sum of the shearing 
forces distributed over the lateral surface of an infinitesimal 
circular cylinder cut out of the plate at its center must balance 
the concentrated force P. From the first of these two condi- 
tioas it follows that the constant C in the general solution (p) 
vanishes. The .second condition gives 


or, by asing notation (a), 



dr"^ 


1 

r dr)r~.i 


27re + P = 0, 


(«) 


vrhere e is the radius of the infinitesimal cylinder. Substituting 
h for V) in this equation and using for z expras.sion (p), we find 
that for an infinitely small value of x equal to t/l the equation 
reduces to 


from which 



' 2x6 -f P = 0, 



(0 


Having the values of the constants C and D, the remaining two 
constants A and B can be found from Eqs, iq). For ^ven 
dimensions of the plate and given moduli of the plate and of the 
foundation the.se equation.s furni.sh two linear equations in A 
and B. 
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Let (IS lake, ns an example, n plnfc of rafliiis n •= 5 in, and of such ripiditv 
that 



We apply at the center a load /’ sueli that 

D - V. ^ 102 ■ 10-5. 

Usinp this vahie of /)nnd suhstitntiiif; h for tr, wcfimj, hy nsinRexpre-'s-ion (p) 
and lakiiif; X == a/l = 1, that (q) frive 

o.ooo.t ~ 0 . 2 . 10 /f - •t.(W 2 /; - -{.002 • in 2 • in-», 

0.0S7.-1 - SAS:m - Jl.OOW - 1 1.0ft • 102 • io-‘. 


The.sc equations give 

.1 r. RO • 10-^ H - -frl • 10-h 


Substituting Ihe.^e values in expn-,-'i<>!» (p) -'Uu! r>-t.aining only the terms 
Ih.'it eontain t U> a poner not larger than the fourth, v, e obt.ain the following 
e.xi)res''ion for the deth'ction; 




" 

( 


“ 

tf --s /; - 

' ri| 


! • 10''( 


i- 102 • 10-L-t log r 


The delieeiion at the center (r *-• 0; I*, then 

■■ •!.'! • 10"’ in., 


and the delleetion at the hiutnd.ary Lr 1> is 

><r-, - :tq.i • 10 ■' in. 


The diOereiiee cii the-e detleett..'!'' is cotnparnt ivelv '-ni-dl, and the posssure 
tlistnliiition tner the foundation tliffer^ o:dy 'lightly from .a uniform 
distribution 

If ae lai.i- I hi- ntdiii' <if the plate f-.vo tiiio s larger to ss 10 in.) and retain 
the jirevioijs Millies for the rigiditie- of tin- plate, x beeuines e'pial to 2 at the 
lioundary, n ! I.-i'. (qi redue.- to 


These l•(llmlioIl'- gill 


o,s 2 ';.i i.o<it/.' e- i. 2 n-;/>, 

2 lit).*!. I S' lt».it 7 /^. 


.1 ss . iiK).io-i, 

'J'lie delleetion is obt.-uied from e\pre"ion Ip) :is 

tr s-= Iz ei .e. j.ioo ■ 10 1 - .. I - lo.'i • lO 'l 


•lOr. • lO'h 




-„e,.,.e.(..i-el) 
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Try; &•. try; fjtzi'/ir arA at lu^i l/’rin'h.rr ol try; p'&te ar*;, 

rr;;iyyy.:vr;h', 

= 2,i0'^ Irr. and = OPE ■ Kf^ In. 

It hi tryt' 4 yy;n that, rf try; r&rirr*' t/f try; p'av; f/.-jt/; a? krg'; a? try; rsjty.riih.y I, 
try; dh'trfh’rt:'/ri r/f pyArrr'; r/-y;r try; f'^-rndaty/r; k 'Arcu-fV/ vfr."/ far frriTf; a 
nnlAxm 

If vy; takr; an hnfrnlt/;!:/ larg'; p!at/; */vhy;h /rat f/)nEA‘iT’A by IL Ifartz 
ftta Rg^ft 255^ th'; d'ifi'yrtwri tindrrr tha iRt/f f>;, fr^rn lyr, 

v.-^ = — = rl/j = 2, M ' r, - K/2 - vr'- ^ \.m ' lOrrs \n. 

9.HA 

Ksvirt^ aa '■rzpr^atyyri for tha C';f!trrty>r..t w, tha fyr.n'rrnjr n'y/Tfl'ir.ts ara 
r/htafryyi fir,m pyrt, At try; rydr<t of a;/ph''^a;t:r/ri of tJy; loa/I tiyAO 

rrorriORt'; ryyy/rry; rnfrrrito’y largo, and tho rra'rlto' of/tarrr.od by Trying try; thro/t 
plato th-oorr '^s% pago 23-7/ rryrxt bo applyyl tri o^iT/^Triatrr.g ytroftyoy; at that 
point. 

Tho gon.oral r57l;rty/ri of py|. can a?yo l/O ropr'y/rntor; by iPAtoI 
fTtriotlon.? for v/hiob thoro a.'O Trr.tryrrloa! tablo;,' Tr; t?.:y ir.arfr.'.or tho d;y- 
rrrysfo.’i of varlo’is oavrr of fyr.o.dlr'g of o-rrcrrlar plat/r- ror-.tl.og or; arr olaatfo 
fo'rrrdatlon oan bo o'/r.yldo.oibly ylrr.pllfiod,* 

Tho .strain or.orgt' rnotryyf ako oar; bo "tori for oalorrlatfr.-g tbo doHoo'tio.o 
of a clrotilar plato rotthog or; ar; olattro foTiryiatror;, For rtrarsplo, f// ob.tafri 
a ro'igh ap 7 /-''Ot:l.tr;at:ori for tbo oato Ir; v/hl.ob tbo o'off'yrtlor; at tho oont/rr rF/O^ 
k-'A dlFor r.'irroh frora tbo d.oEootlo.': at tbo fyyxrylar/, y.o tabo F/r tbo dofyyj- 
tt.oa tbo ozprs-^s-fo.a 

tc = /I -r /Ir*, rr/ 

/"boro A an.d P aro trro oon.^tant- to ry; fror.o tbo cr/rAhir/n that 

tbo total o-oorg/' of tbo ayytora bo atablo orprl'lb.’f'rra fe a rr.Lolrmra fyoo 
Art. 23/. From ozprotyfoa tf/ '/"o or/T.olrrdo that tbo do.^ootror;. ?r;rfaoo bao 
a oo.o.'tarjt o'rr'ratoro oo'ia: t// 2/A IIo.ooo tbo P.t&Iti of tbo pla'.o of 

rarila? «, ao gfror; by Bq. (47/ tv 

F. - 4//^ /fs-oFI ~ yb 

Tbo strain onorgy of tbo doformori olastlo fo'rr.datrori f>; 

f%/r« A I I 

Jo Jo 2 V2 2 / 

Tbo total p'/to.ntlal onorg;/ of tbo syytor.o fo.' tbo oaso of a fr/g/i A appll.od at 
try; oo.ntor I,? 

F == 4A* /Aro'^T -b ~A'/\A^fP -rlAPff A- J/tFA/ - />A. 

- .obo, for .farrr.bo-Ern.d.o, ‘'Tabfe of Ft;.n.otl.or;«,” Eorl.Ti, 

*.“00 paper by F. .->;b!ol-ohor, “Footaob.dff. zo.^ Flrr.odortJ&brfolor dor 
'irobnbobor; Kooby;b-:!.o KarL¥.*7ibo," 122-7; and .1. ,J. Boob, h^rd^J-O - 
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TakiiiR tlic (loriviitivo.s of this I'xprcssioii with rcspoct to constfintn A iincl B 
and <-(iuatinK them to zoro, we ol)tnin 


.t + R<‘‘ 


2 1C,D(} -h >■) 




.1 -!- 



Taking the previous nuioerieal i-xainple (page SSO) in wliit-li 


wo find 


I - 0. 



Sri-iP 


102 . 10-*, 


.1 - -11.8 - I0-» in. 


'riii.s result is about .3 per i-ejil h- . than the value 13 • lO"* in. previou.-Iy 
ohuiined. 'I'o obtain a better aeeuraey more ternii f-hould be taken in 
exiiression (f). 

When tin' defieetion ate! the reaetions (>f tiie founilation are found by the 
eni'rgy method, the e.ah-uhttion of .-tre^e, rail le- made by ronsidering the 
given plate to be a eireular <uie .symmeirieaily loaded by the ralmlated 
reaetions (see Cliap, III). In thi-' Uiiy a better aeeuraey will be olitaincti 
than if an apfirovimate exprr-'«i(<ti, .•■ueh a*- expre^diei (r), ’■ven.- u'-ed in 
caleiilating rurvaturee .and bending moments. 

If tlie foundations are leaumed to In* a remi-infinite el.-e'tie body instead 
of ronfonning with the simidifymg n-sumpti'.ei regarding reaetions rnade in 
our pn-vious diseu" ion, the problem of bending of eireular plate-- supfwrtcd 
by an ehistie foundsition becomes more rompHeated. This probk-tn has 
been discu-'etl by I). 1,. lloH.' 

C4. Circular Plater, of rion-uniform Thickncrr..— -(’ircidar pl.ates of non- 
uniform tliiel.ne - 1 are ! ometime; rtirountere-i in the de-ign of rnaehine part.-', 
Mich ns diapliragms of steam turbines am! pi-ton-- of reciprocatingengines. 
Tin- lliiekiie-. of ;.ueh plates ti u-Ufdly n function of the r.idia! distance, and 
the acting load e- symmetrical with r> -p'-.-t to the center of the plate. Wc 
ahall limit le.ir further iliscu-sioii to this symmetrical ca ---, 

Proceeding ns was explained in ,\tl. IT) mid u-ing the notations of that 
article, from the eoiidition of rtpiiltbrium of i\n el--me-il as shown in Fig. 28 
(page ofi) we derive the f.illoning eiptation: 


d.tf, 

H. • - .U, i (.»* « I). 

dr 

in which, ns before, 



^ Proc. Tdh Inirrn. Cnur). Ap},]. Mfch., ( ■ambridg.e. Mass., 1938. 


(o) 


(W 



PLATES OF VARJOUfi SHAPES 


283 


v-’liere 


,p « 


dw 

Tr 


(S) 


and Q is the f-hoarinj; force per unit length of a eireiilar Reetion of radiuB r. 
In the case of a fiolid plate, (f is given hy the equation 


Q 


r 


2rrJo 


9 25rr dr. 


id) 


in which 17 is the inUjnsity of the lateral load. 

Bubfititijting expressions (b), (c) and (d) in Eq. («) and observing that the 
flexural rigidity D is no longer constant hut varies with the radial distance r, 
we obtain the follov/ing equation: 



Thus the problem of bending of circular symmetrically loaded plates reduces 
to the solution of a differential equation fc) of the second order with variable 
coefficients. To represent the cfjuation in dimensionless form v/e introduce 
the following notations: j 
a is the outer radius of the plate, 
h is the thicknes.s of the plate at any point, 
ho is the thickness of the plate at the center. 


f 

a 


= a:: 



(/; 


We also assume that the load is uniformly distributed. Using the notation 


Eq, (e) then becomes 


Ofl - v^)a^q 


a. f i a- d log yA 7^ 

dx* ’ Vs: ds; /dx Vx* x dr, / 


(ff) 


(IflG) 


In many cases the variation of the plate thickness can be represented v/ith 
Huflicient accuracy by the equation^ 

_(>£ 

y = c , (/<) 

‘ The first investigation of hnnding of circular plates of Tion~uniforrn thick- 
ness was ma/le by H, Ilolser, jrcc. Turlnnenweann, vol. bo, p, 21, IfllS, 
The results given in this article are taken from O, Pichleris doctor’s disserta- 
tion, "Die Biegung kreksymmetrischer Flatten von vcraderlichcr Dicke,” 
Berlin, 1928, S^:e also the paper by It. Gran Olsson, Tnyenieur-Archw, 
vol. 8, p, 81, 1937. 
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in which fi is n constant that must i)C> chosen in each particular ease bo as to 
approximate as closely as possible the actual proportions of the plate. The 
variation of thickness alont; a diameter of a plate correspondinj’ to varioti.s 



values of the constant ;( is, .shown in I’is. 101. Suhstitutint; cxpre.s.sion f/i) 
in lup (ICO), we find 


r/j- 




£1' 

-pzt - . (0 


It can he readily verifi-d that 





U) 


i.s a particular solution of 1>|. (i). One of the iv.'o solutions of the homo- 
geneous e(|ualiiin corn-sponditut to Ihj. (t'J ran Iw t.aki-n in the form of a 
j)ower senes; 


, N ;^; s ''(1 y ) • • • (•>,■. _ 1 

" • i C. • (1 • • • •-'n • 'inS'Jo -h ” 

n s - 1 


(!:) 


in which Oi is an .arhitniry rMnsfalit. 'I'hc sy<-,ff,d solijtiori of the .“.aiiie eqil.a- 
tion bceonies udinit' b,- lar;a- at the i'e>it» r of the phite, i.e., for jr »» 0, and 
therefore should nut In- j onsideri'd m th" ea'e of n phste uithout .a hole .at 
the center If •olu'ioiis ij) nnd if:) are cotnhitt'-d, the ip ncral .solution of 
Kq. ( 1 ) for a .solai plat*- ran be put in tto- loHouin;; form: 



I he constant f! in e.'ieh particiil ir c.■•,“>• niiiHt !i>" lictcrmined fn^m the con- 
ilitionat the bounil.ary of the phase Sisice series !/!. j b nidforndv ci'iivi'ruent. 
it cas) be diffen'litiati-d, sind the > \pri-ssions for the benditn; nionients can 
be obtained by .silbsiitsition in I ■(“ '/»). The defh ctiosis can he obtaimal 
fnim ICsi. (c). 

la the ca.se of a plate clasn]><-d at the edKc, the boundary conditions arc 


fx> 
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and the constant C in solution (0 is 


a 


e 


(3 — 


(n) 


To get the numerical value of (7 for a given value of d, which defines the shape 
of the diametrical section of the plate (see Fig. 104), the sum of series (/;) 
must be calculated for s = 1. The results of such calculations are given 
in the above-mentioned paper by Pichler. Tin's paper also gives the 
numerical values for the derivative and for the integral of series (k) by the 
use of v.-hich the moments and the deflections of a plate can be calculated. 

The deflection of the plate at the center can be represented by the formula 


tCjsszr. = aap — 


6fl — y^)a*q 


Ehl 


(P) 


in v.'hich a is a numerical factor depending on the value of the constant fl. 
Several values of this factor, calculated for v = 0.3, are given in the second 
line of Table 37. 


Table 37 . — ^NnrEEicAL Factoe.s a akd a! roH Calculatikg DEFLEcnoK-s 
AT THE CeKTEB OF ClECCLAE PlaTES OF V.AEIAELE ThICKJ.'ES.S 

F = 0.3 


d 

1 ^ 

3 

2 1 1 

0 

g 

-2 

1 V 

i —4 

1 ^ 

a 

Jo.osoi 

10.2233 

i 1 

0 . 05 . 39 ' 

0.1944^ 

1 i 

i ! i 1 1 

,0 . 0505,0 . 0.398 0 . 0313 0 . 0246 

|0. 1692|o. 147ljo. 127,3|o. 1098' 

jo. 0192 ' 
jo. 0937 

0.01.52 

0.0791 

f 

fl. 01195 
|0. 06605 


The maximum bending stresses at various radial distances can be repre- 
sented by the formulas 


(vr)EMx. — 



( \ _ . 


(P) 


The values of the numerical factors y and yi for various proportions of the 
plate and for various values of a: = r/a are given by the cur^'es in Figs, 105 
and 105, re.spectively. For d = 0 these curves give the same values of 
stresses as v/ere previously obtained for plates of rmiform thickness (see 
Fig. 29, page 61). 

In the case of a plate simply supported along the edge, the boundary 
conditious are 

ivi)z-i = 0, iMrh-i = 0. (q) 

Investigation .shovrs that the deflections and maximum stresses can be 
repre-sented again by equations analogous to Eqs. (o) and (p). The nota- 
tions o' , '/ and y[ will be used for constants in this case, instead of a, y and yi 
as used for clamped plates. The values of </ bltc giv^en in the last line of 














U oi 
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C‘r/<:!'/‘p5C for s rias pl&fe rf. c-cr-?^£nt tafc'/^nsss, Tr;s pTOC£<iTjrfi o£ cafe- 
Is'^.ba L? tcea sfrailar to tas-S paopo-joti E, Grsrarac-l for ca.Lotilsf.rrxg sf.rcsj-OK 
fc. ro'tstfiisr cl^/— 

55- ITon-lmesx Problems in. Bending of Circular Plates. — 
From the th-eor^r of bending of bars it i= imovm that, if the con- 
ditions at fhr; ssippons of a bar or the loading conditions arc 
ehanging ydtb. the dcficetion of the bar, this dcficctioTi trill no 
longer be proportional to the load, and the pnnciple of super- 
position cannot ire applied.- Sirniiar problems are also encoun- 
tered in the case of bending of platos.® A simisle example of this 

- Gsszazzz, K., TErE'^i Fr>fyfw., -/oL .'5g5, p. 217, I&23. The EraTogj' 
ezEtfr-g het-een the pr>7ble.e: of £ retsting di-h and the pmUem of !ate:Sl 
her nag or a c:rex:rar plate of vanaFiIe threlcnss' vrae rndreated by b. Foppl, 

fzr^^-r, hid},. J/'iW.., voh 2, p, !j'2, X&22, fron-s-.T-imefneal Bendiiig of 
drmdar phtea of non-nifo-rtr- thfehEess fe dhemned tiy G. Ohson, /nyenf^^r- 
itrcf.fr, toL 19, p, 14, 1925- 

example of ~eh pro'derae h db-msed in the author's “Strength of 
llaterfab/' "oL i, p, 157, 1529. 

''See Eh Grdnaarx, 7>er -Sfcfibzx/, -.-oL 1«, 1531. Several examples of such 
prohlerns are ds/:rz?.^.rA abo in a paper b;-' E. Hofmann, enyew, 
voL IS, p. 229, 1533. 
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kind is shomi in Fip;. 109. A circular pliilo of radius a is pressed 
by a uniform load q against an absolulel}' rigid horizontal 
foundation. If inorncnls of an intensity M„ are applied along 
the edge of the plate, a ring-shaped portion of the plate m.ay be 
bent as shown in the figure, whereas a middle j)ortion of radius h 
may remain flat. Such cofulilion.s ])revail, for example, in the 
bending of the bottom plate of a circular cylindrical container 
fdlcd with liquid. The moments .Va rcj)resent in this ca.«e the 
action of the cylindrical wall of the container, whicli undergoas 
a local bending at the bottom. Applying to the ring-.shapcd 



Pfi. Kf'. 


portion of the bottom plate the laiown solution for a uniformly 
loaded circular plate. {se(' expre.sdon (m) in Art. dS), wc obtain 
the deflection 

W = Cl -f C: log r Cjr- Cir' log r -f- («) 

For determining the con.'-fanfs of integration Ct, . . . , C< we 
have the following boundary eonditiotis at the outer edge: 

(ic),_ = 0, - -i\f«. (b) 

Along the circle of radium* h the deflection and the .^lope arc zero. 
The bending moment .Ifr abo must In* zero along this circle, 
.«ince the inner portion of the plate remains flat. Hence the con- 
ditions at the circle of radius b are 

(ic)r~^ = 0, - 0, = 0. (c) 

By apjdying condilion.s (h) and (r) to expre.-ssion (a) wc obtain 
the five following equations; 
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Cl -r Ci log a -f CpjP- -f C\a'^ log a. = 
Cl C '2 log h -h C',// -f- C.i}p log // = 

OA 

-r C'ir.S -r 2 log a -f- 2;/ log « -r p) = 
-1- C,^{v 4- 1) 

-r C'-5(3 -r 2 log & -r log & 4" »') = 

Ci -f C0J 4- CM2 log h 1) = 

u 


(j(p 

wy 

ujy 


fjfp 

W) 


('3 4 " v) 


fM 

WJ 


(?J -f- v) 


f 


rM 

wy 



(d) 


Mr. 


qrp 


and 


^ - f>W- 

^32/> 

(p) 


0.2 

0 


By eliminating the constants Ci, , - . , C '4 from these eqiiations 
v/e obtain an equation connecting 3fc and the ratio hfa, from 
v/hich the radius h of the flat por- 
tion of the plate can be calculated 
for each given value of Mr.. With 
this value of h the constants of 
integration can be ex^aluated, and 
the expression for the deflection of 
the plate can be obtained from 
Eq. (a). Representing the mo- 
ment Mr. and the angle of rotation 
of the edge of the plate by the 
equations 


14 

L2 

to 

OL 

i 

Q5 

a4 


■ 

■ 


■ 

■ 

H 

■ 

■ 



■ 

■ 

■ 

■ 

■ 

m 

m 

■ 

■ 

■ 

■ 


1 

m 

■ 

■ 

m 

Bi 

■1 

■ 





■ 



■ 

■ 


2 3 

cc 

Fto. IKK 


and repeating the above-mentioned calculations for several values 
of the moment jMa, we can represent the relation hetv/een the 
constant factors a and /? graphically, as shovm in Fig, 110, for the 
particular ease^ s = 0, It is seen from this figure that fi does 
not varj' in proportion to « and that the resistance to rotation 
of tlie edge of the plate decreasrsi- as the ratio &/a decreases. This 
condition holds up to the value a 5 at which value /S == 1, 
t/a = 0, and the plate touches the foundation only at the 
' This ease is dlserxssed in the paper by JlrAin&nn, he. cil., p, 287. 
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center, as sliown in Fig. 10%. For larger values of a, i.c., for 
moments larger than M„ — rvia-/'A2, tin; plate does not touch 
the foundation, and the relation between « and ^ is represented 
by the straight line AH. The value Ma = 070-/32 is that value 
at. which the deflection at the center of tin? plate produced b}' the 
moments jl/„ is nunu'rieally erpial to the deflection of a uni- 
formlv loaded plate sirnplv supported along the edge [sec Eq. 
( 08 )].’ 

Another example of the same kind is shown in Fig. 111. A 
uniformly loaded circular plate is simply supported along the 



edge and rests at tin- eent<-i- ujnm an ab--olutely rigid foundation. 
.•\gain the ring-sha()ed portion of tin- jdatc with outer radius a 
and inner radius I c-;in be treated as .a uniformly loaded plate, 
and solution (ci) can bo u.->-d. 'I'ln- nitio (>/a dej)erids on the 
deflection 0 and tin- intensity »>f tin- he.td 7. 

C6. Elliptical Plates. I'nxjonnbj HllipHnil Htuh' irith a 

Clnmpnl K<hjr. — 'I'aking the coordinaies a,- .-hown in l-'ig. 112, 
the equation of the boundary of the })late j-; 


'J'he difTen-nlia! e<iiiation 

A.i.r (h) 

and the boundary condition-; for the clamja-d ctlg*--;, i.c., 

ir -- 0 and ™ — U, (c) 

o»i 

are .satisfied by taking for tin- di-fleetion tc the exprcA-jion* 

‘ 'I'lii-; solatum niui tiie for a uniformly varying; loiul 7 nre olitaiiuHl 

by Cl. II. Itryiin; .-V. 1,. il. I.ove’.-> Itoot., “Tin-ory of F.la-lisity,'’ -Uli ed. 
]>. >181. 'I'he o.iise of un ellijitiia! p!:iti- of vurniiilf Uik-l;m-s i-; liot-iesed by 
Cl. OlsiOii, Iiigetiiftir-Arrl.tv, vol. (>, ji. U)S, lO.'iS. 
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251 


ir 


,-,A _ - cf 

\ C- 0'/ 




c* *0- r and y -r r-.r-a - g- -ge bo'irdarj hr virvia o: h.q. ^'c}. 

fdj in tiist zii?; ^^Tia'ion 


irt 




■ c^ ■ * c^V 


a67; 


i=, sinc-e '5nur&;:dor: 'c) satl^c-s t-c. .’'y} and rba IjO'mdar7 
i 5 ?".= td* rinoro-xs 5 ?olntion for s Ticiforsil" 


d^i eEiiptiral nia'o rdth. a ciarnpod edno. STc-'-rit'xting 

— r/ = 0 Jn (^ZOrf^^SC'TIl feld. t«7;- £5 b" EO- 

57j- L; Crb‘^:CtXOZI cf tili? Xj'j^ZF: 2.* t2.6 C^ctlt^r- JS G = &. rTf:: 
narn for tLo dof-ootior. tho valrio proTiondj derirod for 
imped circnl 

TGT'b. cl2.rtit?^d •rU'i? srib Esviixcr tb^' st32ii 2o- 
Tba bondimr snd frdrins momonr- are obtained bj s’lb- 
dttitins erx-resmon in Ecn ^55; and fiOOj. In tbie —an 


rdeetion the 

v'E! 

plate i.nq. 

rf>2' 

mes eotrai ‘ 

to t 


JO = '^'^- _L. P ~ \ _ _',- 2 )' -n y _ •*' 

Vcr- " "dy-/ [_ ^ cE-' C' 

/ C-*,^ 

-I- J ^ tiiE 

^ 'Vc-3* ‘ 6' 6- 


(e; 


:or tns oenter o: t!ae nmte any for tLe end.? of tte iiorizontal p.-gfg 


''JO ' - , — £»- ^ _n ~ 1 


and 


gTnrg 

G' 




(f; 

Jr Kn tire moments J/j. at tne center and at the ends of the 

^jot _ * r ~\ r rir' StnZ) 

p T- pj ana (34;^,,^.^ ^ Ty) 

it p seen that the mmdmnm bending- stress is obtained at the 
enas of the shorter prindnal ams of the eSipse. Having ths 
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momonls M~, M^j .'ind i\/„, Ihc valuer of th(; bending moment 
Mn and (ho twisting moment Mnt at any i)oint on (he bonndat^' 
are obtained from Eqs. (c) (Art. 22, page 9-}) Ijv sid>s(ituting 
in these ecpiations 


cos a = 


(bj . 

(7s •%/ fi\V‘ + hV- 


sin <r =- 


(It a-ij 

+ b*x' 




The shearing forces Q~ and Q.j at any jxiint are olilained ])y siil>- 
stituting (‘xpression (//) in Imi-'. (192) and (103). ;\t tlielwindar)- 

(lie shearing force is olitaimsl from h.(j. Ul) (Art. 22, page 91), 
and the reaction IT from hap in) of the same articli'. In this 
manner we find that tlie inten-iity of tlie reaction is a maxinuini 
at (he ends of tlie minor axis of the ellip-e and that its absolute 
value is 


.... n'h{‘A<t' ■- }r-)(i 

(1 2n'h-- 

'I'lie sm.'illesi ab'ohite value of IT i‘- ;it 
axis of the I'llip-c where 


for o > h. (0 
the ends of the major 


nh'Ux- d- 
t«‘ d' 3 h‘ 


(IT), .. 

For a circle, a “ />, ami we find (IT). 


\\h')q 
i- 2n-h'‘ 


(D 


(FOb.:,. - qn ’2. 


rihp'.ii'itl J’hitf ’i'i!K f! < !!!')' itf.i! lUi'J h‘j o V ]’nr^/tr,ff 

lli;it q — i: v.e iimi th'it Kfp (t) iiinl tlic I'Cijncinr)' 

foiiditioas <f) ari' snt!-!)*-.! to- (••.(.id;.’ 


ir 



(It'.S) 


I'rtiin (‘xpres-sion the heietine iao!!i'-!ii« nii>l ttie r>'.-icii<):e, nt t!ic heundary 
run l)c c.'dciilnlefi n.s in the pri’vieiC' ra^e, 

Viiifonni'j Ltxiilf/! e ;U. .Sieip.'v K'iiJ'. — The 

solution for thi-i r;e-e i- more e..mph.-;itj.,! than in the ca-i-nf rlamped ('del's;* 
thercforti \vc pive here <>id\ •^•me tinal niinn rirai resutts. .Xs'inninK that 
o/l) > 1, \vc repn-'ent tie- deth rimti and the liejulimt nionients .at the center 
hy tlic fornuil.'is 






(t) 


* Sec B. G. Gnlerkin, Z, Motli, .Mrch., vol. o, p. lltt, 1023. 



PLATEE OF TA.EIOUE EH APES. 


YcJi v£r-=;? fit Erji %-r^star.t f&rr'.or- ou A sea for rarfo'L- o-alxog of f.Bo 


ratio a h srtf fr 


&ro snv^r; fn tafcfo &?. 


Lisrs Sr. — F-'-oross /o, s., &. r5? Fo.^fnx.*-0 ro'2 T.'srrros3rr.T Lo'.' orrs /.rr> 
SniFL-T SrF?o.2X2r<> EcrcErro'.ir. Pl-ctz.- 
;r = 0.3 


0/0 I 1. 1 1.2 1.3 1.4 1.5 2 ' 3 ! 4 I 5 I « 

I . ( ' . 

1 • ; ! 

i ■ ' ! ‘ ! 

« = 0.70 0.^-3 O.M 1.07 .1.17 jl.2o jl.SS 2.02 ,2-10 .2.23 

f; = 0.2060.2L' 0.2100.223 0.223 0.222'o.2100. I€3'o, 1340. 170,0. l.fO 
p. = 0.200 0.235' 0.2010,2120.3.030,321 0.370 0.4.33 0.405:0.4€.o‘o..f0'') 


Corr^-srl-nn of tr.oto r.r.v.srrta! vstra?; "fuc r,l.o-?.o prfr.frrx-Iy for 

rtrtsr-grfsr plate- rTah'o 5, peso 133/' ftfxO~s t.Lat for OfTral o'alrie- of the 
ratio of tee sifte of reotar-triar piste* a.ea the ratio c/5 of the Korr.rosrer 
of elliprlrsL plate? tee raL-;.e? r-f tf.e fefeetfiori.? anf the mornerit? at th.e 
oeerer ie tee t“o tfee? of plate oo. r.ot iffeer appre''fa?/'7, Tr.s c-s.??; of .a 
plate batfe^g tf/.e fo/rr.a <(f Lalf se elilpee ho-irAfAl -j — p. 

r>-.' nee trar.aTer'?^ arl? fca? sL-o heee f leorested,^ P 

' ^ X, , 

57. Tnangslgr Plafes. Eouilateral J' ^ 
TriannyMr Fl/ite &.mphj /jy/O/orfe/J of. 1}'A i 

— Ths binding of rich 2 tn5.ngrjl£,r ; ‘'7'^ 

plate bo' mo.TiCTitc lie tiriiforrnlr dLf- 1 
rrih ited alorig the bcitindan.' f/a.? 2lr02dy 1/ 

beC'O d£fCu.”e4 fs-ee pag?^ 102;. It -/a? 

shoTtn that in rich a cate the defI.ccrttt,Ti .rinace of the plate m the 
sarae a= that of a uriiforrnly atretehed and u.niformlv loaded 
rretcbi^oe and i~ represented by the eoiuatrori 




IE Ttnich a tienotes the hefgrit of the tnangle, a.nd the coordinate 
axes are tahen a? .ehotm in Fig. 1 1-3, 

In i.cifi ca-.e o. a iinhomily loaded plate tl^e defiectioii surface 


■ = ?&["’ - ■>=” - + lO + ^](|.« - 

(160) 

* Gj-zbzxi.’>, E, G., .T7e.7^er.7?r voL 52 , p. 00 , Ip®, 

_'Tle proolera of heaffr,gj^ a plate fe&ofng the forrrt of gn eouHatergl 

rr^iT.tmr-A^rdM', vrA. ^ 


z>, 2Z-L 1P33, 
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By clifTcroiitialion wc find 


Am — — , 


‘UiD 


3^ — ^ij't — nir- y-) -f ~(p 

h 


(h) 


1 1 may bo noon from ( 1 G9) and (/<) that I jio dofloot ion and the bend- 
ing moment at tlio Imnndary vaiiisli. sinoo the oxj)r(‘“sion in the 
imackols is zero at the boundary. Further 
differentiation gives 



AAtr 


'/ 

1 ) 


(c) 


lienee the differential taination of the deflec- 
tion surface is al.-o satisfied, and expression 
(IG'.I) represents the solution of the problem. 
Having the expression for defieetion.s, the 
ex{)ressi()ns for the bending moment.^ and 
■r. the shearing forces can be re.adily obtained. 
Tiic maximum bending moment occurs on the 
lines bisecting t he angles of tlie triangle. Con- 
sirlering the points jilong the x-axis and taking 
;• — 0,3, we fitnl 


f.!/,). .. 0.02t^';(t^ 

{.UJ,.., • OO'i.V.t'/n', 

At the center of tie- plate 

.\f. -■ M, e 


at 

at 


r - -0.0G2a;| 

o.r’Ofi. 1’ 


(i 




(171) 


'I'lic- case of a concentrated force acting on the plate can he 
.■solved by using the mrlhoil of imiuji ; (see page 174). Let take 
a eas(‘ in which de- p((int of applic.-ition of tlie lo.-id i.s at the center 
A of the plate e IM). ( ’i>nsid,.ring the plate, .shown in the 
figure by the ' avy line,-;, as a portioti of an infuntely long 
rectangular pl.-.o- of width a, we apply the fictitiou.s loads P 
with alternating signs as shown in the figure. The notiai lines 
of the delh-eiion .surface, prodticcd by such loaiiing, evidently 
flivide the infinitely long plate into erpiilateral triangle.s e.aeh 
of which is in exactly the same condition as the given plate. 
Thu.s our problem is reduced to that of betiding of tin infinitely 
long rectangular plate loaded by the two row.s of equidistant 
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los-d? -rP s-d —P. Jtr:o7,ing the s/jl'itio'n. for ors co-rcotitratod 


for% 'SK- Art. 31} std tr-urg tEis rrro*;Lo>i of riporporltiorr. tLo 
doffectior at oolr-t .f and tha =tr*£?os noar r.fi-at potrit cati fya 
r^dflr cairrlatod, sin% tPo of tho fiotttro'i-r force? c-.*i 

bottdrns cecroatos raTifdlv a? tdo:r df^taoce frorr pornt A mcroaset. 
lit tai? raamor rro fctd tda dcS-cotrori at A 


Pa- 

x.rt = O.fAi. 571 ^- 


ri 72 j 




dordias mo—ertt at ajrraall dfetance c frora A are grrcri dr/ 


tao oaprettto: 


3 P = - 


ft 


' ' fi/S; 




\ — 
•yrf^ \ * ^ 


(i 1 ~ 

4^ V' 7C " - j p ^ 




Sarce for a straplv rrpported arid coTitralr/ load'/i oirctilar plate 
of tsAv'ji c-r too ThoPEi aad the taagoatiai! rriOrrr.-.at- at a diAtanco 
c from the certter are, rosp^rrtEvoIi/ fee page 74;^ 


J-f, 


fi d- p-jP 


log 




aao. 


tr fl-fppP, 

3 / = — - — a_ _ 

43 " c 


, fl — f;P 


4 x 


} ( fJ) 


ft can Be corrAxded tfet the first torrriS or. tPxo right sid.o of 
Eos. 1^173; are iderttfcal 'Tfth the logarlthniical terms for a 
efrctiiar plate rdtd a radfrxs 


iV 3 






Hence the local stresses near the 
pofr.t of appficatfoa of the load can 
he calctilated fr/ risfrig the thfc-k- 
pmte tlieom* de'/eloped for cfrctilar 
plates fee Art- 15} . 



PZcif jO Fctkc c/ cr. RppA, 

Tr-jz-r^ji^ v^,hSAr'~l^: Suy^orUA Aire?-— StmA a plate nta;/ t.e cor-.rAsred 
*"1 /" lA"*” *^1 ^ p_ata, ar jr-ti.catei r.a £%. Il=5 hy dotteri lAiCS, 

a.... i,r_a r.-erc/.d? yz"Srn?.jj devfeAped for rsctar^rlar plates cae fj'e 
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.•ippliod.' If n load 7’ ia nppHrd at n point A with coordinatrs ^ (Fig. 
IIT)), wc assiiino a fictitious load —/’applied at .-1' Avliich i.s the itnago of 
tlic point d with rcsjn’ct to the line liC. 'I’liese two load.s cvidontlj- pro- 
duce a deflection of the stjiiare plate .‘■uch that the diagonal PC hecornc.sa 
nodal line. 'Flius the portion OHC of the Kpiare plate is in exactl.v the 
same condition tis a siini)ly .supported triatutular plate OHC, Considering 
the load -f /’ and u.sing the Xavier .‘.olulion for a .‘■aiuarn plate (page 122), we 
obtain the deflection 


O'l 


« « . wr( . umj 

sin sm 

•t/’o=Nn >0 (I n . inrx 

> > sin 

r'/) ^ ^ Im- + n-y- n 

rt 1 ft I 


«in 


mu 

a 


if) 


In the same manner, con-idering the load — /' ami taking a — t; instc.nd of 
r and ri — ( instead of t;, we obtain 


ir-i « 


'S’ f - 
T'/J 

n •“ 1 ft ^ I 


(- 1 )' 


. rnr?: . Tir^ 

MU “jn - — 

f: a 

(r:* 4- 


riT* . jiTU 

sm 

o /j 


(g) 


'File complete deflection of the triangular plate is obtained by summing up 
expnwion.s (/) and (<fr, t.e.. 


ir - t-t ••• tr... (/.) 

'Fo obtain the deflection of the tri.atigular plate produced by a nnifonnly 
tiistributed load of iliteii'-ity q, v,e Milo titute q ili <{’•, for /’ atid integrate 
expre-'ioii (),) over the area of tie- triangle ClIC. In thi> m.ann'T we obtain 


11(7'! 

tH) 


'S' 

(-t.a.r.. 


'S 






fi yjti 


r'.frr — 




• I.3.; 


■■.TJ 

n 

•• r,'-y 

. ;-.TX . r.T’j 

>•: Mil • ■ sin — 
i: c 




-f r-.-y 


(0 


This is a rapaliy converging .•■'•ric'i atid can be m-e-l to calculate the defli'ction 
and the bending moments at any jsiint in th.e plate. Taking the avi'^ of 
s.vmmetrv of tie triangle in I'lg. Ho a- tie* ri-axi- and n'preseiiting the 
dellectioti.s and • moments .tf,^ and .1/,^ along thin aab by the formulas 

a - aj.' ;Je :-, l’, 


0'1 


tlie valuc.s of the numerical faetori «, .7 and iU, ate as given in Figs. ItC and 
117. lly comi>aring the»e rc-idi-, with tho-e giveti in Table f> for a uni- 

* 'Fids method of solution was given by Xadai, “Flasti-elic Flatten,” 
p. 17S, 102.'«. .Xnother way of handling the same pniblem was given by 
fl. G. Galerkin, Hull. ornd. m. dc Hufi--, ji, 223, Ifllfl; and Hull. Pot'jUch. 
III.’.!., vol. 28, p. 1, St. IVti rsbiirg, llUli. 
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wliinh cni) be represented in tlie following form 

2 

UmM (ct^ + /i„z) co«li jnz -f (7 p^ + 0 -.) sinli mx 

Tn‘ 

ConsidcrinR now the scries 


we ol)tnin 


l'r.(3r) 



cos riz 

(ri- -t- rir)-(ii- — in') 


(I) 


(m) 


nnd 


dV„ n ■•■it' n-r 

ilx {n- n- )n')'{n' — rn’> 

r. - e.r.r., • • • 


tf>) 






n - 2 .r.r,. 


(•IIS TiZ 


-b'. 


(o) 


Ity inte^'nitiiiK I>i. (o) we find 


(;i) 


and 

tlx 


r,, » .t^ ro- I',' -a /;„ .■lin air •*• • j I'nil'i .‘•in n(t 

■ r'.ft„ >''>■' f'.x — j ct'^ rt(£ — r)dc. (9) 


■ (i.t„ sin f! 

The coiistaiits and /)\ can i-e d<'{>-rn>i!i' it ftum ttie conditions 


(1 and t ..to) “• (r) 

wliieli folirnv from •.•ro H o, and (n). With tin -se valvn't of the constants 
expres •10)1 (J) t^ivi ' tic Mint fd •‘••ri.M fn) wjiich ridtif'-.t th,'- double , series in 

expression to a • m.p;.,* ji.-rics. 




CEAFTER Vni 


BEIWmG or PLATES EITDER TEE COKEETED ACTIOIT 
OF LATESAL LOADS A2TD FORCES ET TEE MEDDLE 
PLAEE OF TEE PLATE 



fJZ. DiTeresiki Ect:sii.o:s. of tfie De-Ssctfoti Strrfeco.' — ^Tn mr 
pro-Ao"' dl'CrX'-to-:: it ?!&- £lr/£y= fe.-A'xms'i tPifcf-. t.h?; plato 
f * hoT;.': pj Istor&r loarL ophp If jr. £/I4:r,rori to I&torsJ los/X- tiif;ro' 
£.K forcsK fcetiri.g rri th'i tolddlft pl&n-o of th.o plato^ thi%o I&tter 
foTio«; rP'sr hs'/o & oo-.'-Td-orpI,' o offoot 
or^ ‘h-'C; horid:r.g of ol&to sr.d mu-t 
Po C'OP.»:''i'='rofi rrt do-rxrxr:^’' the ooriT^i-- 
por-dfpg dffforontfil of riio 

G'if totroTj. *Trrffer;0- Proo-oodF;? g.- xrn 
tLo 05^to of latorat losdfpg f-oo Art- 
21- p&gs €-5;- v-ro ooTi-d dor tho- ocanffj- 
rr“rp of & ‘rr-^E olorp-OTit erxt froro tPio 
p!^to br t.'/'o psirn of p!5.n«i--- p&r&llol 
to to* ar-d ys-ooordrnato p;ar..%' 
fpig- lIAj - Ii: addirfor; to tPiP fo?r;o:V 
df'orx'O'O.'i IP -Art- 21 "'o roT,' Pia'/e 
forooff aofrp-g fp tbo roM''ife piano- of 
fto plato- Wo donoto tb 5 rnagnitado 

of tE.":o foro'O' por rxnft lopirtfe __ 

i-'r/?- iia, 





A-- Ay and f'jy = xbo'/-m M 

£g?>'To. ProA;orrir.g thoao foro-o? op. ths 5 > and y-axTo? and 


Ur-” 

av- - " - 




ioro 


ro no ?jody foroe- or tanp'ontfal foroos anting 
in tIoo% drrootiona at thn fao^*' of tho plato, oto obtam tbs follo/r- 


: o-f-rnatro-n.' of orranxorrr-Tn; 


A 


Oil 

i5: 


dAW 

<5*?/ 


ri74) 


Tboao oryiatroto aro ontiroly indopondont of the three oouatfon^ 

20^ 
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of cquiHl)rium considcn'cl in Art. 21 and can be treated separatol}’, 
as will be shown in Art. GO. 

In considering the projection of the forces .«hown in Fig. 118 
on the r-axis, we nnist take into account the bending of the plate 
and the resulting small anghs between the forces A’, and Av that 
acton the opposite sides of the element. As a re.suU of this bond- 
ing the projection of the normal forces A^ on the r-axis give.s 


I I 




After simplification, if the small quantities of higher than the 
second order arc neglecteti, this projection become.^ 



r/rdy -f 


fiS I Gie , , 

— ' -r--ox 11 U. 
dx OX 


(o) 


In the same way the [trojection of the norm.al forec.s AV on the 
r-axis gives 


o-jc , o.\.jC»r, , 

Ayr-rdx fty - v T-oT aij. 

Ml/' <)i/ <))/ 


ih) 


Regarding the projection of the .‘•hearing forces A’„ on the r-axi.«, 
we ob.'crve that the slofie of th<‘ <le(lection surface in the t/-dircc- 
tion on the two (qipti-ite .<idc-; <if the element is Oir/Sij and 
(dii'/tli/) (tl'ir '0x(h/}‘!x. Hence the projection of the shearing 
forces on the r-.axis i*. eipinl tf) 


. «eic GA,., Gic . 

A„. -dxdl/ -i -:~t!xdt . 

'dxdi/ • Ox Oil 


,-\n analogous e\pres-ion c:in be obtained for the projection of 
the shearing fon-e-; - A%.y on iher-axis. The fin.al expre.'.-.ion 
for the proji ciinu of all the .shearing forces on the r-axis then can 
be written as 


rt.. 'Ftr f).V„ Air , , OX rj I I 

+ ■ s- ■ + T,r 


w 


Adding expre>uuns (a), i6} and (r) to the load qdxdii acting on 
the element .and using hiqs. (17-1), we cjbtain. instead of Fq. 
(ft) (page 87). the following equation of equilibrium: 


,r-M, o-.u, 

■'dx^' “Ox di/ d!/-~ 


■( 


, ,, O-w , .. 0‘ti' , c 


V 

-Mx at// 
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Substituting expressions (99) and (100) for Mx, Mj, and M^y, we 
obtain 

d-w 


dhv , ^ d^ic 

W ' dx^-di/ 


a. = if « -1- 

‘ dr dV ■ 


d^-w 


N, 


'df- 

2Nx 


d^-w 

'dx dy 


)■ 


(175) 


This equation should be ased instead of Eq. (101) in determining 
the deflection of a plate if in addition to lateral loads there 
are forces in the middle plane of the plate. 


If there are body forces* acting in. the middle plane of the plate or tan- 
gential forces distributed over the surfaces of the plate, the differential 
equations of equilibrium of the element shown in Fig. 118 become 

SNz ^ SNxst j_ 

'dx ' ay ' 
aN~.j ^ aN.j , 

ax ay 



Here X and Y denote the two components of the body forces or of the 
tangential forces per unit area of the middle plane of the plate. 

Using Eqs. (176), iastead of Eqs. (174), we obtain the following differential 
equation* for the deflection surface; 


a^w a^w 3 % 

!_ 2 ! 

dx* ' ax* dy^ ' ay* 




N 


a*w 


■AV 


a% 

ay* 


-b2A% 


a*ig 

ax ay 


dx ay/ 


(177) 


Equation (17.5) or Eq. (177) together with the conditions at the boundary 
(see Art. 22, page 89) defines the deflection of a plate loaded laterally and 
submitted to the action of forces in the middle plane of the plate. 

59. Rectangular Plate with Simply Supported Edges under 
the Combined Action of Uniform Lateral Load and Uniform 
Tension. — ^Assume that the plate is tmder uniform temsion in the 
^-direction, as .shown in Fig. 119. The uniform lateral load g 
can be represented by the trigonometric series (see page 118) 

* An example of a body force acting in the middle plane of the plate is the 
gravity force in the case of a vertical position of a plate. 

* This differential equation has been derived by Saint Tenant (see final 
note 73) in his tran-slation of Qebsch, “Th&rie de r^asticltd des corps 
Eolides,” p. 704, 1883. 
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'I’liis (‘(Hint ion and tlw Ixmndaty oondilion^ at tiic .simply sup- 
ported ('dues will lie .‘'■atisfied if we take the deflection w in (ho 
form of the serie.' 


tr 


'ST' ■'O >!ixx . 7ir!/ 

.-in sin • 

-«--( — -1 n b 


(c) 


Siilistitdliim tlii'i .v'ries in !>|. Dt), we find the folIowijiK vaUic.s 



for the coenieients (7„ 


1 e. 1 1'l 

hot li arc (O m noinh* i - 
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a 'i'Y* j. 
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Jy^'nin 
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in wiiieh rti an<l n nri' o<ld numbers 

I. 3. .■) and — 0 if rn or n or 

lienee t lie (leflt'ct ion surface of tjie|)I.ntoi.s 


Ife/ X* N" 

-'I) ( ^ 

r. 1 • , . - t 



Comparing tlii- rcKult with .solution (122) (jiaye 1 18), v.‘e conclude 
from the prcM-ma' of the term 'r- in the brncket.s of 

th'* denominator that the (leflection of the plate is somewhat 
(limini.shed by tin' action (if the tensile fiirce.s X^. This is as 
would be expected. 
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If, instead of tension, we have compression, the force N- 
becomes negative, and the deflections (e) become larger than 
those of the plate bent by lateral load only. It may also be seen 
in this case that at certain values of the compressive force iY- 
the denominator of one of the terms in series (e) ma}* vanish. 
This indicates that at such values of N- the plate may buckle 
laterally without any lateral loading. This phenomenon of 
elastic instability will be discus.sed later. 

60. Application of the Energy Method. — ^The energy method, 
which was previously used in discussing bending of plates b}' 
lateral loading (see Art. 28, page 120), can also be applied to 
the cases in which the lateral load is combined with forces acting 
in the middle plane of the plate. To establish the expression 
for the strain energv’ corresponding to the latter forces let us 
assume that these forces are applied first, to the unbent plate. 
In this wav' we obtain a two-dimensional problem which can 
be treated by the methods of the theorv' of elasticity.^ Assuming 
that this problem is solved and that the forces AT, A'j, and N^j 
are known at each point of the plate, the components of strain 
of the middle plane of the plate are obtained from the known 
formulas representing Hooke's law, viz., 




1 

hE 


(AT - e, 


hE 


(N, 




(a) 


The strain energv', due to stretching of the middle plane of the 
plate, is then 


*1^2- 2 //(Ar€s I A yCy I E Ty)dx dy 

~ J* "T A y — 2i'A'-A'j, At 2(1 -f v)Nl,}dxdy, (178) 

where the integration is extended over the’ entire plate. 

Let us now apply the lateral load. This load will bend the plate 
and produce additional strain of the middle plane. In our pre- 
vious discussion of bending of platas, this latter strain was alwaj's 
neglected. Here, however, we haye to take it into consideration, 
.since this small strain in coml^nation with the finite forces 
A I, A Is may add to the exjJression for strain energ}’’ some 
2 See, for e.-cample, author’s “Theory of Elasticity,” p. 12. 
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terms of (1)0 same order as the strain onerfry of btmding. The 
r- V- and c-eornponents of (he small displacement that a point m 
tli’e middle plane of the plate ex,.erienees during bending will be 
denoted bv a, i- and w, respect ivly. Considering a linear e le- 

inonl Ali of that plane in the 
3 --direction. it may be seen from Fig. 
120 that the elongation of the cle- 
ment due to the displaremont n i.s 
eijiial to The elonga- 

tion of the same element due to the 
displacement tr is [(tiw/dx)- dr, On 
may be sei-n from the comparison of 
, . 1 ,1 ill Fie 120 with the length of it.s 

the length ' 'j'/V "xi" Thus the total unit elongation in the 
of ll: t^ine..; tahen in the middle plane of the plate is 



■54..^'' dx 

• 'x Dx 


riti. ICO. 


Du , 1 / Oir 


Dt 







(ISO) 


Similarly the stniiti in the (/-direction H 

. _ .1. 

,\t/ ‘ '2\Dii ) 

c„.,.i,i,.rinu .1.,- .I.<ann. ^uam m 

l,,.,uli..s. «■. A.) .l.at tl„ ,l,c.nnn5 



ain due to the disidacements » and r is iDnfDy) -f (Or/ax). 

1 determine th.' shearing .‘•train due to o^rhi the'x- 

l-e two infinltelv small linear elements OA and 0/nn 
a (XdLis. as shown in Fig. 121. because of displacements 
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in the ^-direction these elements eome to the positions OiAt 
and OiBi. The difference between the angle 7 r /2 and the angle 
AiOiBi is the shearing strain corresponding to the displacement 
w. To determine this difference v/e consider the right angle 
BiOiAi, in which is parallel to Rotating the plane 

R 2 O 1 A 1 vdth respect to OiAi by the angle Qv)!(fy, v/e bring the 
plane B-zOiAi into coincidence with the plane B/JjAA and the 
point Bi to position Cf The displacement B/J is equal to 
{flv}/Sy)dy and is inclined to the verf/ical RjRj by the angle 
(ivi[(ix. Hence is equal to (f}v}/f)z)(fDj}/()y)dy, and the angle 
COiBi, v/hich represents the shearing strain corresponding to 
the displacement v), is ((iwlfix){()v}l!iy). Adding this shearing 
strain to the strain produced by the displacements u and v, 
v/e obtain 


fjy fix fix fiy 


(181) 


Formulas (172), (180) and (181) represent the components of the 
additional strain in the middle plane of the plate due to small 
deflections. Considering them a,s very small in comparison 
with the components and 7 *^ used in the derivation of 
expression (178), v/e can as'sume that the forces A''*, iVj,, 
remain unchanged during bending. With this assumption the 
additional strain energy of the plate, due to the strain produced 
in the middle plane by bending, is ' 

^2 = -}" A’’s ,4 "h Ai^/„j)flx dy. 

Substituting expressions (172), (ISO) and (181) for 4 and 
7zui finally obtain 


r, 


r c ' 

= N.. 

•) •/ L 


du 










r/y; 


dxd?/. (182) 


It can be shov/n, by integration by parts, that the first integral 
on the right-hand side of exprr-ssion (182) is equal to the work 
done during bending by the forces acting in the middle plane of 
the plate. Taking, for example, a rectangular plate with 

‘ The angles !mliiy and Dwfax coireHpwid to small dedeeXunm of the plate 
and are regarded a" small quantithis. 
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(Iio noorfliiiulc axo.s dircrt^'d, «.*< .‘-•how'n in I’i^. 110, we obtain 
for the first term of the inteRral 



Procecfliiin in tin; sainr* manner with the other terms of the first 
integral in exjjression (1S2), we finally find 



'J'lie first integral nn ihe righ*-ha!)d side of this expression is 
evidently I'qiia! to tie- ‘Aorl; fhme (hiring bending by the forces 
ai)plied .at the t'dges j- - 0 and jr ~ n of th'‘ pi.ate. Similarly 
the.'^erond inlegj'a! i' eipiad to th'- work done by the forces applied 
at the etlges y e U and y ■" U. Th** lie-t two intf-gnds, by virtue 
of I'iqs. ilTtb, arc (qnal to tin* work do'.ie during iK-nding by 
the Ixaiy fou-. - actie.g in tie* middle plate*, 'riiese integrals 
each Viini'i) in tin* ab-'-ni*e of s’ldi corresponding forces. 

Adding o.prc'dons (17>) ;md l!S2) to the energ\* of bending 
[see li(|. 1 11 1), j'uge 'I'lj. w«* obltun tlie total strain t'nergj* of a 
bent plat** under tic* cotid>irnd a'*tion of Iat*'r;d loads and forces 
acting itt tic* niid'i!'* pla.m* of tic* plat**. This strain ('nerg.v is 
(•(piid to tie- v.orl. 7k (ion** ia* tic* !a!**nd loafi during b‘*nding of 
the j>i;!:*' j*in- tie* ■.'.ork 7\ don** by th*- force's acting in the 
inifldl** pls.t!" .if tic* plate. Ob'-erving (iiat this hitter work is 
etpiid '<• 'ic '!!:'.in eu<*rgy lA j'ie,* tic* strain ent*rgy rcpri'scntcd 
by (he tir-f integvai i.f t*,\prt .-ioti (182). wc conclude* that the 
W(U'k pri‘*inceii by tic* la.tend forc**s js 



.\pplying ilie princiide of virtttal displacement, we now give a 
variation 5tc to the detlection ic and obtain, from Kq. (1S3), 
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1 r ( ow'y , f)Wr}vi\, J 

= r'J J [•'■%) " ■'•%) " _ 

, D. f Cjfohj: , d^-wY _ / i^VTl 

‘ 2° J J \\dx- ' fir/Y ^\fjx- dy- \hx by) J/ 


dx dy. (184) 


The left side in this equation represents the v.'ork done during 
the virtual displacement by the lateral load, and the right side 
is the corresponding change in the strain energj* of the plate. 
The application of tMs equation v-ill be illastrated by several 
examples in the next article. 

61. Simply Supported Rectangular Plates under the Comhined 
Action of Lateral Loads and of Forces in the Middle Plane of the 
Plate. — Let us be^n vrith the case of a rectangular plate uni- 
forml 3 ' stretched in the x-direction (Fig. 119) and canying a 
concentrated load P at a point v.ith coordinates ^ and y. The 
general expression for the deflection that satisfies the boundary 
conditions is 

« « 

2 "^ . miTX . TtTV , , 

^ .sin — sin -jf- (a) 

v. = \az,--- r. = l,2,3.--- 


To obtain the coefficients «-.n in this .series ive use the general 
equation (184). Since K,j — N-j — 0 in our case, the first 
integral on the rigid side of Eq. (183), after substitution of 
series (a) for is 


!C 5C 



•n^I n — l 


The strain enc-rgj' of bending representing the .second integral 
in Eq. (183) is [see Eq. (124), page 121} 



To obtain a virtual deflection bw vre give to a coefficient a-mim 
an increase co,..,,... The corresponding deflection of the plate is 


OW = oar-.ir. 


. r/iiTa: . 
-Sin .sin 


a 


nxTry 

b 
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The work rloiio (luritiK this virlii.'il dis-plnceinent by the lateral 
load P is- 

■ >h~v 

P6a„,„, siti • .‘•■HI y - (,/j 


The eonespondin^ eiuiuge in tln> f^train enerfry coii^i.sts- of the 
two terms which are 



Suhstitnf inji (■\|ir<'."iiiii^ <<{} ami u) in lap (ISl), we obtain 


. »>srl . mrr ttfi 'n:r'\ 

(1 11 i »r 



front whieh 



(.0 


Siibstitutini; tiw..- v;thi<'- i-; lii '■ coi nirients a.,,,, in expression 
(n), we find liie d'di'ciiiea nf ih.. plati- to b*- 



If, instt'iid <ii ihi- teii'ile fori is .V,. tlwre are compressive forces 
of the same maLmiuide. the di^tleetion of the plate is obtained 
by substitiif imt ~ .\t in place of sY* in ex|>ressioii (/j). This sub- 
slit iitioii gives 


f 
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The smallest value of iV* at which the denominator of one of 
the terms in expression (h) becomes equal to zero is the critical 
value of the compressive force iV=. It is e%ddent that this critical 
value is obtained by taking n — 1. Hence 


mcr = 


r:~a^-D(mr- ^ iV 

m- \a^- ‘ V-j 


¥\a 



(185) 


where m must be chosen so as to make expression (185) a mini- 
mum. Plotting the factor 



against the ratio a/b, for various integral values of m, we obtain 
a system of curves shown m Fig. 122. The portions of the 



Fig. 122. 


curves that must be used in determining h are indicated bj’’ heavy 
lines. It is seen that the factor k is equal to 4 for a square plate 
as well as for an}^ plate that can be subdivided into an integral 
number of squares with the side 6. It can also be seen that for 
long plates k remains practically constant at a value of 4.^ 

more detailed discussion of this problem is given in the author’s 
“Theory of Elastic Stability,’’ p. 327. 
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By usinp (he defleetion (ff) prodiieefl by one eoncen(ra(ed load, 
(lie defloelion jjrodiieefl by ;iny lalenil load can be obtained 
by suiK!i-position. AHsiiminR. for exuinjilo, (hat the jdate is uni- 
formly loaded by u load of intensity o, we substitute 7 for P 
in expression (7) and intef^rate the /-xpression over the entire 
area of the plaf<\ In this way we olitain llu' same ex{)ressioii for 
the defleetion of the plat<‘ under uniform load as has alreadv 
been derived in another manma* fsc.e pan(> 302). 

If the plate laterally loaded by the force P is compressed in 
the middle plane l)y uniformly di-tributer) b)rres A’, and A',, 
proeeediuf^ as before we oidain 


V' 


AP 


'S'n: 


. /arj , nrt) 
sin — sin , 

It h 






m-.\ c 

r-n-Jj 


. nirj . rmi 
■'-mi -sin 


(0 

'f'he critical value of the forces A’^ and AV is obtaincfl from 
the condition’ 

i>r(.\\),, , fi'i.V./;. 

r'n-/i r'lSl) 




O') 


where 111 aiui n are i'liO'*'n so as to mak*' Ab and Ab a inininniin 
for any triven valu>' of the ratio A’,: A".,. In the cas" of a sfiuare 
plate submitted to ilie action of a uniform jireisurein the middle 
jilane we ha.ve n b and .V, AV “ 7’- liquation (j) then pivts 




T-1) 


If 


(m- d- /d). 


{h) 


d'lie critical value of is obtuimsl by ta.kinp m ~ a ~ I, which 
gives 

p,. -- . ■ (ISti) 


In the ca.se uf a plate in the form of an isosceles right triangle 
with simply siqqiortesi edges (Tig. llo) the d'dlection surface of 
the buckled plate which s;uis(ies .all the boundary conditions is- 

* complete lii-eie ‘ioa t!,i“ protitem i-, ;;ivea ia tin- auttior’s "’ni'vrj'of 
IClicslie Stability," p. 'Xi'X 

• 'I'ltis is the form nl (laftir.i! vditatioa of a f-piare plate having a tliapoii.il 
ic' a nodal line. 
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TTX . 2'ny 

w = a.\ sm — • sm 

a a 


. 2Trx . 
sin — sm 
a 



Tha? the critical %'alue 
substituting m — I, n 
(}:). This gives 


of the compressive stress is obtained by 
= 2 or OT = 2, n = 1 into expression 


Vcr = 


5jr*D 


(187) 


62. Methods of Calculation of Critical Forces. — It v/as indi- 
cated in the pre^doas article that at certain values of the forces 
acting in the middle plane of a plate a lateral buckling of the 
plate maj-^ occur. A knowledge of such critical values of the 
forces is of a great practical importance in the design of thin- 
vralled structirres. For this reason varioirs methods of calculat- 
ing these values v,ill now be discussed, 

We can proceed, as was done in the pre%dou.s article, by finding 
a general expression for the deflection produced by the combined 
action of the lateral load and the forces acting in the middle 
plane of the plate and then determining the values of the forces 
acting in the middle plane at which the deflection increases 
indefinitely. The smallest of these values is then the critical 
.force. 

Another method of calculating the critical forces is to assume 
that the plate buckles slightly under the action of the forces 
applied in its middle plane and then to calculate the magnitudes 
that the forces mast have in order to keep the plate in such a 
slightly buckled form. The differential equation of the deflec- 
tion surface in this case is obtained from Eq. (175) or (177) by 
putting ^ = 0, i.e., by assuming that there is no lateral load. 
If there are no body forces acting in the middle plane, the 
equation for the buckled plate then becomes 


d'W , n d'w _J_ dhv 

dxA dxP^ dy^ ' dy^ 


Jj\ "dx^ 


-f- A 






dy^ 
d^V) \ 
dx dyj 


(188) 


The simplest ca.se is obtained when the forces N-, and Nxy 
are coastant throughout the plate. If we a.ssume that there are 
given ratios between these forces as expre.ssed by 

Aj, = aN~ and - (}N~ 
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and f^olvc llq. ( 188 ) for tlio pivoo boundary ronriilion.s, v/c ‘•hall 
find Unit the assumed inicklinp of tiio plalo is possible only for 
eeHain dofinile values of A',-. The sinalle.st of these values is 
the desired eritical value. 

Jf the forces A%, AV aiid A'.-v «i'e nut constant, (he problem 
bcconies more conipIiente/1. since ICfj. ( 188 ) then lias variable 
coefficients, fi'he general conclu'^ion rem.ains the same, however. 
In such cases we can as‘-iinie that the e.\pre."ions for the forces 
A%. AV fiud A'rv have a common factor 7, .‘^uch tliat a gradual 
increase of loading is obtained by an increiise of (his factor. 
From (he discussion of }■>[. ( 18 S) together xvith the given bound- 
ary conditions, it will li<- concluded that curved forms of c<jtiilil>- 
riurn are possibb* oidy for certain v.ahies of the factor 7 and that 
the simdlcst of the-e value- define- the critical lo.'tding. 

The energy method abo ca.n l,<- used in investigating the 
buckling of plates. > 'Phi- metluid i^ csnecially useful in tha-c 
cas'cs wIkto a rig,,riiii‘- so!uti<in of lap ( 188 ) is tmknown .and 
where it is reipiired to fiml a:i ap{iro\imafe vidue of the critical 
load. In applying this m-thod v.c !i,--!!me that the plate, which 
is sire-sed only by I'on- - a.eting in it- middle plane, undergoes 
some small latera.i defieefina tc con-i-rent with the given houtidary 
conditions, 'I'lien, ii-itig lap and olei-rvjng tha.t them’ b no 

lateral load in tin- ca-e, wc obtain 



The crifica.i \abii- of tin* force,- acting in the middle plane of the 
plnt(* is the '!na)' of the '.'ahie- at which bbp i. b8‘l) is satisfied. 
It! determunnr i- critii-a.l '.nine wi- a.-sunie that, in general, the 
forces A’r, .N’, and .V, , are rejire- >-nte<i by certain functions of r 
atid y having a common fa< tor 7 .-o that 


A-. . 7.v:. - 7A- 


Ab 


tA-;... 


(«) 


' 'I’iiis mctliod v.:e- last n-.-tl l-v <!. !i. Itryaa, /Vis*. I.v.'lof. Math. Soc., 
Veil, g'2, p. .'it; si‘i‘ a! ■ > a'ltji'tr’n In-"’-. “Tlsi-orv of lll.'i'tir St.'d>ility, ’ IPoG; 
,’1(1(1 II. Itci-sjicr’;, p;i[ii r E <:i. .\fislh, Mrch., vel, o, {». 47.’(, 1025, 
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A siiiiJiltenBOUs iucresH^; of forcos i?. obtained bj* rnaldiig '/ 
increase. From Eo- fl89) then obtain 


«//{(&• 


7 = — 


. o%ro-w f a~w\^ 

dj:- <?y- Va: dy/ j 




5zr 


(190) 


dar fJjj 


To determine tbe critical value of y it is necessary to find, in 
each particdilar case, an expression for -w that satisfies the pven 
boundaij.' conditions and makes expression (190) a minimum. 
TMs requires that the first variation of the fraction (190) t'an- 
i=h. If the numerator of expression (190) Ls denoted by Ii, 
the denominator by Is, the first variation of this e:q)ression is 


Fs dFx — Fx oFj 



Observing that r == Fi/Fj, this variation, vhen equated to zero, 
gives 

i(dFi - y oh) = 0. (6) 

It 

By calculating the indicated variations and assuming that there 
are no body forces in the middle plane of the plate, f.e., that 
Eos, (174) hold, ve again obtain Eq. (188). Thus the energy* 
method brings us in this vray to the integration of the same 
equation, as has alread 3 ' been discussed. 

For an appro.xiraate calculation of the critical values of the 
forces N-, 2\-j and AVy ve assume the defiection w to be in the 
form of a .series 

w = aifi('j:,y) ~ at'h(x,y) -f . . . , 

in vhich the functions /x(z’,y),/j(3:,y), . . . satisfy* the boimdaiy' 
conditions and are chosen so as to be suitable for the represen- 
tation of the budded surface of the plate. In each particular 
ease ve shall be guided in choosing these functions by experi- 
mental data regarding the shape of a buckled plate. The coeffi- 
cients Gi, Gj, Gj, . . , of the .series must now be chosen so as to 
make expression (190) a minimum. Using this condition and 



314 


TUEOflY OF PLATES AS^D SHELLS 


proceeding as in llio dtjrivalion of Kfp {h) above, we obtain the 
following equations: 


dl \ ifli 

0(1 1 ^On I 
Oil Olz 

Odi 0(ti 



(191) 


It can be seen from exj)ros-;ion (190) that tiie expressions for Ii 
and /; arc lioinogencoiis func(ion< of the second liegrctr in terms 
of (ti, .... Hence ICfis. (191) re(jre~enf a sysfern of homo- 
geneous linear equations in Hurli equations m.aj' 

yield for Ou . . . solutions different from 7.>-ro only if the 
delerminant of these ef|U.ations is zi-ro. I’uttitig this d/-termi- 
nant etiutil to ;:ero, an equation for detennining the critical 
v/ilue of y will be obtained, 'I'his method of ai)pnf,\imate cal- 
culation of the critical va.liie*. of the forces .aeting in tht' middle 
plane of a jdat)* will b" ilhist rated by e\;unj)!es in .\rt. (H. 

G3. Buckling of Uniformly Compressed Rectangular Plates 
Simply Supported along Two Opposite Sides Perpendicular to the 
Direction of Compression and Having Various Edge Conditions 
along the Other Two Sides. In the di-cu-don of flu-' problem 

f, both the en>Tgy uietho'l and the 

' method of integr.atiof! of the 

diiTer>mtial efpmtitin for the de- 

llccted pta.to can i)e used.' In 
fippiying tlie meiho'i of integra- 
tion we ti-e lap (bSS), For the 
V e:L-e of uniforfn conqtre'-sion along 

the .."-axis (vee Fig, I2d), if ;V. is 
eoii'-idcred .n-' (lo-itive for comfue'-ion, this ef{ttatioti hecotiU’S 



O'lr j ,, ehr , e'lr XtO'u' 

IX ‘ ‘ ~ 0 x' Oir ‘ ey* P Ox- 


(«) 


Assuming that imder the actiois of tin' eompressive forcc.s the 
phile buckles in e; -imt-aiidal waves, we take the solution of 
h]q. («) in the foim 

' Tic inethiiil <i{ iiit' -ralioa v. .'v>. lo-d by tic- writer in tlie publblictl 

in tlie Jliill, I'ol'ji.rc),. /j;'.’., Ke v, ».-<• Z. Mmf.. i’h'jilk, vol.iVS. 

p. Hdo. Tlie \e<f ef ih" eiwtgy int-tlitKl wio •'hinvn in the paper pul>- 
Iblied in ,-lrjn. pants chtu^’fsi^ vnl. -I, p. ;t72, iPi:!. 
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w = F sin 


rn-zx 

a. 




in which Y is a function f(y) which is to be determined later. 
Expression (h) satisfies the boundarj' conditions along the sup- 
ported sides X = 0 and a: = « of the plate, since 


w = 0 and 


fPw j_ fYw 

bF- ’ '"bt 


= 0 


for a: = 0 and x = o,. Substituting (?a) into Eq. (a), we obtain 
the follovdng ordinary' dififerential equation for determining the 
function F = /(y): 





jd y 


F = 0. 


(c) 


Noting that because of some constraints along the sides = 0 
and y — b v/e ahvays ha^'e 




and introducing the notations 


" V /72 ’ a/ Pj 




Z_2 




and 




rEsg— 


/ g 2 ' Aj 

D 


(ri) 


the general solution of Eq. (c) can be represented in the follov/ing 
form: 

F = -f -f- Cz cos Py -Y Ci sin Py. (e) 

The constants of integration in this solution must be determined 
in each particular case from the conditions of constraint along 
the sides y = 0 and y = 6. Several particular cases of con- 
straint along these sides %'.ill now be discussed. 

Side y = 0 Is Simply Sv/pporled; Side y = b Is Free . — ^From 
thf^e conditions it follows [see Eqs. (107), (108)] that 


bhx j_ 
^ ‘ 


w = 0, 

b’hx 


V-r-r 

c/z* 


0 , 


b^ 

bh/ 


, bhx _ 

' ^bx^ ® 

-f (2 - r)^ 
^bxdriy 


for 
= 0 


2/ = 0, (J) 

for y = 5, 

07) 
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The boundnry conditions (/) will be satisfied if, in the general 
solution (c), \vc take 

Cl ~ — C; and Cs = 0. 

The function 1' can then bo written in the form 


Y — A sinh a;/ d- B sin Ptj, 

in which A and B are constants. From the boundary conditions 
(f/), it then follows that 


.'l^rt- — ^ sinh all — b{^' -f* * — 


a- - (2 - r) 


nr 


a- 
~fiB 


cO'-'h all 

/9= -f (2 - 


a- 


cos fib = 0. 


00 


Tlicsc equations can be satisfied by taking A = /i — 0. 'With 
these values the dcnection at e.aeh point of the plate is zero, 
and we obtain the flat form of e<iui!ibrium of the plate. The 
Inickled form of eiiuilibriitm of tlm pliue becomes possible only 
if F((s. (It) have a sohifion for.! ami B ditTeretit from zero. This 
retiuircs that the determinant of thes.« etpi:',tions should be zero; 


ix. 


1 



tanh nh -• 


o(^^‘ *r tan fib. 


(0 


fsince n and fi contain .V. (see notations ((/)]. Fq. (f) c.an bo used 
for the caleul.ation of tlu' critical va.lue of if the dimensions 
of the plate .and tin- elastic constants of the material an' known. 
'I'liese c;'.!i iiiatioiis show that the smalle.-t value of ,V.. is obtained 
by taking m ■= 1, i.c., by a'-suming that the buckled plate has 
only one half wave. 'I'he magnitmle of the corresponding 
critical ciunprcs.sive .'■tress can be represejited by the formula 




(.V,)„ „ ,r-y; 


U) 


in which I: is a mimerical factor depending upon the magnitude 
of the ratio a/b. Several values of tiiis factor, calculated from 
JCq. (0 for »• •- 0.25, are given in the second lino of Table 39 
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helo~. For long plates it can be a.~srjmed vrith sriSdent 


?; = (0.455+1)- 


Tr the third line of Table 39 the critical stresses are giren. as cal- 
cuiated 02 the assumption that H = 30,10^ Ib, per souare inch. 
r = 0.2-5 and h/h = O.Oi. For anj other material vrith a 
modulus Br and any other ralue of the ratio h/b the critical stress 
is obtained bv muitiphing the numbers of the table by the factor 

30 - I0\bj 

Tisvr. 33. — 'Svn.vzszcjT. Tix-nzs or k nr Ea. {fj WEmr Sroa y = 0 1= 
Snrrzrr Scrroarao jlso Smz y = b Is Fasa (Fro. 123} 



Edge conditions similar to those assumed above are realized 
in the case of compression of as angle as shotm in Fig. 124. 
■^Vhen the compressive stresses, uniformly dis- 
tributed over the vddth of the sides o: the angiej 
become equal to the critical stress as ^ven by 
formula (j), the free iongitudmal edges of the ande 
buckle, as shotm in the figure, but the iine AB 
remains straight. The edge conditions along the 
line AB are the same as along a simply suuported 
edge. Experiments made vdth angles in compres- 
sion are in good agreement vrith the theory. In 
the case ox comparatively short angles buckling 
occurs, as shoviXt in i ig, 124. For a Iona strut vdth 
such an angular cross section Eulers critical com- 
presmve stress may become .smaller than that given by formula (f), 
in vrhich case the strut buckles like a compressed column. 

-Sk psyer by F. J. ErLdget, C. C. .Jerome and .4. B. TosseHe- 
4rr:. JLck. ET.n., p. sd3, 153^ See also pane- br C. F. KonbruHaer, 
Z'lricb, 193-5. ' 
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Side 7/ = 0 Is Built In, Side y = h Is Free, (Fig. 123). — In 
Ihi.s ca.se the edge conditions for determining the constants in 
the general solution (c) are 


1(1 


0 , 


3i/( 


0 


dhe 


d-w 


0 , 


~ -t- (2 

i>lF ^ ' 


«') 


Dy" ‘ di- 
From the conditions (/.) it follows that 


for 

y = 0; 

(k) 

ll’w 

ilx-dy 

= 0 for 

y = h. 


(0 


C. - - 


nCi — 


and 




etCz + 
2 ^ • 


The function }’ can then he represented in the form 


Y — /Ucos fli/ — co^h ay) /t( .sin fiy sinh ay 


(.si, 


.)• 


Substituting this cNpre.-.-ion in cfiuations (/), we obtain two 
homogeneous efpiations linear in .1 ami li. 'I’lie critical value of 
the compressive .stre.-s is now determined by ctpiating the deter- 
minant of the,-e c(|na,ion' to zero. 'I’liis givc.s 


2(S -i- (.T- -}- I') cos 01, cO'h n!> 


_ 0L‘r) sin fill sinh nh, (in) 
aii 


where 


t ^ /5M- 




I'or a given v.'due of the ratio n/b and a given value of c the 
critical value of comjiressive stress can be calculated from the 
transcendental e(iuuiion (ni) and can be rcjircsiuited by Kq. (j). 
Calculations -how that, ior a comparatively .short length a, the 
plat(! buckh in one half wave, and wi‘ must take in = 1 in our 
calculation... '^■•veral value.s of the numerical factor f: in ICq. 
(j) corre.spo) ling to various vahn'.s of the ratio a/b are given 
in Tid)le dt. \p. ‘^’he same values are also repre.sentcd in 

I'ig. 12.0 by the curve ni ~ 1. It is .seen that at the beginning 
the vjdue.s of I: deereas(‘ with an increa.s(‘ in the ratio a/b, the 
minimum vjdue of h (/.• - 1.32.S) being obtained for o/h = 1.G35. 



BEXDniG OF PLATES UNDER LATERAL LOADS 319 


BessHieg from this vaiue. k increases tvith the ratio a/b. Hav- 
ing the curve for m = 1, the curves for m = 2. m = S. ■ ■ • 
can be constracteL Bv using such curves the number of half 
vaves in anv particular ease can readily be determined. In 
the case of a comparatively long plate we can. with suScient 
accuracy; take J: — 1.32-5 in Eq. (j). 


T»3L3: 4D . — XuirsHtcAL of h nt Eq. (J) WEmr Sms y = 0 Is 

Brn.T I:t ivo Sms y = h Is Fehk CEig. 123) 

= 0.2.5} 



In the third row of Table 40 the values of the critical stresses 
are ^ven as calculated from Eq. (j). assuming H = 30 • 10' lb. 



2 . 


Fxfj- 125 . 

per square inch, r = 0.2-5 and h/h = 0.01. By using these 
figures the critical stresses for plates of any other proportions 
and any value of the modulus can easily be calculated. 

Sides y = 0 and y — b Are Both Built In . — ^In this case the 
boimdary conditions are 

= 0 ^ = 0, for y = 0 and y = 6. 

Proceeding as in the previous cases, we obtain the following 
transcendental equation for the calculation of the critical value 
of the compression forces: 
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(cos 0b — cosh ah)- = — ^sin fib — - Kinh fib 


+ o f-inh ab 
fi 


)■ 


The eritical vnliK's nf the rompre.-sivc sfre>s are ap:aii> fjiven by 
Eq. (j). Severn! values of ihe Dinnerieal faetor /.* as ealeiilateci 
for various values of the ratio a/b are given in Table -11. 


Taiii.k ‘11. — XoMKitieAi. Vam'k; or /; n: IXi. < j'l Win;;.- IJotii Sidks y = 0 
ASt) y 6 Aiti: IJett.T 1:: 
o- •=. o.2:>.i 


a/b 


n.-t 



h I (t -t 1 7 f.'-t 


0 n ! 0 7 

i_ 

'i" 'j 

7 O.'i . 7 . 1 V) : 


O.s 0.t> ’ 1.0 

7.20 : 7.83 i 7 . CO 


It i.s seen that the srtiallest value of /; is obtained when 

O.G < ~ < 0.7. 
b 

This iiulie.'ttes ih.-it in this rase a long eoinpre.-sed plate Inicklcs 
in eoniparativeiy siiort waves, 'j'b,* number of waves ran bo 
determined as before by plotting curvi's .siinilar to tho.se shown 
in Fig. 125. 

64. Buckling of Compressed Rcct.nngulnr Plnte.s with Built-in 
Edges.- In the folhnving di,srU"ion of tin- problem of burkling of 
.a clamped rectangular plat*- the energy methiKi will be used.* 
'I'he eoooiiisate axes are taken as .‘■hown in Fig. 123, and it Is 
a.s.'iuned that the sii.ape of the plate does not differ appreri.ably 
from a Minare and tluit the forces :aid .Vj, are unifomily 
di.stribut<'d.= 'V(. ,.- 1 ^ tl,en expect that the dellection surface of 
the buckled .ite i-- repre.s( nte<l .sati.-fartorih* by the equation 



* .Another ne jisiiii i.i ' -.nting the •j.-mie prolih ni riven h.v 0. 1. IXelor, 
Z. anijew. Mti'.f. ',!<<■>. . .el. 13, jt. l-t7, ItKVl; see nl-o K. Serawn und W. 
W/i(annI>e, Rfut. Arro-..; .fieii! Rf—ttreh /«*.'. 'lokye Imp. L’tnv,, vol. 11, 
p. -lO'), lP3f.. 

’ 'I'lie Cfiinpre- ive r'lire.' < here are taken fKititivc, tiiui the sicii nf e.xprc.s- 
eion (183) is changed ■wei.nlingly. 


I 
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%vhich p.em to satisfy the boundaiy' conditions. With this 
c-zpression for defioctions, the .strain energy of bending repre- 
.seated by the second integral of Eq. flSh) L-; 


V = 



(b) 


The first integral of the same equation Is 



Substituting expressions (h) and (c) in Eq. (189), we obtain 
the foliovdng equation for calculating the critical value-s of the 
compressive forces K- and A'^: 



In the particular ca.se of a square plate submitted to the action 
of equal corapression in tv;o perpendicular direction.s a = h and 
AT = Ns, vre then obtain from Eq. (d) 

(AT)^ = (6) 


The solution bj' G. I. Taylor, mentioned above, ^ves for thi.s 


case 


(AT)^ 



(/J 


If the plate is compres.sed in the z-direction only, ve obtain, 
by putting Ny = 0 in Eq. (d), (N~)„ = Wo(DJa-), 

It Tr&s sliovm in Art. 62 that to detorrniri'; the true -value of the critical 
forces It K neccBs.s.ry to find for t/; a form that makes ezpresrion flfgj) a. 
rruKirntirn. Er assuming for w an arfutrarj' form. .»ue?i as that of Eq. (a), 
we iL«iaIh' obtain, from erprcK-rion tHiO) a value that h larger than the 
mi.uimura value of the same expre^rion. Hence fonmila." fe) vn'll give too 
large a value for (N^icr. At the same time it can he sfiown' that the Taylor 
method gr/es too small a value for the foitical load. Tlie tnie value of the 
critical load is thu- Kornevdiere between the value-s (e) and (f), 

»See A. VrelrLstein, Lorjdon Maf.h. Hoc., vol. 10, p. 184, 103.5; and 
E. Trefftz, Z. ang-nr,. MafL. Mech., vol. 1.5, p. 2.3[), 103.5. 
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To got n better !i])proxiinntion for the critical force by tising the cnergj- 
iiictbod, it is noccssary to take for tr an expres.'.ion witii several paranietcrs 
anil (leterinine these parameters so as to make expression (100) a rniniimmi. 
Snell ealenlatinns have been niaile' for the ease of a plate uniformly com- 
pressed in the direction of the j-axis (Fig. 123). 'I’he ilefiection surface 
\va.s taken in the form 


tc ■-= ntiv' i(^)v-i{!/) -f rtJiv’if- )e-i(;/) d' Oitv's(x)^-i(y) (j/) 

for buckling in an odd number of waves and in the form 

tc Ui!v’«(x'n,-i(r/) -b OMv'iCxivify) (h) 


for buckling in an even number of waves. The functions and v-fv) in 
these expressions are functions represeninig, re-j>ecti..-,.iy^ tl„. normal inodfs 
of vibration of a bar of huigtli <i and h clamped at both ends, for the 
function v-fv' the form corresp<>!iding to the fundatnental mode of vihnition 
is Used in tdl case-, for tlie function v'Cxi higher ino-le- of vibration arc 
tilso consiiiered, fsiibstitutnu; expre-sidti or expri---ifui (/.) in lap (Iff)), 
wi' obt.'iin the sy-teni of Ime.ar eipiations (l(t|) aiid calculate the critical 
values of .V, for various v.vlues of it.'h by (etting the determinant of there 
etpiatioiis equal to r' To. In this v.ay v.e obtaiti 


IN.' 



(0 


where I: is a nutnerical factor depending on tlm ratio a/l< of the .‘Ides of the 
plate. .‘Several values of lhi“ factor are given in 'fable -12.’ 

'r.Mii.i; 52 V.st.iT. ; Of I: t:; fy. {{) rot: .x Uia'r.xNT.fi.xi: IYxte with 

Hi’u.T-iv Ktioiri 


c/l 


0 ! 0 iy 10 i :s I ,V‘ i : o • : 2 : 75 sola 3 :j 4 0 

’ ■ I } 

0 3 s', tf ■: < 0 4 r f, :* t :• 75 ' 73 r* t : s n 0 n 3 


The result', if c liiiilation are abo repre.-nttsl graphic.dly in fig. 12ti. 
from thi.s figure w ran determine, in each particular r.i-e, the number of 
waves into v. 1., !, /e b'lekh’d plate i., r.ubdivided, for comparison, curves 
caletilated by T i ■ - method are .also given. Knowing the iipjy'r and the 
lower limits for .‘.e ran arrive at a cunclusion in each particular case 
regarding flio r> .- lev of the values giveii in 'I'.alde -12. 

CC. Buckling of Circulitr and Elliptical Phates. V nijorv.l'j CornprcfstJ 
Circular Plnir,- f.,-; u' begin with the c.a; e of a plate with a clamped lalge. 

' .‘b-e pafier by J I. Maulhets.-h, J. Appl. MecL.. vol. -1, p. .aO, 1937. 

• A subscript 3 afi'-r vahie.s of f: indic.aU-s that three terms in expressions 
(ff) t’f (L) were mid in the calculations. The other v.'due.s of f: nre cal- 
culated by using only luo terms in the .same e.xiin-s'ious. 
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Fk. 120- 


C-: c-iirs. is cai'rnla.t^ by s^hstiitriefcs lb's ■vslu's cr-nzniCl/r) {hv:[ hr} 

for rLe prin.'^fpal ctrrvattirEs- in. expressioa (4^ , Tbos 


^ = f nt(s)' ^ M ^ 7f - - 


Cc; 

O C"* 


Scbs^irctirs (h'l and (cj ia Eq. (155), we ferd 



(d> 


Tbs eaz.r!t valtie of tLe crixical force wLkb. can be obtained in this case by 
integration of Eq, (ISSj is^ 


-BETirr, G. Prcc. LarArm Math. Soc., voL 22, p, 54, ISQl; see also 
A. ffadai, Z. Ver. detn. Ztiy, voL -59, o. 165, 1515, 
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(192) 


Thus (he error of (he approxitiinte Miliitiori is ahmit 0 per cent. 

In the ease of n simply supported plate the solution of hap (ISS) gives 

1 . 20 /; 

A,r - “ (193) 

a- 




This indieates that the eritie.al eonipre-^ive stn-'-s for this tyi>c of support 
is about three and a half tinie.s .smaller than in the ca-^e of a plate with a 
I elamp'-d edee. 

('trntlnr Pln'r in'J, r. HnU c.i thr Ccrtltr . — If 
a tmiformly rompre^ '-ed plate with n hole at 
tie' c< nter is built in aloii!: th.e outer taice 
xvhile the ititirr edge is free lo deflect but 
eatinot rotate (I’iK. 127n), the crilic.al value 
of the eo:upre--ive forre X again can he 
obt.'tini'd by ifitegra.ting lap (ISS).' Such a 
c.'dculatioti give.S 


/ 

H b* 


•a ■■ 


1 ' a_ 


1^ 1 


ib) 


I*M. 1.7. 





fjD 

o' 


(«) 


where /.- is .n rmmeri'-;i! f.aetor dep'^nding upo.n 
the ratio r./h of the outer nnd tie inner radii of th.e plate, fv'veral values of 
this- f.aetor are given iii 'labh- -I.'?. 

T.mu.!; 13.- XfMt.e.test, Vai.ft ■ or Iltcrot: J: tj; Ixj, (r) 


c/h 


10 i 


/.- ! so <>:! Ill KS 2t O-l I'l To 17.9! lb. 00 ' ir...>5 ; Id.CS 

I . ; ■ i ■ 


'I'he same t.-.bh- !■.>» abo l.e u-e.i if the inri'-r e<ige ef t.he filite is built in 
and the outer e.-.n d' th - t freely but ramio; rot.-.te 

(Fig. 1271 . ’ I 

If the pbte 1 , submitte<i to the aeteui of rum- ____ ^ 

pressive fore- d;.Tibuted along otdy the ituser 
botmdarv (I m !-s . the forv-s .V, .are no longer 
constant, an! •' integraliotj of lap (llsS) 
berome.s- more mplieated.' .-\n appnotim.nte 
solution cati b" 'iiiii-.l by veing the energy methwl.' 

I Ol-s-ios, It, , /nffe..!>t(r-.l rr.'.fi', voh S. p, -till 1937. 

' The ca.se of (-o:npre--~ive forces illstributed along the outer bottndary 
of the plate has b- - u e.sctis..ed by M Mei-sner, .SV.htrWr. llauzrUur.g, vol. 101, 
p. S7, 1933. 

' The result obtaitii'd in this manner wa.s ciunmunieated to the author b.v 
Stewart \^’ay. 



I'm. 1 

.A.ssuming that the 
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Taju,i; -M. — Xr.MKnicAL Vaiatk‘< or /; ik I'o. (/i) 


a/b 

1 

1 

.0 i 

l.I 

1.2 i 

1 

1,3 

l.-l ' 

\.r, . 2.0 i 

! i 

3.0 i -l.O 

k 

l-t, 

.79 

13..a7 

12.70 ' 

12.20 

n .SI ! 

11. .01 11.02i 

1 1 

i 11.01 1 11.1,0 


If file v.ilue of k for n -■> li in tin's t:il>l<- is cotnp.-ire'i with tlif vnliK- of /; in 
Eq. (102), it can he seen that the error of the sipproxiirtate solution is only 

0. 7 per cent, lletter .aectiraey i.'> obtained v.ith thi- .‘■ohition than with 
.“ohllion ((/), becanse the e.'qire-'-ion ff»r n* wa-s taken with two parameters, 
and two cqu.ations of the type (ItH) were n-sed in calculating the critical 
force, wliere.'i.s only one j);iraineter was ti-ed in obtainint; Eq. (d), 

66. Bending of Plates with a Small Initial Curvature.' — 
A.s.sumc that :i jtlato has .some initial warp of the midrllo .surface 
.so tliat til any point tlierc i.s ati inilitil tlcflecticm ire which i.s 
small in coinpari.son with the ihickiu-s of the plate. If s\ich a 
plate i.s .submitted to tlu' actitui of Irtm-sver.-e loadinc, tidditiona! 
deflection tt'i will hr- prtiducefi, ttufl the total deflection at any 
point of the middle .surface of the plate will lie i.c; -f tft. In 
c.alculating the deliection tr. we use 1>|. (101) derived for fl.at 
phite.s. 'I'his procedure is justifi.-dde if the initial deflection tc; 

1. s smiill, since we may consider the initial tleih'Ctioji as produccti 
by a fictitious load and apply the principle of sujterpos'ition.- 
If in addition to lateral loads there are force.s actiiu: in the middle 
plant' of the jil.ate, Uie cfTeet of these fore-'.'' on henditu: depend.'' 
not only on u'i but also on av. To take this into account, in 
applying 1C<(. (17.‘i) e.c use tin- total deflection te — to -f tri 
on the right-hand 'ide of tlie e«iuation. It will btr remembered 
that the left-hand ,,f {b*. warne t-tpiation reas oht.airied frtirn 
expre.ssiuns for tin- U-nfliiig moments in the plate. Since these 
rnoment.s dc[)f nd not on the tot:d curvature hut only on the 
change in emwature of tin* plate, the defli'clion tr. should he 
used instea I >f tr in aitplying that side of the equation to this 
problem. Hem. for the ca-se of an initially curved plate, 
Ecj. (175) hccorres 

' See iiiithi.r',' p.tii' r in Men, Ir,'!. of Wayr of f'orinum'ri'.lsp'i, vol. S9, 
.St. Pt'tcrsburc !llus-i:ui). 

- In the c.v"' Ilf l.'irKO ib n. ctii.sis the inaunitHilc of the ih-ni'ction is no 
longer proporlioiuil to the loail, anil th*- princii'le of .supeqio-itioii i.s not 
iipplir.ntilc. 
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^ „ Rr-:. _ 1 1 ^ ^ V 

cr'- Sz- cr;- c"--' D', - '" o:F 


, c- 

T" ^ 


^ 2-V-. 


-r tT:} 


a&^ 


i* L= tbs* tct’ eSect o: &rt iritisl r^irrsxrxrf: on the d-S'-cnoti 
is 'sctdralsst to tb? t5ect of s Sttitiott? IstersL losd of sn iiiteti£it 7 


-,_ c-tr-r , ■c'tti r oT' 

TI- — -* J' -. - "T : — 

c*' ct" or oo 

in tLe ro-piano alons prtrdiod tboTc it an inittsl erirrsttixe- 
Take at an onampio tbo cato of £ roctanptdar pisto 'Trg. 1I&}- 
£ci asrime test i±5 isftisl doSoction of tbo plate it deSned bp- 

-0 — -r: -o— ^ T, - ,,e; 

If criformlj dittrferttei o-omptestire forces -Ts: are aeting on 
tbe edges of tbit plate. Ec. beeonte; 


c^it; . 2 ebt; , lebtr _ rsr . rj' 

or* ^ dr- CO'- “ de* ' a- a h 


or-/ 


Let C3 tass ins sol'xtion. or tens ecTtatnon m tbe form 


, _. TT Tp 

" c h 


rtos .rtettng tans Tatae of trt into Lo. f&r. ore obtain 






I'f Its tens value on A. expresHnon ( c) grves tEe dedection of tbe 
plate pntduc-ed bv tbe eonepressfve fercc-s f/b. Adding tbis 
deueetnon. to tbe initial dedection (ay, vrc: oirtain for tbe total 
ueneetiim of tne pAte tbe folio vdng excression: 

G'-r , 5-r . -rr/ 

.r = to, -r tr , ~ (dy 
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in which 



The maximum deflection will Ijc at tlie center and will be 


uv...- 



(/) 


This formula is analoKotis to that ii-^ed for a bar with initial 
curvature.' 

In a more ^a'lieral ease we can take tin* initial deflection surface 
of the rectangular j)lat<,‘ in the form of the following serir-s; 


H'O 


. mvx . iiTTU 

sm sin 

(I b 


1 r. - 1 


(s) 


Substituting this serii-s in laj. (101). wr find that the additional 
deflection at any (loint of tin- plate is 


in which 



(h) 

(0 


It is seen that all the (•o‘•{ii^-ien^s increivse with an incre.ase 
of .V;. 'I'lius when .V.. apjiroaehes the critical value, the tt'nn in 
.series (/i) that com -pond'- to the laterally buckled shape t)f the 
plate (^e^• iaj, ; Is.'uj b- ruine.-. the prcdomitiating one. We have 
hero a cutnpletr analogs’ with the ca.se of In'iiding of initially 
curved liar,' under compression. 

The prol.li 'n .n lie handled in the same manner if, instead of 
cotnpre.s.sion, nave ten-'ion in the middle plane of the plat<*. 
In such a ca i .s necc.-sary only to chatige the sign of .Nb in tin' 
previous eqii i./ns. Without any ilifliculty we can also obt.ain 
the defh'ctio'i ui the ca.'-e when there jire not only forces .Vt but 
also forces aiid .V;.,. uniformly distributed along the edges of 
the plate. 


' .Sec lUjthor's ''.‘strength of MatcriaU,” vol. 2, p. -tgi, 1030. 



Li2.GB BBFLHCTrOrrS OF PXATES 




fjr:-orr:l7 Dfi- 


BsTLcBig cf Circt:!^ PLst'?^ 

c: rZr'T:l5.r r* ,'X6:-:;-n 

r::^:n cf 'c'i r.-::-i'!.V; titsrr-r < 0 : tee nZete c&r: ee rttgiected f.t 


iri "fFt'h tee /i'^fle^rie-ee £te -.teell ee wrr,pe,ree r.'ftr; t?;.e tr.r'e:r..e 
lec tee piste- le csees fe t-vereL tr-.e c,e51-?etr'-y;^= ^re ne lee^er 
.ettesll r.e eerep-ert'ert "‘xt?^ the tp-rehee-e: of the piste h-rtt sre .etHI 
strsll se eeeepsred retr: the e‘h.er e:rr.er.eter„', the snsh/.-h' ef 
the p-re tiers sr;.et "ee e,tter:heh te rr.tlrde rite .etrsrr: e: the rsHhle 
plere ef the piste,' 

Tie 'hell sete'-'se tP-st s (rr-er-isr piste f- hert P/p' the rterser-t 
J'A rrrirerrrip' chthP/rtec sPer-s the ■^;d 2 e ef the piste PFr^s 
Shtee the eeft^ttEer. es'r'see rr; .=r;eh s es-e f- .vrsrsetrfesl ?“'th 
rer-peet to the cester 0- the clplscers er.t o: s pofr.t fr, the r.t;c/5Ie 
piece of tP.e piste esr, he re-ol'-'eh rrto ttvo eorsprorerter s eorep-v 
rect « is the rsilel hrrerioc s.eh s eorspor.ert t: perperiflerlsr 
to tp_e plsce of the piste, Froeeeche^ se prerf.os'elp' fndrosteti 
:.e Hz, I50‘ 1 ps-^ze Se4j,. tn-e eorelv/ie tlest the .r-rsr.e tr. the rsdrsl 




= £h s- 1/i^u 


hi's-i/hHP 

hr ' 2'’ hr/ 

Trte sttsLe Lr the tssgerpLel cPreetPoc he etfaertlp' 

f 

T 

Decotht^ the oo'tre-'por.f rr,^ terehe foroee rer r;n:t leczth Pit' 
sch J»'; erf spphht^ Hoolce'e Isro ~'e ohtsfr 








,V, == -z£--,../,g 
il — 3' 


_ Fh f , er] 'i 

"r=H\5r'^2’shFj ^^'rj7 
= r « ^ £h -s 

I — ?p_r ' ’’hr ' i\ dr) J' 




' hc.>; 1^-^. hervh IT-er'.. cf Tr^j? 
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Tlicsc forces must bo taken into consideration in deriving equa- 
tions of equilibrium for an element of tlie plate such as that shown 
in Figs. 120h and 129c. Taking the sum of the projections in the 



radial direeti > . of all the forn < actiim on tlu' element, we obtain 


from which 


; -Ir ilO 4- Xr lir ilO — Xt dr dO ~ 0, 

1 1 f 


\' 

— i' I 



~ 0. 


(«’) 


The second etiuafion of i'(pdHttiium of ^!ie element is oI)(ained by 
taking moments of all the forces with respect to an a.\is per- 
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pendicular to the radius in the same manner as in the derivation 
of Eq. (55) (page 57). In this way we obtain^ 


a = 


d^w , 1 d'^w 

flj.3 j. fJj-2 


1 dw\ 
dr) 


ie) 


The magnitude of the shearing force Qr is obtained by considering 
the equilibri um of the inner circular portion of the plate of radius 
r (Fig. 129a). Such a consideration gives the relation 


Qr = -Nr 


dw 

dr 


if) 


Substituting this expression for .shearing force in Eq. (e) and 
using expressions (c) for Nr and Nt, we can represent the equa- 
tions of equilibrium (d) and (e) in the following form: 


d^u 

dr^ 

d^w 

dr^ 


1 du ,u _ \ — v { droV _ ^ d^w ' 

r dr 2r \dr) dr dr‘‘-' 

1 d^w u .if dwV 

r dr dr dr ^r 2\dr J , 


(195) 


These two non-linear equations can be integrated numerically 
by starting from the center of the plate and advancing by small 
increments in the radial direction. For a circular element of a 
small radius c at the center, we assume a certain radial strain 


€0 = 



and a certain uniform curvature 

Po \dr^J r^o 

With these values of radial strain and curvature at the center, 
the values of the radial displacement u and the slope dw/dr for 
r = c can be calculated. Thus all the quantities on the right- 
hand side of Eq. (195) are known, and the values of d^ufdr^ and 
of d^wfdr^ for r = c can be calculated. As soon as these values 
are known, another radial step of length c can be made, and 
all the quantities entering in the right-hand side of Eqs. (195) 

^ The direction for Qr is opposite to that used in Fig. 28. This explains 
the minus sign in Eq. (e). 
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can I)c calcnlntcd for r = 2c’ and 8o on. I'lio miincricul vnlncij 
of u and w and (heir dcri \'a{iv(‘.s at Die end of any intomd h(Ang 
known, the vahics of the force.s Nr and N t can then be calculated 
from Kfis. (c) and (he htnulinn nionunit.s ^fr and t from Eqs. 
(r)2) and (53) (see page 50). By .such rcixaited calculations 



we ])roeeed uj) tu ile- re.dial dieiime.- r ” a a! which th*' radial 
force .V, vani-h<> In thi~ v.ay wc obtain a cireui.nr plate of 
radius a bent iiv nioui' iits Mr uitifonnly fii.-tributcd along the 
edge. By elie.nging tlic numerienl v.alui" of and l/pr at the 
center w*> oluain plate- with vtiriou-- values of the outer radius 
;ind various vahu - of the moment along the edge. 

Figure fl3()i -hov, graitliic.nlly the results obtained for a jdatc 
with 

0 ~ 2:i/i and (.U.),_., - M^ 2.U3 ■ 

' If the inter, ah' into \\hie!i tie- rielins i- lUviih il v.z\' .sntnrientty small, 
a t;imi)le jiroreilure, ..vicli a- tliat n-' ii in the uutlifirV “ VilTutitni I’rtihlems 
in Kngineerinn," p fjii, ean I,,- s'.ppleai. 'I’iie nnttU'rli'al re-iiit.s ri’pnsenttxl 
in rig. IttO are el.tameil in tin- manner. liigher ncennu'y can In* otitaincil 
by using t!ie metlunis of .Viiain- i>r Siernier. Tor an lunnuait <>f ttic Ad.nins 
method .-ce h'ranci- Ita-hfortli’- inxit; on foniei of flnid drnjo, ('anihridge 
University Pre.-*;, ISS.'i. .s’teraier’.s metlnxi is tii-eii-sei! very coni/ilcfc!y 
in A. X. Krilnv’.s liool. " Ajiproximate ('ahulatien-'," |nil'li-hod hy the 
Ilu.ssi.an .Ai'iideniy of Sejem-es. .M(>-eow, UiXi. 
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Zt Trill r- 0 T 6 <i tfc&t ths rris-tinitris d‘iSc<-tior. of tLe pkfe in 
C» T-hiT-ri L? S p-^ir c-ier.t; i'KS ths d'ifIfiCtioTi tjtj giveti 

br tarr' tZiSor;.' “hic-h. r.h^r 5?tr£iri. in tZie middle 

pls.m: o: th^ p!£%. Tbs forc-ss J-Zr iTj fcrs both posirive in 
th-s f:-s-:i:ral portio' of tbs pi^ro. In. tbs o"tor porzioii of tbs plats 
tbs forost .V- bscoaos nsgativo: eompresdoii STbfe in tbs 

tzmxezslzL dirsction:. Tbs msTirarini tangsritisl coTnnrsffsfvs 
strsst at tbs sdzs tx'm~mA-i to abo 'it IS psr osat of tbs matfra^xm 
bsadirig 5r.rs.ss Gd/fi/b-. Tb-S bsading £trss.tss producsd bp* tbs 
ntorasats 3fr atid 31; ars aorasTrhat -traallsr tbaii tbs -rtrsss 
G3f;/b' girsa bj tbs slsassatarv tbsoirt' and bsaoras jjTaailsat 
at tbs osatsr. at — bisb point tbs error of tbs slsmsatarp' thsory 
a 2 so'iiit.s to abotrc 12 psr csat. From tbit nurnsrisal saampis 
it mar be coasbidsd that for ds:Ssctior_t of tbs order of OdJb tZis 
errors in iraidratim d-sSsctfoa and rnardrnTirn stress as given bo- 
tbs elsmsntarj tbsorp' bscorns considerable and that tbs strain 
of tbs naidFs plaxts mnst bs taken into acc-O'int to obtain more 
acoTirate rss^ilts. 

&3. Approrbrate Forgnlas for Uinformlv Loaded Circoiar 
Plate Tdtb Large DeSectfons. — Tb.s rnstZnd rased in tbs prevrons 
article can also- bs app!i.sd in tb.s case of lateral loading of a platrs. 
It is not; boTtever- of practical tiss, sines a considerable arnormt- 
of ntim-srical calcnlation is rsemired to obtab. tbs dsdsetions and 
stresses in each parttcnlar case. A more mssM forrnub, for an 
appronnrate calnlaticm of tbe ded-e-ctions can bs obtain.sd by 
appitin-g tbs en.srg;.' mstbod.' Let a circnlar plate of radbis a 
be clamped at tbe edge and be stibjsct to a tiniformly disr.rxbxited 
load of intensity c. Assirning time tbs sbape of tbs dedseted 
STirfacs can be represented by tbs same eotiation as in tbs ease 
of small dsdsetions, tts tabs 


_ ry. 


Tbs corresponding strain ensrg:/ of bsn.ding from Eo, (c) fna^e 
S^jis ' ' ‘ ' 

I =-vr-~ T/i 


Jr or tns raOisI dtspiacernents rte tabs tb-s sztnression 
« = r;b - r/Cb 4- dv -f CbF- -r - - - ); 
*£©=: EzAiAjczz fr: p, ^21, 15S7. 
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cnch term of which p.itisficp tlie boundary conditions that w must 
vanish at tlio center and at the edge of the plate. From expres- 
sions (o) and (c) for the displacements, we calculate the .strain 
components and €< of the middle plane as .‘■hown in the previous 
article and obtain the strain enerfry due to stretching of the 
middle plane by using the expression 


~ If, 2i <,<()r dr. {d) 

Taking only the first two tertus in scries (r), we obtain 


F, = 


- O.OOS lf.C.n- 

(i- 


-i- 0.1 ir,7C-:a< -i- n.3ooCsCV2' 

-i- 0.00(;S2C:/i--'3 -f 0.00177— '*Y 

(f n‘ ) 


(r) 


The constants C'l and C; an- now d<-t<-rmincd from the condition 
that the total (aicrgy of th<- plate for n po-ition of (apiilibrium is 
a minimum. Hence 


<iVi 

d('[ 


- 0, 


and 


or, 

dc] 


0. 


(.0 


Substituting exjirc.-si,,,, (>) for I',, we obtain two line.ar equations 
for C’l and I'rom the-'* xvc find that 

,, , . --ir; 

( 1 - l.l.S;,- . anil ( . ■- — J.,;, — • 

<i‘ ' n‘ 

'I’licn, from liq, (c) we obt:iin' 

r, - 2. {g) 

it •h • 

.Adding this energy, which rcvult^ from stretching of the middle 
plane, to the energy of bending (f>), we obtain the total strain 
energy 

TM- r, - U>) 

'I’lie second term in the p.-irenthcsis represents th(' correction due 


' It i.s fts-iiinifil Unit «' 0.3 in thi> calculation. 
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w strsin in ih^ middie surface of the plate. It is readily seen 
that this correction is small and can be neglected if the deflec- 
tion 1 C, I at the center of the plate is small in comparison vdth 
the thickness h of the plate. 


The strain energt' being knovt-n from e?gjression (K), the deflec- 
tion of the plate is obtained hy apphung the principle of virtual 
displacements. From this principle it folIoTts that 


d(Yt 


dwc 


F-J, 

ou:.-: 


r rf r-\ 

2ir a 5ir r dr = 2-a ou:^. (1 ^ ) 

Jo * * Jo \ O'/ 


r dr. 


Substituting e^mression (A) in this equation, Tve obtain a cubic 
equation for Wc.. This equation can be put in the form 


Wr. — 


qa^ 



ri96) 


The last factor on the right-hand .side represents the effect of 
the stretching of the middle .surface on the deflection. Because 
of this effect the deflection icr. is no longer proportional to the 
inten-sitj' a oi the load, and the ri^dity of the plate increases 
trith the deflection. For example, taking iro = M, we obtain, 
from Eq. (196), 


tcc = 0,89^ 


aa^ 


64D 


This indicates that the deflection in this case is 11 per cent less 
than that obtained by ne^ecting the stretching of the middle 
surface. 

Another method for the approximate .solution of the problem 
has been developed by A. Xadai.^ He begins with equations of 
equilibrium similar to Eqs. (19.5). To derive them we have only 
to change Eq. (f), of the previous article, to fit the case of 
lateral load of intensity q. After such a change the expre.s.sion 
for the shearing force e-vudently becomes 



Using this expression in the same manner in which expression (/) 
was usal in the prevdons article, we obtain the following sj'stem 
of equations in place of Eqs. (l9o)-. 

See Ms boo!-: “ Ebstisc-he Flatten,” p. 288, L92.5. 
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d‘U I 1 ^ _ 1 — r/f/trV 

<lr- r dr r" ~ 2r \dr / 

dho , 1 d~w __ 1 dw _ 12 du 
dr^ r dr- r- dr ft- dr\dr 


dw d-w 
dr 77^’ 


+ 7 + 2' 



+ 



fjr dr. 


( 197 ) 


To obtain an npproxiniafo solution of tho problom a suitable 
expression for the deflection w should be taken as a first approxi- 
mation. SubstitutitiK it in the rif:ht-hartd .‘■ide of the fin-t of the 
equations' (197), \ve obtain a lim-ar equation for u u'liieh c.an be 
integratefl, to frive a first a}>j)roximation for n. Bul)stitutini; the 
fimt- ap|)r(jximutions for 1 / a;ul ir in tie- rit;lit-hnnd .s'ide of the 
second of the e(iunlio!is tll'7). we obtain a linear difTerential 
c<iuation for ir v.hieli can !»'• inlctrra.ted to pve a second approxi- 
mation for ic. 'I'his second approxinmtion can then be u.-ed to 
«)btain further approximations for u and ic by repeating: tlie 
.same .sequence of ('alculatioiH. 

In disc.ussinjj: bendint; of a uniformly loatle<l circular plate with 
a clamped ediii*. Xaflai bcp:inN with the dcriv.'ttive dtc/dr and 
take.s fus first approximatioti the expri-s.-ion 


which vanishes for r - (t a.ad r — a in compliance with the con- 
dition at the built-ir. < ic. v'I'he fir-t of the c(piations (197) then 
frives the first Lt a. >u!)-ti!utin,tr these firs't 

a})})roxim.ation- fn; •, ,!,.l </.'cX/r in the .se(-f>i)d of the efpintion.'j 
(197) and solvim; 1 ; • v..- oV' rnsine the constants C and 7i 
in exj)rc.'>ion IJ) .- > a- •> lu.d.*- u'-ajly a. consta.nt .as possible. 
In this manner tin c!piat;<>:d for calculating the deflec- 

tion at the ccnt<T i- utc.unrd v. hen'\ " 0.2.7: 


H- 0 .'.va 


iihom 

^'V- 


‘ .tnollii rnn-tiiiiii fur fli'- of fI07) ^vasdevclnpecl 

liy K. I'l .lrrheffiT, rfifri'!, a. J) v>',- /’c'jr/.iinyj'.Tt't-ftfR, 

vol. 7, [> I't^, teotj. llis <’a • ‘O 1 ’. i*»r O'. (i^Tors frx'ta Isi. (tOS) only ay 
tlic niiiiii'.-ii'.'il viitiic of tlif <■>•' t! , • i!( 0:1 t!,<- l.ut-!i;ini! fide; c;'.*,, 0,.')23 must 
he u-i d iiisti iul of U,."s:’ for f ■ 0 2.‘i. i 
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In the case of very thin plates the deflection Wo may become 
ver}’’ large in comparison with h. In such cases the resistance 
of the plate to bending can be neglected, and it can be treated as 
a flexible membrane. The general equations for such a mem- 
brane are obtained from Eqs. (197) by putting zero in place 
of the left side of the second of the equations. An approximate 
solution of the resulting equations is obtained by neglecting the 
first term on the left side of Eq. (198) as being small in comparison 
with the second term. Hence 

0 . 583 ^^“^ « ~ 

A more complete investigation of the same problem^ gives 


iVo = 0.662a 



(199) 


This formula, which is in very satisfactory agreement with 
experiments, 2 shows that the deflections are not proportional 
to the intensity of the load but vary as the cube root of that 
intensity. For the tensile stresses at the center of the membrane 
and at the boundary the same solution gives, respectively, 

{ar)r^ = and {<rr)r^. = 0.328,J^p?- 

To obtain deflections that are propoi'tional to the pressure, 
as is often required in various 
measuring instruments, re- 
course should be had to cor- 
rugated membranes® such as 
that shown in Fig. 131. As a 
result of the corrugations the deformation consists primarily of 
bending and thus increases in proportion to the pressure.^ 

' The solution of this problem was given by H. Hencky, Z. Math. Physik, 
vol. 63, p. 311, 1915. 

'See Bruno Eck, Z. anqew. Math. Mech., vol. 7, p. 498, 1927. 

' The theory of deflection of such membranes is discussed by K. Stange, 
Ingenieur-Archiv, vol. 2, p, 47, 1931. 

‘ For a bibliography on diaphragms used in measuring instruments see 
the M. D. Hersey paper, Repl. Nat. Advisory Comm. Aeronautics, 165, 1923. 



Fig. 131. 
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69. Exact Solution for a Uniformly Loaded Circular Plate with 
a Clamped Edge.' — 'I’o obtain n more Hatisfaclorj- solution of the 
problem of large defleetions of a uniformly loaded circular plate 
witli a clamijed ('dge, if is necessary to solve Kqs. (197). To do 
this we first write the eriuations in a somewhat difTcrent form. 
As may Ik; .-■•cen from its derivation in Art. 07, the finst of these 
eciuations i.s equivalent to the equation 


Nr 


X, a. = 0. 

dr 


(n) 


Also, as is seen from ICq. (e) of .Art. 07 and ICq. (0 of Art. (6S), 
the second of the same ('(piations can be pvtt in the following form: 


d’lr ^ 1 d'tr _ 1 dtr\ __ .. dw ^ qr 
df- ■' r dr-' “ 7-Tr) " ‘''dr ' 2 


(h) 


From the general e\|)ressions for the r.idial and tangential strain 
(page 320) we oi)fain 


Substituting 


dt, 

u d- ry^- 





and 


1 


hE 


d.V: - rNr) 


in this equation and u-ing l'!q. (n), we obtain 


rJ/X, + A-,) 


/i/N dn 
Tv dr 



0. 


(c) 


Tlie three hajs. (n). (h) and (r) containing the three unknown 
funetiuiis .V.. .V, and ir will now t>e u-cd in solving the problem. 
We begin by iransforming the-e i quations to a dimensionless 
form by intrudueing the following !u»t;itions 


V =■ 





Sr 


Nr 

hi:' 



id) 


With this notation, hais. (n), (L) and (c) become, respectively, 

■This solution is due to !>. Way, Tmtn. .Ir!. Soc. Meeh. Ev.q., voI, 5G, 
p. 027, HUt l. 
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iL 

d 


i^Sr) - Sc = 0 , 

i A. C2^ 


(C) 

(/) 

({/) 


The boundary conditions in this case require that the radial 
displacement u and the slope dwjdr vanish at the boundary. 
Using Eq. {h) (Art. 67) for the displacements u and applying 
Hooke’s law, these conditions become 



Assuming that Sr is a .symmetrical function and dwfdr an 
antisymmetrical function of we represent those functions by 
the following power scries: 


Sr = i3„ + + Ihk^ + • • ' , (i) 

J + Cze + +•••). W 

in which Bn, Bi, . . . and C'l, Cz, . . . arc constants to be 
determined later. Substituting the first of these series in Eq. 
(c), we find 

St = Bn + + 5Bi^^ + ■ • • . (1) 

By integrating and diffenmtiating Eq. (k), we obtain, respec- 
tively. 

I = VS^Cil -b C'a| + C.l + • • ■ (m) 

+•••)• (n) 

It is seen that all the quantities in which we arc interested can 
be found if we know the constants Bo, Bz, , Ci, Cz, ... . 
Substituting series (j), (k) and (1) in Eqs. (/) and (g) and observing 
that these equations must be satisfied for any value of wc find 
the following relations between the constants B and C : 
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i-i 


~ ~TTf~Lli\ "S = 2, 4, G, • • 


/:(/: 4 - 2 ) 

rj- . 

A -3 

:) 

ir- - 1 ^ 

rt- 0.2.4. 


r - ~ 'S;! nr - _ r 7 o 

^= = 5 <‘-"'-< 5 ;^ + "4 


io) 


It ran be Fi'cn that wlitai tlu* two roiifstant^ Bo and C'l aro a.==ignod, 
all the other ron^tants are determined by relations (0). The 



quantities .S',, .e, .i,„i 


, , t determined bv senes (J), (?) 

aii'l t;;r dr ••n- 1 1 . ‘ t ~ r 

and (!■] fnr ..11 . ' /As may Ijo seen from senes 

O’) and ,nh tivinl”//.'.''V/'’ to selecting the values 

of * 5 . and the ..n;vat,;re‘.u t! ' "f "Vn" t t 

To o[>,m„ ,!„■ c-uns- m:- f "'i >» 

partienlar ,iie . ‘7'‘'-<)'ne wa>= usinl. I'or pven 

values of .-md ]> = 7 /.; ^ ’’ '' 

I ’n,/s . ii,..- - *i>' lr.\s ;-,!n’;uiy Ih-ch curountcnil 

in tlip r!f r” I- ' '*f *' ' ‘‘’•'■oOit.x- tiuniu iits nnifennly tilstributwl 

in uip e:i,..o o: li.-jidnic of eirnif 

flhirii; the ed^e J):ikc 3.'>!). 


'•iO".d:«.r pe.tr 
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eonsder&ble ussrch^z o: imineric-al cases ~ere cal ciliated.^ and the 
radii o: rhe plates vrere determined so as to satisfy the boundary 
condition I'fy For aE tbese plates th,e values o: Sr and Sc at the 
boundary vrere calculatedf and the values of the radial displace- 
ments (u}r=s nt the boundary vrere determined. Since aU 
calculations vere made vdth arbitrarily assumed values of Bo and 



0 a4 05 L2 Le LS 
Deflecricn,y/c/h 

Fk. IZl. 


Cl. the boundary condition (h) vas not satisfied. Hovrever. by 
interpolation it vras possible to obtain ah the necessary data for 
plates for — hich both conditions (h) and (i) are satisfied. The 
result of these calculations are represented graphically in Fig. 
132. If the defiec-tion of the plate is found from this figure, the 
corresponding stress can be obtained by using the curves of 
Fig. 133. In this figure, curves are ^ven for the membrane 
stress^ 




cases Iiave been cslculated bv Wav, loc. at., p. 3.32. 
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and for the bonding slre.s.se.s 



as calculatod for tlio ccntor and for tlu; edge of the plate.* Bj' 
adding fogetlier o-r and tin* total inaximuin stre.-s at the center 
and at. the edge of the plate can be olttained. For purposes 
of conipari.son Figs. 132 and 133 abo hiciitde str.'iight line.s show- 
ing the re.siilt.s olitained from iJie elementary theory in whicli the 
.strain of t})e middle jd.ane i.s neg)(>cled. It will be noted that 
tlie errom of tlie eUanentary theory in(rea.--'e a.s the load and 
deflections increase. 

70. General Equations for Large Deflections of Plates. — In 
discussing the general ca.se of large defh'trli<)ns of plate.s wc u.eo 
Fep (177) which was derived by eonsid'a'ing the eriuilibrium of an 
elenu'ut of the plate in tlu- direction perpendicular to the plate, 
'riie forces N.j and A'-v now depend not (jiily on the external 
forces applied in tlie jr/-plane but al.-’o on the strain of tlie middle 
plane of the plate dm; to bending. .A.ssiiming that there are no 
body forces in the jg-plane and that tfie load is [lerpendictilar 
to the pl.'ite, the equation,' of e({uilil>rium of an element in the 
j)/-I)lane are 

d.Vr d.V,., 

tV ‘ All 
dA d.\ y 
or ' Atj 

3'lie third equation neee.ssary to detiTinine the three quantities 
A'j, A\y, and A'^y obtained from u eonsiderution of the strain 
in the middle surfai-e of tlie plate iluring iiending. 'I'he corre- 
sponding strain component.', [.-it'e hiqs. (170), (ISO) and (ISl)] arc 

An , l/dirV 
Ax ”■ 2V57 / ’ 

Av , l/PiA- 
Aij 2\d7/V ’ 

All , Ar ^ Air Air 
All ' Ax ‘ Ax Atj 




r: 0. 


0.) 


(«) 


' TIio htrc.'-'.'.'f.s are given in iltineie'innle'.'s form. 



?AZ 


Bv taking th'^; df;rivat,ivc.-; of thoc-Zi oxprr^ft-rion^; and com- 

bining the resulting expression-, it can be shoz/n that 


'1^^- ^ = ( ^!!^Y - ~ - 

‘ cfx^ dx «-jf,y \fiT. ffy) H'A f'JjA 


(r) 


By replacing the strain components by the equi'v'alent expr^sssions 


U) 


= 

1 

- uNy), 

fe, = 

1 ^.r 

hJy'^^ 

— m'y. 


I rr 


7^y = 



on in term: 

s of Ay, 

Ay and 


The solution of these three equations is greatly simplified by 
the introduction of a streae juwJ.viri.} Jf. m&y is; seen that 
Eos. («) are identically satisfied by taking 


7 ^ 7 

A* = 


jV-/ 




T/y* ' ’ ^ "V5x*' ' ' "»x d;/ 

vvhere F is a function of x and y. If these exprf:Ssions for the 
forces are substituted in Eos. b/), the strain componnrdH become 


\(iFF 

b¥\ 

/Ady* 

-‘'bA) 

^(!FF 

b¥\ 

11 

— I'y-i; ); 

'FFJ 

2(1 - 

r v) fFF 


K dx by 

Substituting these exprs;i-;sioris in Eq. b;), vre obtain 


dx 


T ^ 2-FHL^ m ^llE. — // ( 

rd ' bxF b'lF ' dy* Sp'-f- f>v) bxF b]F 


(200) 


The second e/yiation nee;es;sarj' to determine F and w is obtained 
by substituting expressions (c) in Eq. (J7.'5) *//hich give-s 


dhx _j_ g dhx d^ _ J^y <7 dT' dbx 
bxd ‘ dx* dy’^ ’ dy^ /y\ fc ‘ dy* dx^ 

7201) 

dx^ dy* dx by dx by) ^ 


Sec fccf.her's “Olf'xyr/ ''/f Etetictty,” p. 24, Itjgt. 
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Equations (200) and (201), toKctlior with tlie boundan- condi- 
tions, dotoriniiu! the two functions F and viA Havinp; the stress 
function F, wo can determine the stresses in tlie middle surface 
of a plate by applying JCqs. (r). I'Vom the function w, wliich 
defines the deflection surface of the plate, the bending and the 
shearing stresses can I)e obtained by using the same formulas as in 
the case of plates with small deflection Isce Eejs. (99) and (100)]. 
'riius the investigation of large defleetions of plates reduces to the 
solution of the two non-linear dififerential equations (200) and 
(201). 'i'he solution of these eo.uations in the general case Ls 
unknown. Some ajtjiroxitnate solulimis of the problem arc 
known, howevt'r, .atul will be discussed in tlu; next article. 

In (he jj.'irticular c.ase of bending of a plate to a cylindrical 
surface whose axis is parallel to the ;/-axis, E(is. (200) and (201) 
are .simplified by observing that in thi-' case iv is a function of x 
only and that O-E/Or- amd t)‘F/oir are constants. Equation 
(200) is then satisfied identieally, and ICq. (201) reduce-s to 

I'l'tr </ , A'i u'tc 
(if' T) ' 1) (If- 

Problems of this kinrl have already bcfU) di-ctissed ftilly in Ch.ap. I. 

In the case of \-ery thin plates which may have deflections 
matty titivs larger than tiseir ihickne.-s, the n-istanci' of ihepl.atc 
to benditig can b" neglceted; i .< the flexural rigiflity D can Ik? 
l.aken efiuai t'j /ern, .and the probletu reihieial to that of finding 
the deflection of .a flexifih- membrane. Ihtuations (200) and (201) 
then bccume- 

O'F fy ri'F j 0 '/’ ,.! / (Fir V _ ii-ir (Vir 

Of' “0- - fit/- ’ (III' 1. 

I) 4 , (Y-F (Y-ir ^ li'F t)-ir _ ^ 

A '7' 'If- ' ('If' c'lr ~tif (>ii ('f (I'j 

A numeric:-; '■oluiion of this system of e^piatimis by the use of 
finite difTeretu e- has !)cen tli'-cus-t'd by H, Hencky.^ 

* TIm-s'; tv.ii • wcri’ lii ri‘. ol liy vna Kitrinun, S-.-c '‘l-.ncyklo- 

pi'ulic (ier .Mat!. I eciteolii-a \\ c- ■■n'.i-iis.ftfn," vi>!. IVi. jt. .'?t9, 1010. 

• Tile*-!' ('tm;i(aiiis v.-i-rc i>!i!ai!n-il Iiy .V. “ \'er!e,-.\in!:i-a 0i)cr Tccii- 

ni-Tlie Mfciiaiiit;," vel. .a, p. I3g, I'XtT. 

^ Ilr.SCKV, n., (In( 7 rrr M <;!)■,. .'.ferh,, vul. I, pp. SI and -liS, t021; sec 
al ,“0 K.xi.sr.it, U., Z. ananr. MaH. MfeK., vol. 10. p. 73, 1030. 
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Tne eri'rrg:/ m'it.ho'i E^orrk anor.h'ir of obtaining an 

anproidmate Holution for tho doSo'-ition of a mombrano. Tho 
.rtrain etiorg;' of a mombrano, '.vhiob h dfio solob/ to Jdrotcbing of 
it=; rniddio fianaoo; b: givon by tho oKprossion 

-r fv >-7 -r 2L-,yr-)'lx dy 

= 575#^, f J K 4 + + {rt - iy. 

Substit'iting crqvTos-don-; fi70}, fISO) and fXhV) for tho strain 
r:rsjnpo:i‘:nt-: <e-. ey,. y-y. v/o obtain 

r = -g^ f r/feV -t- IfffeY -i- 2l('12ix 

2'1 — >^)J J )',ar,) ‘ a'j\,ax) ‘ Vgy/ ' dylby/ 

-i- LzlA ( Y — 2 ^ — — f— Y — 2— ~ — 

‘ 2 LV'i'.y/ ‘ '5'y ‘ \'7-K/ ' dy ox by 

, Jit bW bW 1 I , , /nrn- 

~2~~-r-\ (dx dy. (20Z} 
ox ox oy J j ' 

In apphang tbc- onorg;/ mTr.hrA tto must ass-Jirno in oao?i partfc'iilar 
oa.% suitable expirossions for the dlsplaoernents v., v and TliOno 

ercpressions must, of oonrso, satisfy the 
boundar;.' conditions and vdll contain j~ 

sereral arbitrate' parameters the rnagni- f 

trides of "Tiich. bare to be determined by q v 

tbe txse of the principle of rirtrial displace- f 

rnents. To illristrate the methodj let us ? 

cotisider a uniformly loaded square mem- ^ - 

brane”' rdth sides of lengtlr 2o; tpig, 1-34). 5 '">p— c 

The displacements r and fx in this case ^ 

■ryT*—^ J T r .7 7 T "T f 

% £;nHa g.t th.^* bo'un d^r/, il 0";0 
from sn'mmetr:/- it can be concluded that ur is an even function 
of r and y, '-rhereas « and r are odd functions of « and of y, 
respectively. All these requirements are satisfied by taHng the 
following ezoressions for the displacements; 


">p— c 
V 

Fro. i;^. 


^ Calen&thn.' for thP- case are gfren in the hook “Dran^ tirid ZTsang" 
hy A'-g-r.st srA Lrid-mg FoppI, -/oL I, p, 226, 1G24; esa also Henckj.', fco 


c-vt., n. 344 
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~x -xif 

W — W'o cos cos —■ 
2a 2a 

. rX Tl/ 

w = c sin — cos 

a 2n 

. -ril -T 

t> = c sin — cos —} 

a 2a 


if) 


which contain two parameters ico ami c. Substituting those 
expressions in Eq. (203), we obtain, for v — 0.25, 


y _ ]7r- 


7.5(01 a- 


7r- cw- ( 3.5r= , SOM 

ITT ■ 


(?) 


The principle of virtual disiilacements gives the two following 
equations:* 


or 


or . 

- ouv 
(life 


f . rx -rrj . . 

I I 0 cic: cos CO- ~-ax III/. 

2ii 2a 


(0 


Sub.stituting (;xpres-ion (n) in place of 1', we obtain from Eq. (/i) 

and from I'iq. (f) 


r O.M7~^ 
a 


ir, {)M2a^g- 


( 201 ) 


This denertion at the center is sornewliat larger than the value 
(109) jirevimi'ly obtained for a miifoniily loaded circular mem- 
brane. Tlic tcn-ile St min at the center of the membrane as 
obtained from expressions ( /) is 





t>.-!02™i. 

a- 


and the corre-iumding tensU,. vin-ss is 


i - T. 


O.-KVi 


O.f. 1 

«• 



(205) 


’ The riglit .side of i;(|. d. . i-, r.-ro, .Mtic.- tlic v;<riatioi) of the pammeter c 
produces oidy horiroutal <ii'jil;ieiiiieiits :iud the vertical load docs not 
jiroduce work. 
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Some application of these results to the investigation of large 
deSections of thin plates will be shown in the nest article. 

71. I.arge DeSections of TJnifomlj Loaded Rectangtilar Plates. — We 
besia witli the case of a plate with clamped edges. To ofatain an approxi- 
niate solutioa o: the oroblem the energy method will t>e used.* The total 
strain energv T of the plate Ls obtained by adding to the energj- of bending 
[expression fill}, page Go] the energy due to strain of the middle surface 
[exnression ''203), page 3151- The principle of Tirtual displacements then 
^Tes the equation 


5 k — ctfmc dr dy = 0 


(a) 


which holds for any variation of the displacements n, r and tr. By deriving 
the variation of T we can obtain from Eq. (c) the system of Eos. (200) 
and (201), the exact solution of which is unimown. To nnd an approxiiriate 
solution of our problem we e-ssTjtme for u, r and ir three functions satisfying 
the boundary conditions imposed by the clamped edges and containing 
several parameters which will be determined by using Eq. (a). For a 
rectangular plate with sides 2c and 2h and coordinate axes, as shoTm in Fig. 
134^ we shall take the displacements in the following form: 

n = (g- — — y')z(b-.- A- &;■:?- -f hv.x- -r h-r-rd),) 

r = (c- — — y-)y(cc: -r c-iiy- -b -b caz^/-), f fh) 

IT = (<3- — z-r(b‘ — y-}-Ca-- -b -b ) 


The Srst two of these expressions, which represent the displacements u 
and r in the middle plane of the plate, are odd functions in z and y, respec- 
tively, and vanish at the boundary. The expression for tr, which is an 
even function in z and y, vanishes at the boundary as do also its first deri'ca- 
tives. Thus all the boundary conditions imposed by the clamped edges 
are satisfied. 

Expressions iT)J contain 11 parameters 6;;, . . . , c;-, which w3I now be 
determined from Eq. I'c), which mast be satisfied for any variation of each 
of these parameters. In such a way we obtain 1 1 equations, 3 of the form 




and S equations of the form- 


av 


= 0 , 


or 


oV 

- — = 0 . 

aCr,s: 


(c) 


(dj 


*S-ich a solution has been given by S. Way, see Proc. sth Intern. Cong. 
Appl. Mech.. Cambridge, Mass., 193S. 

^ ' The xeros on the right .sides of these equations result from the fact that 
tne lateral load does not do work when w or r varies. 
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These cfniations arc not linear in the parameters n„„, l„„ and c„r. ns was true 
in tlic ease of small deflections ffeepape 12J). The three eritiat ions of the form 
(c) will contain terms of the third de;:ree in the parameters Equations 
of the form (tl) will be linear in the panimeters h-,, and e„, and quadratic in 
the parameters A solution is obtained by KilviiiK Kqs. (d) for the 

hr-.^’.s and c^,’,s in terms of the «„«’s and then Mibi-titulinp thc'-e expressions 
in Eqs. (c). In this way we. obtain three efpiation.s of the third dcgn;c 
involving the panimeters alone. The<-e equations can then be solved 
numerically in each jiarlicular e.ase by surceN-ivc approximations. 

Xumeric.al values of all the parameter^ have been computed for various 
inten.'-'itie.s of the load q and for fhn-e <ii{Terent .••hapes of the plate b/a = 1, 
h/a ~ J and h/a ■' by .•i“---umiriK y >■ O.'.l. 



It ran b" ■' I a foun th.i' e\pr( >n for t;' that, if we l.now th.e ron<t.a:it e.;-, 
we c.an at oner oblam "he d> !l'ctiiin <>f th" plate aj tic ce.'stcr. Ti'.e.<c 
deflcctioej' ari vrapiue.any repri - e.-ai-d in I’iu. Ki.'i in which i- ploltet! 

.'ii;ain~l !>’■ r>'r ronipar:**'!; th- latiite ab>> includes the striistht lines 
that repre > '!.■ .i'di'-eta.:;- c.alculate.l by mitu’, tl'.e tlas'ry ursnnd! deflia'- 

lions. .\bo !!.■ !i; i-d i- tin- e\ir\e f,>r h 0 which reprr-ents dcflwtinn.s 
of an infinite!', l-fi- phle calculat' d a- explained in Art. 3 (r'S' paqe 10). 
It can he .-e< !i -.t th'- d'-fh'-ti'in-, of fijsi?'- plate.-; with bfa < I are very 
elo-e to tliO'^c < .m-d for an infinitely lon^t plate. 

Knowiiift th( ...jil.acement'. a- jrivi-:i by expn-s-ions (b), we can calculate 
the strain of tie- mi'hlle plane and the corre- p-'Selimt membrane stn-c.-;es 
from Eqs. (b/ of th.i- previmi-' artich'. The b>-!uline stn-.^'-cs can then 
be found from Eq-. lOOi aii'l (UH'i fur th.e b'-ndits" ne.d twistini: ino- 
ment.s. lly adding thi‘ im-mbran'- :i!!il the heielintt stre.' 0 's, xve obtain the 
total Ktn'ss. Till- ma.ximnm valnes of tins stri-s are at the midiilc of tlie 
lonR sidc-S of plate.s. They an- {tivett in pniphical form in Fig. 136. I- or 
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comparison, the figure also induflcs straight linos rerprosonting tho Htressos 
obtained by tho theory of smal! deflections and a ciirt'e hja = 0 reprf^'-'enting 
the stresses for an infinitely long plate. It v/ould se-<;m reasonable to expect 
the total stress to be greaterfor fc/a = 0 thanfor hfa = ^ forany value of load. 
We .see tliat the ciir/e for t/a = 0 falls belov/ the cun.Vrs for h/a = ^ and 
hja = |. This is probably a result of approximations in the energy .solu- 
tion vhich arise out of the u.se of a finite niirnher of con.stants. It indieate.s 



that the calculated .stresses are in error on the safe .ride, i.e., that they are 
too large. The error for hja = \ appears to be about 10 per cent. 

_ The energj' method ean also be applied in the ease of large deflection.s of 
simply .supported rectangular plates. Hov/ever, as may be seen from the 
foregoing disemsrion of the ea.se of clamped edges, the'^application of this 
method requires a con.ridemble amount of computation. To get an approxi- 
mate -solution for a .rirnply .supported rectangular plate a .simple method 
con-risting of a combination of the knovrn solution.s given by the theory of 
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fiinnU doflcclions ntul tlic incmbrnnp llirory nan bn tif-nd." This mnlhofl will 
now be illustrats'd on n simple example of a stpiarn plate. U'e as.sinne that 
the load q nan be resolvetl into two j)arl.s qt ami q~ in sneh a manner that 
the part q^ i.s balaneed by the bending and .••'hearing .‘j|re‘--e,s- ealenlated by 
the theory of small defleetions, the part 7* bein^; balaneed by the membrane 
.•jfresse.s. The <li>fleelion at the renter as ealculateil for a .‘■rjuare plate with 
the side.s 2a by the theory of small delleetiona is* 


I'rom this wc determine 


OiO* 

iro - O.TSOj—,- 


91 


ir •/:/;’ 
0.7.10(1 •' 


(r) 


ConsideriiiK the plate as a membratn- and tisitnt formnl.a (20'), v.’e obtain 


from which 




O.Sf»2'i 


V/;/: 


lr\Eh _ 
o..’‘.itVj’‘’ 


(f) 


The (hdleetion ir.j is now obt.-die.I fnen th*- e<titali(>n 


which fdves 


9 •- ' 1 -. 


v:.rj.' , .rl/'.V. 

''' ’ o. 7.'!('!‘ ' ((..'.nie*' 


9 


-I i.:i7 

V 



(205) 


After the deflection ir- has be.-ti catciilat( (l from this eqii.ation, the loads 
7i !ind 7: are finmd frotii l i'is. frj ami f/j, atid the rorri'ejvmdinK stn'ses; arc 
raleiilated by ii-iiitt for qt the stnall dcfl.ctioti theory f-^ee Art, 20) and for 
9;. f'ifl. t20.‘)a Tie- total stn-.s is then tite tnim of the strr.-.se;S due to the 
lottil.s 71 ami 7.. 

' Thi.s method Ls rtcoinmemhsl in the IkkA; "I^rnnit und Zwatn:,” foe. cit., 
p. 315. 

* The fttetor " ■'.;o is obtained by mnltiplyinn the number 0.0M3, pivcn 
in Table 5, by 111 .ami by 1.03. Tlie factor I.tl,'! arises fnun the change of 
the value of Poi.s.«..nV ratio t> 0.3, u«ed in the table to the value r 0.25 
used in thi.s example. 



CHAPTER X 

DEFORMATIOrr OF SHELLS VHTHOUT BEITDI27G 


72. Definitions and ITotafi'oiL — In the follovving discussion of 
f.’ac dc-forrnations and stresses in shells the syst/irn of notation is 
the same as that iise^’l in the discussion of plates. We denote the 



of the shell \rj h, this quantity ahvays being considered 
small in comparison vdth the other dimensions of the shell and 
vdth its radii of cjjnrature. The surface that bisects the thick- 
ness of the plate is called the muMh mrfarA. By specifying the 
form of the middle stinace and the thiclmess of the shell at each. 
IKnnt. a shell is entirely defined geometrically. 

To analj'se the internal forces vve cut from the shell an infinitely 
small element formed by Uvo pairs of adjacent planes which are 

zr,\ 
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normal to the middle surface of the shell and which contain its 
principal curvatures (Fig. ]37o). Wo take the coordinate axes 
X and y tangent at 0 to the lines of principal curvature and the 
axis z normal to the; middle .surfma*, as shown in the figure. The 
principal radii of curvature which lie in the xz- and i/r-planc.s arc 
denoted by r~ and respectively. The stresses acting on the 
plane faces of the element an; resolved in the directions of the 
coordinate axes, and the stress components are denoted bj' our 
previous symbols o-., (r„, t-j ~ t... With this notation* the 

resultant forcc.s per unit length of the normal .‘•cctions shown in 
Fig. 1375 are 


A', = 

r:-( 

' - C)'"- 



(«) 

V„ = J 

CM 

' - r;)''s 


’ - 

(b) 


V 


\ 



Q.. - 


' - 

Q, J 

1 - i)*. 

ic) 


'l'h(' small (luaiuities r,/'r, and r/r^ apja ar in expres-iotis (a), (b), 
(c), because tin' laterc.l sides of (he i-leiuent shown in Fie. 1.37a 
have a trapeiuiidal form <hie to the curvature of the shell. As a 
result of thi'-, (he shearing forces .V,.^ and .V,. are generally not 
eriual to each other, although it stilt holds that r,™ - W;. In our 
further ilixaission we shall aiv.ays assume that the thicknc.ss h is 
very small in comtiaiFon with tin* rtidii r,, and omit thetenns 
z/r. and '' in exprc'sicms («), {h), (c), 'fheti A’„ = Wj. and 
the rc.siil ..'it forces .are given by the same expressions as in the 
case of plate^ ''sei* ,\rt. 21). 

The bending and twisting moments per unit length of the nor- 
mal sections iue given by the expressions 


* In the rasi". of t urfaecs of teviihilinn in \\hieh the po-ilion ef the rlrinent 
is chTmed hy the iint;Ie.i 0 ntni c ui'i. Fij;. ISSl tfie suhseripts C and c aro 
ii«cd inslfaid at : and y in iidtatioii fcr.stn's.'Cs, o sult.ant fnrets and resiilt.niit 
inoincnta. 
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34 = J - ^dz, id) 

"*”2 

,h 

M„= ( y,^(i-'^dz. («) 

~2 


in Trhicli the rale used in determining the directions of the 
moments is the same as in the case of plates. In our further 
discusdon tve again neglect the small quantities zfr. and zjxy, due 
to the cun’ature of the shell,, and use for the moments the same 
expressions as in the discussion of plates. 

In considering bending of the shell, we assume that linear 
elements, such as AD and BC (Fig. 137a), which are normal 
to the middle surface of the shell, remain straight and become 
normal to the deformed middle .surface of the shell. Let us 
be^ with a simple case in which, during bending, the lateral 
faces of the element ABCD rotate only with respect to their lines 
of intersection with the middle surface. If /. and are the 
values of the radii of cun'ature after deformation, the unit 
elongations of a thin lamina at a distance z from the middle 
surface (Fig. 137g) are 



If; in addition to rotation, the lateral sides of the element are 
displaced parallel to themselves, owing to stretching of the 
middle surface; and if the corresponding unit elongations of the 
middle surface in the x- and y-directions are denoted b}’’ €1 and &>, 
respectively, the elongation of the lamina considered above, 
as seen from Fig. 137c, is 



Substituting 
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we obtain 



T: r; 


A similar expression can be obtained for the elongation t.j. In 
our further discussion the thi(;knt,'ss A of the shell will be always 
assumed small in comparison with the radii of cun’ature. In 
such a cas(; the quantities z/rr and zIt,j can be neglected in com- 
])arison with unity. We sludl neglect also the effect of the 
elongations ti and <; on the curvature.’ Then, instead of .such 
exprcs.sions a.s expression (o), we obtain 



where x? Xv denote the changes of curvature. Using thc.se 
expressions for the components of strain of a lamina and a.«suming 
that there arc no normal ,«-tl■e^s(.s betwr’cn laminae (e, ~ 0), the 
following expre.'sions fur the components of strc.ss are obtained: 


Cr 



[,, a. _ 


r(x.- -5- 



’•Xv)], 

’■x.-)l. 


Substituting ilie^- expres-iuns in ICqs, fo) and ('/) and neglecting 
the small quantitio r/'r, jind z/r^ in eompari.-on with tinity, we 
obtain 


, -i- n,), 

/'■ \r + i-X.,.), 


M.J ~ —Oix-j *r rxi), j 


(207) 


where I) has the sjune meaning as in the case of jilates (see Eq. 
(3)] and demiics t!u‘ (lextiral rigidity of the shell. 


* Similar simiiliftcatioaa are ii-‘U:iUy made in the theery uf heiulinp of tliia 
curved bars. It eau be siiewji ia this ea*..' that the prueedure is justifuible 
if the depth of tlie ero-^ sertion h, small ia eomp.iri'ou with the radius r, 
Kny It/r < 0.1; see author'.s ‘'Strei.-etU of Materials” vol. ”, p. -ICO, 1930. 
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A mor'r gC'seral ca=^; of dpfonnatioii of the element in Fig. 137 
1=5 obtained if rte a^.?jme that, in addition to normal stresses, 
shearing .srresse-s aL=o are acting on the lateral sides of the element. 
Denoting by 7 the shearing strain in the middle surface of the 
shel and by the rotation of the edge BC relative to Oz vrith 
respect to the z-sMi- fFig. 137ct) and proceeding ns in the case of 
platiK [see Eq. (42)1, ve find 

r-/ = (7 — SaXry)*?' 

Substituting this in Eqs. (fe) and (e) and u-sing our previous 
simnlincations, ve obtain 




77^F 

2a -f y/ 
— hd — 


(208) 


Tans assiiming that during bending of a .shell the linear elements 
normal to the middle .surface remain straight and become normal 
to the deformed middle surface, ve can erpress tire resultant 
forces per unit length AA, A'y and A*sy and the moments 3fs. 3fy 
and 3 /c 7 in terms of .siz quantities: the three components of .s’train 
ci, e» and 7 of the middle .stjrface of the .shell and the three quanti- 
ties Xsf Xy 2 -nd x~ representing the changes of cirrvzture and the 
tvlst of the middle surface. 

In manj' proldems of deformation of shells the bending stresses 
can be neglected, and only the .stresses due to strain in the middle 
Stirface of the .shell need be considered. Take, as an e:‘:ample, a 
thin .spherical container submitted to the action of a uniformly 
distributed internal pressure normal to the surface of the shelL 
Fnder this action the middle surface of the .shell undergoes a 
tinifomi strain; and since the thickness of the shell Is small, the 
tensile stresses can be assumed as uniformly di.stributed across 
the thiclmess. A similar e?mmple is afforded by a thin drctilar 
cj-lindrical container in which a gas or a liquid 1 = compressed by 
means of pistons which move frf:«ly along the ams of the cylinder. 
Under the action of a uniform internal pressure the hoop stresses 
that are produced in the cylindrical shell are uniformly distributed 
over the thiclmess of the shell. If the ends of the cylinder are 
built in along the edges, the shell is no longer free to expand 
laterally, and some bending rau.st occur near the built-in edges 
when internal pressJire Is applied. A more complete invesfiga- 
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lion shows, liownvor (soo Art. 81), that this bending is of a local 
olmrac.tcr and that the portion of the shell at some distance from 
the ends continues to remain cylindrical and undergoes only strain 
in the middle surface without ai)preeinble bcmding. 

If the conditions of a shell are such that bending can bo 
neglected, the problem of stress analysis is greatly simplified, 
since the resultant moments id) and (/) and the resultant shearing 
forces (r) vanish, '’riius the only unknowns are the three cpianti- 
ties A'-, A'y and A’..y -- A'y... which can be determined from the 

conditions of efjuilibrium of an 
clement, .such as shown in Fig. 
137. Hence the problem be- 
comes statically determined if 
all the forces acting on the 
shell an* known, 'fhe forces 
A’., Ak. and A%./ obtained in 
this manner are .‘•■ometirncs 
calhsl vK Jnhrtint' fererx, and the 
theory of shells bas'sl on the. 
omi'-ion of lending .stressc-s is 
calle'.l tii'tiihritni' tl.rnnj. The 
applieatlon of tln.s theory to 
Various j>artienlar cases will he 
di-rus-ed in the remainder of 
tins chajiti-r. 

73. Shells in the Form of a 
Surface of Revolution and 
Loaded Symmetrically tivith 
Respect to Their Axis. — Shells 
that have the form of surfacc.s 
of revolutinii tind extensivi* application in various kinds of con- 
taiiuTs, i- id .i Mid dome.s. A surface (>f revolution is obtained 
by rota' i • . a plane curve about an axis lyitig in the 

plane of n- curve. This curve is calhal the meriniati, and 
its platie is e. i!i>r:i!iiin phinr. .-\u <-lement of a .shell is cut 
out by two adjacent meridians and two parallel circles, as shown 
in I'ig. l.'lsu. The po-ition of a meridian is (lefmed hy an angle 0, 
measured from .some datum meridian phitie; and the po.sition of a 
parallel circle is defmcii hy the angle v*. made by the normal to the 
surface and the axis of rotation, 'Die tneridi.an plane and the 
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a* s s-ocr" o; s ="irf£% cr: rsro'ririoTi, and tfe carrs- 
-njcadir-s: radii ot c'irT£r'ir=r an? d^raar^d 07 aad r;. refra'^cdiTely, 
Td^' ra,d:"^ ^r r.d=r nara:I«:i circle L= deaorcd by r-. so that the lerrgtL 
C 5 tile .die? e: the eieri c-rit ra eating at 0- a? .?ho~-it fit the Sgtire, 
are ri dy aad rc df = ri .da y di. Ths rtrface area of the ek- 

Fron tire aermc-d syrarett;.' of loadir.^ aad dc-forraatf oa it caa 
be corci 'ided tbat taero rdll bo ao sac-arrag forces actiaz oa the 
side? of the okraeat. 'Tae ataaaitades of the aorraal forces nor 
tarit ieayth. are deaotod bv aad f<k as sr.otTa ia the fiyitre. 
Tee iateadtrr of the eraeraal load, vrefeh acts ia the aiertdraa 

irdirtate ares. dlTxItipkdag these 
ryi sfa y dy df . rre obtaia the 
id actiag oa the eleaeeat. 
ia Ttrftiag the ecytatioas of ecyiillhrrirc of the eleraeat. let tis 
b-^^ia rrith, the forces ia the direotioa 0: the taageat to the 
raeridiaa. Oa the Tiapor dde of the oleareat the force 

df = kVi =ia tr -df 


j£ 

aad Z parailel 

to 

co: 

apo^aeats rdth 





oo. 


0- V- 0 


as S'Ctats. 

Tes correstioadias force oa the iorror side of the clear *^at L- 






(F) 


Fro-ra oxpresdor.s aad fo}. bry aeglectiag a .sarali onaatity of 
secoad order. ~e Sad the reriitaat ia the f/-directioa to be eonal 
to 


or,! , 


Gb , 


d 


u ^-^d^ df -F do df = do 

CoS C.<s 


(C) 


lae coarpoaeat of the eateraal force ia the saaie direction, is 

Fr:r-. dy d'?. (/ij 

ice forces actiag oa the lateral ddos o: the e!ea.eat are eotial to 
-* f”! dy aad hare a rerilteat ia the directioa of the radin.s o: the 
wsrsLe. circle ecyial to f» dy dft The coranoaeat of this force 
ia tae y-dtrectioa '^Fig. 13-Soy is 


•f» jZr cos y d«r d^. 
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Sununinp: up (ho fonrs (r), (tl) niirl (r), tlio rfpiafion of cqui- 
Jibriuin in tin.' clinaition of tlic tanj^cnl to tin; inoridian becoine.s 


™(A\.ro) - Mr, cos v- + IVin, = 0. 


{/) 


Tlio .‘•croiul equation of {•quililjiium is obtainerl by .s\iinminf; 
»!]) the projections of tiie forces in tin; r-dircetion. The forces 
acting on the upper and loucr sidf'S of flu; element have a 
resultant in the r-direetion etpial to 


X^ro ilQ '/s.-. (g) 

The forces actinu; on the hiteral sides of the element and haviiiK 
the resultant Xtr,<l<^'ilO in the radial riirection of the parallel 
circle pive a component in the r-«h‘rcction of the mapniltide 

AV'-t sin v- '/v* (fO. (h) 

The external Io:iil actitip on tin* i hunent has in tlu' same direction 
a compont'iit 

/frtf.. lit- //v*. (f) 

Summinp up the force- (g). (A) and (f). "c obtain the second 
ofiuation of cfiuilibrium 

.V..r. .V?r. -in v- -r Zr-x.^ r- (t. (j) 

I’rom the ts\o I'ai', •'/) :'>>d (j) the force- A% and Xf can lie cal- 
culated in ea.eh particular case 
if the nidii r- and r, and the 
components 1' and Z of the in- 
teii'ity of the external load arc 
£,dv<-ti. 

I list. ad of the equilibrium of 
an element, th(' equilibrium of 
the portion of the* shell above 
the parallel cinde defined by the 
:mple V' tnuy be considered (I’ip- 
l.'W). If tile re.-uitant of the total load on that jiortion of the 
shell is denoted b\ R, the raiuation of e<iuilibrium is 

2r,-,A\, .-in V- ri- R 0. (209) 

This equation can be used instead of the difTerontial equation if), 
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froni whiUa it can be obtained 
divided bv :':rr. it can be vTitten 

-1? -a ^ = _2'. <210; 

r* - 

It i= seen that vriien L= ob- 
tained from Eq, ^209), the force 
2%i r-sn be calculated from Eq. 
(2i0). Hence the problem of 
membrane stresses can be readily 
solved in each particular case. 
Some applications of these equa- 
tions viil be discussed in the neat 

7^ Particular Cases of Shells 
in the Porm of Surfaces of 
P.jEToiutiom- Spherical Dome . — 
A.=^ame that a .spherical shell 
(Hg. 14(ja) is Submitted to the 
Ecdioa of its otm vreight; the 
ma.gmtude of vrhlch per unit 
area is constant and equal to a. 
Dsnotmg the radius of the .SDhere 
by a. vre have rr. = a sin c and 

5 = 2- .sin ^ 


bt' integration. If Eq, O’) is 
in the form 





= 2-ra-q(l — cos cr). 


EoTiations (209) and <'210) then give 
aq(l — cos ri) 


-V.= 


sm- c 


g? \ 
1 -r cos t;' { 

“ “-{r+vst- - 4 i 


( 211 ) 


It is seen that the forces X ^ are alvrays negative. There is thus 
a compresdon along the meridiaus that increases as the angle ^ 
mcreas^. For e = 0 we have = —aq/2; and for tr = jr/2, 

' Ezarapfe of tMs Idnd can be frrin*i in zbe boot by P. Forcbbsimew “ Dio 
Bexeszuziz ebonor Tmrl gel-wammter EohSIterbodeu," -Sd ed., Eetim, 1931 ; 
ato .J, ty, Geckefer's artfefe in Handbtich der PLvsik.” vo^ G Berlin^ 
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= —aq. 
Wlicn 


I’hc: forces N'e are also iieKafivo for small angles <p. 


__ 1 

1 + cos v> 


— cos = 0, 


i.c., for v: = ol° oO', Nt Ijocorncs equal to zero and, with further 
increase of ip, becomes po'^itive. This indicates that for o 
greater tlian 51° 50' tiiore are tensile stresses in the direction 
perpendicular to the meridians. 

The stresses as (;a!culat('d from (211) will represent the actual 
stre.sscs in the shell with great aeeuraey’ if the sujjports are of 
such a type that the reactions are tangent to meridians (Fig. 
l-lOo). Usu.'illy the .arrangi'inenl is such that only vertic.'il 
reactions are imi)osed ou the donu' by tin,* supports, \\'here.'is the 
horizont.al conqjonents <if the birecs .an* taken by a siifiporting 
ring (I'ig. 1-tt)?<) which umlergocs !i uniform circumferenti.al 
extension. Since this extetiHion is usually jlifferent from the 
strain tilong the p.arallel circle of the sh'-lt, as calculated from 
expressions (211), some bending <if the shell will occur near the 
suiiporting ring. .Vn investigation of thi^ iHuiding- shows that 
in the ca.'c of thin shell it is of a very localized character and 
that jit a certain di'-tance from the .vu.nporting ring Imis, (211) 
('ontinue to represent the stre.-^ conditions in the .shell with 
satisfactory .accunicy. 

Very often the upper [jortion of a spherical dome is removed, 
as shown in Fig. Mtir, and an upi)er reinforcing ring is used to 
supiiort the up!)er ,-tructsirc. If 2v'.. is the angle corresponding 
to the (([jelling !tmi /' is the vertical load per unit length of the 
upper reinforcing ring, the n-sullnnt R corre-^ponding to an .angle 
v" i s 

/i -- ‘2x j 'a-q .sin v* dy* -p 2r/bi sin vc. 

From hajs. (20'.') and <21(1) we then find 


A'e ■ 
A% - 


sin- V' sin* y- 

( (■<>- y-., — cos y* \ 

. , — cos y- ) -F 

sm* V- / 


( 212 ) 


‘.‘small Ix'iitliiig fitre-'-cs due to slr.vin of '.he middle .surface will bo dis- 
cus.si-d ill ('liiip. XH. 

‘See C:hap. XII. 
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}iS another e:>:arnpie of a spherical shell let its consider a. 
spherical tank supported along a parallel circle A A (Fig. 141) and 
filled 7 dth liquid of a specific -.veight 7 . The inner pressure for 



any angle cs is given by the expression^ 

p = -Z = 7 a(l — cors cj). 

The resultant i? of this pressure for the portion of the shell 
defined by an angle ts is 


12 = —2r:o}j^'{a(l — cos <f) sin a c.Or. c (hp 

= — 2 ira* 7 [v — i- cos^ <;(1 — | cos cp)]. 


Substituting in Eq. (209), v/e obtain 


6 \ 1 -f- cos tp) 


znd from Eq. f210) v/e find that 


7v^ - 

iV f ;5- 

6 


- f 2 cos^ 15 ^ 

O — 0 cos C5 7- — i 1. 

V • 1 -b cos 45/ 


(214) 


Equations f213) and (214) hold for « < ac-. In calculating the 
resultant E for larger values of < 5 , f.c., for the lov/er portion of the 
tank, vre mu-st take into account not only the internal pressure 
but also the sum of the vertical reactions along the ring AA. 
This .sum is evidently equal to the total weight of the liquid 

’ A uniform pressure pmdiidng a uniform ten.=ion in the EpfieTical shell 
canhe .superposed vAthcnst any complication on thi-s pressure. 
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4-«^y/ 3. Ilcjtica, 

/i’ = — :1-«=Y — 2-(ryH — ■’ ca)H- <^(1 — 3 cos .j?)]. 
Sul)slitiUing in ]C(i. (201)), \vc ohJoin 


70 

(T 




+ 


“ .‘•f'-' s-\ 

1 — cos VV^ 


and from Eq. (210), 


Ne 



G cos y' 


2 ^ \ 


( 215 ) 


(216) 


Comparing expressions (213) ami (215), we see tliat along tiu: 
supporting ring .1.-1 tin- fore<-s cliange abruptly by an amount 
equal to 2yn~l'A sin- s.ame (puirility is jOso o!)taiiir(l if 

we consider the vertical reaction per luiif ieimtli of the ring .-l.-l 
and resolve it into two eomponenis tl'it:. Mlh): ont; in llie direc- 
tion of tlie t.angent to the meridian and the other in the liorizonta! 
direction. 'I’he first of the-.- e<»mpo!ii-nts i- eftu.-d to the abnipt 
change in the m:u.:nitude of .V<. mentioned .above; the horizontal 
component represents the reaction on the supporting ring which 
produces in it .a uniform eompre.--ion. 'I’liis compression can Ik; 
clintinated if we use niemie-r- in tie- din-etion of tangents to tiie 
meridians instead of vertie.-d sup;>orting nn iubers, as shown in 
Fig. I‘lb/. .As may be seen from esprcs.-ions f2M) and (210), 
the forta's .V* also (-xie-rieiiee ;>.n :d)ru{it cfuitige ;it the circle .1.1. 
'I'his indicates that then- is an abruj't elmiige in the circum- 
ferential expansion on tbi- two sides of the paniUe! circle .-l.-l. 
'riiiis tlie membrane theory <lo<'s not s.-itisfy the condition of 
r'ontinuily at tiu; circle .1.1, and we ina.y (-.xpect some local 
bending to take plae<> near the supj'orting ring. 

Coiiinil .sVe'//.~-In this ease e.-rtain tnetnbrane stresses can be 
produced by a ft»rce tipplieil .at the top <if the cone. If a force 
is ajiitlied ’v the <!ireetion of the axis of the cone, the stress 
distribtitioi. .'■.ymmetric.al. atid from I’ig. 1 {2a we obtain 


A'c - 


P 

2.Trr cos ix 


(a) 


I'Kluation (210) then gives .A% - 0. If a force 5 is acting in the 
direction of :i gem-rtitor (Fig. l t2/>). 'be stress tlistrilmtion is no 
longer symmcirietd. 'I'lie stre.'s distribution can be found by 
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developing the shell into the circular sector loaded as shovm in 
Fig. 142c. The angle of this .sector is 2/3 = 2^ sin a. The forces 
Nf, are found by con.sidering a purely radial .stre.s.s di.stribution'; 


= — 


S CO.S ^ 

a(^ — i' sin 2/3) 


If the force applied at the top of the cone has any arbitrary 



Fro. 142. 


direction, it can alvray.s be resolved into two components: one 
in the direction of the a>;i.s of the cone and the other in the direc- 
tion of the generatrb:, and the membrane stresses can be obtained 
by combining the stresses given by expressions (a) and ih). 

If lateral forces are sj'mmetrically distributed over the conical 
.surface, the membrane stresses can be calculated by u.sing Eqs. 


f209) and (210). Since the curvature of 
the meridian in the case of a cone is zero, 
ri = cc ; v/e can write these equation." in 
the following form: 

A 

2vro sm e 

Ne — — Ztz — — 

Each of the resultant forces and Ne 
can be calculated independently provided 




the load distribution is knowm. A~ an example, v/e take the case 


of the conical tank filled with a liquid of specific weight y as shown 
in Fig. 143. Measuring the distances y from the bottom of the 


tank and denoting by d the total depth of the liquid in the tank, 


* author's "The Theorj- of Ela-sticity,” p. G3, 1934, 
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Ihe pressure at atiy parallel circle inn is 

-Z^ yid - y). 

Also, for such a lank y = (~/~) + « and to ~ y tan «. Siib- 
stitulinf^ in the second of the crpiations (c), we ohtuin 


No 


y(d — y)y t an a 
cos a 


('0 


This force is evidently a inaxiinuin when y = <1/2, and we find 


(Ne). 


~,il' tan « 
4 cos <i 


In calculalinp the force ,V.. wc observe tiiat the load 7? in the first 
of the equations (r) is nuim'rieally equal to the weif^iit of the 
lifliiid in the conical part mnn to;,'> t!i<T with the weiplit of the 
liquid in the cylindrical part /an-?. Hence 


i>’ 

!o 





i 


A’ - -r-/ ;/•((/ ~ y ly) tan-n, 
:tnd ne obtain 





]y) tan rt 


cos tl 


(0 


Thi- force btcotnes a tnaxinuirn 
whet! y - III, at whicii ])oint 

/ V \ „ ■’ '^’7 

*r*; —• 

llj CO-' a 


'■ If tlie forces supporting the tank 

tire in the direi tion of f;enerat rices, us shown iti Tii;. 143. expres- 
sions (d) tifei p) rcitrcsent the.-tre'S conditions in flicsliell with 
frretif ticce ncy. Usually ther<- will be reinforcing; rin^ alon^the 
upper edjxi of the tank. 'I'liis riny ttikes the horiruntnl com- 
ponents </ ■ '• force.- ,V,.; the veriictd conipom-nts of the same 
forces coiir .le the reactions siqqxirfint: the tank. In sncli a 
case it wilt 'a found that a local l.v'ndiiiK of the sh(*l! takes jilace 
at the reinfoii iiiK riny. 

jS/ic// iit ihi I'onn i>f iin Ellip^nul of iL rohdion.' — Sueh a .shell 
is us(‘d very often for the ends of a cylindrical boiler. In such a 
case a half of tlie ellipsoid is used, as shown in Fig. 144. Th'‘ 
jirincipal radii of curvature in the case of an ellijrse with semi- 
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axes a and b are given the formulas 


aW- 


Tl 




A’ 


(f) 


{a- sin- <p cos^ (a~ sin^ ^ + 5^ cos^ (p)^ 

or, by using the orthogonal coordinates x and y shomi in the 
figure, 


n 


a^’ 


r2 


(aV + 

¥ 


Cff) 


If the principal curvatures are determined from Eq. (/) or (g), 
the forces N^, and Ne are readily found from Eqs. (209) and (210). 
Let p be the uniform steam pressure in the boiler. Then for a 
parallel circle of a radius ro we have R = —Tcprl, and Eq. (209) 
gives 




pro ^ pr 2 
2 sin ip 2 


(217) 


Substituting in Eq. (210), we find 


Ne = Tip 


= p{r2 - 



(218) 


At the top of the shell, point 0, we have ri = rz = a^/b, and 
Eqs. (217) and (218) give 


- No 



ih) 


At the equator AA we have ri = b^/a and To = a; hence 

iv, - K, N, = pu(l - (i) 

It is seen that the forces are al\va 3 ''s positive, whereas the 
forces No become negative at the equator if 


> 25^ (i) 

In the particular case of a sphere, a = b; and we find in all points 
N^ = No = pa/2. 

Shell in Form of a Torus . — If a torus is obtained bj'' rotation of a 
circle of radius a about a vertical axis (Fig. 145), the forces A^^ 
are obtained by considering the equilibrium of the ring-shaped 
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portion of tl>c shell reprcsentofl in the fifciire by the henvy lino AB. 
Since the forces A'^. along the ])araile! circle BB are horizontal, wc 
need consider oidy the forces A\. along the circle .'l.-t and the 
external forces acting on th«‘ ring when discussing erpiilihriurn 
in the vertical direction. As-iitnitig that (he .‘•hcl! is .‘•■ubmitted 





to the action of uniform internal pre~-.ure we obtain the equa- 
tion of equilibrium 

2Trc.V,. sin V* - r/ifr; ~ ?<•}, 


from whit'h 




(210) 


Substituting this evpr.'.'-ion in Ivj. we find 

.. _ P':. 


( 220 ) 


torii^ of .".n ellijuica! cros- s. riio:) may In- treat(-d in a similar 
maniKT. 


76 . Shells of Consi.mt Strenp;!!). \ 

!•( lit '.e ('"ii - ei'T <le!!!e n; ':"!>• 

\'.emht. I i'r tin- -h**!! jv-r \ 

ariii the t'.'. ef tl.t- 


ar-t ef a -Ijetl (>f ne'.’it.’ni* 

its ov. n 

e.’.t .".w. ef the le.i'iiHe •'tjrf.ire is -/h. 
the i-i'eiyiliisi'le r.V< . * nri' 


K “ re 




III the i . -h.i H ef ree-t.-.fit •■tri lict!: the fer.'n «’t the meri-iinti' is ilrtrr- 

iniiieii in i, ;i !!. ,< ;ne >.tre-' i- r')!;"t;int nail ftjufti to r 

ill a!! the lint .'tien- iti ti., niehUe 'nrfnre, j r , that 


s'uliititutine in i.q JIO', fin ! 
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or, by substituting ra = n sin >p and solving for n, 


ra 


7 

—ra cos <p — mn ip 
a 


(c) 


From Fig. 138&, wc have 


, dro 

ri dip 

cos ip 


Thus Eq. (c) can be represented in the form 


dro To cos ip 


dip y 

—ra cos ip — mn ip 
a 


id) 


At the top of the dome where = 0, the right side of the equation becomes 
indefinite. To remove this difficulty wc use Eq. (&). Because of the condi- 
tions of symmetry at the top, r\ = rj, and wc conclude that 


n = fj = — and dro — ri dip ^ — dip, 

7 7 

Hence, for the top of the dome wc have 

dro 2<r 

_ = — (c) 

dip y 

Using Eqs. (c) and (d), wc can obtain the shape of the meridian by numerical 
integration starting from the top of the dome and calculating for each 
increment Aip of the angle ip the corresponding increment Aro of the radius ro. 
To find the variation of the thickne.ss of the shell, Eq. (/), Art. 73, must be 
used. Substituting N,p — No = —oh in this equation and observing thatv 
is constant, wc obtain 


d y 

— ~(hro) + hr I cos ip H — riVah sin ip — 0. 
d<p cr 

Substituting expression (c) for rj, the following equation is ebtained: 


(/) 


^ cos ip -I — ro sin ip 

—(hro) = hra 

(lip y 

-To COS <p — flin (p 
<r 

For ¥> = 0, wc obtain from Eq. (/) 


(a) 
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It is seen tlint for tiio first hicromont Ay- of tlio aiiKlc y any constant value 
(or h can he taken. Ttien for the other points of the meridian the thickness 
is found hy the mimeriral integration of Mq. {g). In Fip. 1-5G the re.sult of 
such a calculation i.s represented.' It i.s seen that the condition 

iVf .Y^. ” —erfi 

hrincs us not Oiily to .a definite form of the middle sneface of the dome hut 
fiho to a definite hav of varie.tion <if th- tiiickncss of tiie doni'- alonp the 
meridian. 



In th." r.'.-e of t-.nk I'f equ-.l ' tr'-tifth ti:at centaiti'! .". liquid v.'ith a pres- 
sure, -jd at '!i' opj! T [xiint .t il’i". i I 7 ; v.c mu-t find a siiajH' of the men'di.an 
such that an int'-mal pri‘ -ure equal to v.ill pive ri-c at alt points of the 
jdifdl to fun-!-,' 

■Vj, .\'f ~ COIlxt. 

* This o-nmple has been ctdrulated hy W, nhi’pe; .‘=■'0 his “St.atik und 
Dynamik di-r .'s.'tK'.h n," p. o3, Iteri;,!, UC»t. 

-A inatheniaticid <il'eu>'.i(in tif this pn'hlem is piven in the hook hy 
C. lltmpe and 11. Kuni}.’,, " Votlc-impen rthcr N’.tmori-ehc.s lleehnen,” p. 320, 
Ikrlin, 1021. 
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A similar problem is encountered in finding the shape of a drop of liquid 
resting on a horizontal plane. Because of the capillary forces a thin surface 
film of uniform tension is formed v/hich envelops the liquid and prevents 
it from spreading over the supporting surface. Both problems arc mathe- 
matically identical. 

In .such cases, Eq. (210) gives 



Taking the orthogonal coordinates as shown in the figure, we have 


Hence, 


X 

Ti = > 

sm Ip 


Ti dip = da = 


dx 

cos ip 


1 sin ip 

Ti X 


1 cos ip dip d sin ip 
ri dx dx 


and Eq. (h) ^ves 


Observing that 

tan ip 


d sin ip ^sin Ip __ yz 
dx ' X N ,f 


dz 

dx 


and 


sm ip = 


tan tp 


\/ 1 + tan* Ip 


(i) 

O') 


it is po.=.sible to eliminate sin ip from Eq. (f) and obtain in this way a differen- 
tial equation for z as a function of x. The equation obtained in this manner 
is very complicated, and a simpler means of solving the problem is to intro- 
duce a new variable u = sin ip. Making this substitution in Eq, (i) and (j), 
we obtain 


dv. u yz 
dx^ X N^ 
dz u 

Vl - 


(fc) 

( 2 ) 


Thc,=e equations can be integrated numerically starting from the upper 
point A of the tank. At this point, from sj-mmetry, ri = ri, and vre find 
from Eq. (h) that 

_ 2/V^ 


By introducing the notation 
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we write 


ri 


t=i 


d ' 


('«) 


With this niditis we tiirih<- the first cdeinent of tlie meridian enrve ri^v = Jii, 
enrre.spmidint; to tlie small alible Jtc. At thi; end of this are we have, ns for 
a small are of a eirele, 


d -i- ri 


(Av-')= 


ti 



- d 


t^T■r 


- d 



in) 


When the values ii and * have heen found from Kqs, fn), the vahie.s of dii/ds 
and il:/dr for the .■•ame [Miint are fntind from Iaj~. (/;) and (/). With these 
values of the denvativen we ean eateniate tie- v-alm-s of ; and ii at the end of 
the nest interval, and so osi. Sneh oe.lenlation- ean lie eonliiuierl without 
dillieulty up to an atittle eipial, •ay, to .'() (ha:., at whieh the value of n 
licefintes apprusimately O.Ta. From this [mmt on an<l up to v 110 des- 
the inerement.s of r are much loncer than the eorri>spondi!>!; inerements of r, 
and it is advant:iKe<)ioi to tal;*- : as the indepemh-nt vnriahle in.stead of r. 
h'or V* > 110 deu., ' must acain he tah'-n as th<- itid' pendent variahle, and the 
e;lh’tllation is eiuttinued up to the point l! whe.se the meriilian evirs'e h:i.s th'* 
horizontal taiutent liC. Over tie- eirenlar area IlC the tank has a horizontal 
Mirfaei' of contact with, the foundation, ati'l the pn-s.-tiru ',((/ -*• d)) i.s hal- 
anced liy tlu- re.'ietion of the foundation. 

tank de-ijpied in this niann'-r' i - a tank of coti't.ant .‘•trejicth only if the 
lircsMiri' at .1 is such ai a-stimed in tie- ealeulations. For any other value 
of thi,'! pn-sstire tie- forci s .Vs and nil! no lontter he const. ant hut will \ arj- 
nlonit the mendirin. Tio ir nnutnittide c.an th'-n le- r;deul.ated hy tisinc .ho 
penerni eipiation" t!nu> and (2H)';. Jt wil!n!-'> he found that the ei^tlilils- 
rium of the tank mpitres that vertical sh*-art!n; force- act .alon:; tie- pansllel 
circle IlC. 'l lio- indicate-, (hat el.c- to this circle ,a lo.-aS l.cniline i>! the w.all 
of the tank mie l take jdare. 


76. Displncemcnts in Symmctricnlly Loaded Shells Having the 
Form of a Surface of Revolution. -In the case of ,<yinmt‘trifai 
tlcfonn.ution of a elj,.]!, .n .stu.-iU (lispl.-uaunont of ji point ran I)r 
rc.soivcfi into two coinponriits; r in the <lir«‘ctioti of the tangent to 
the inoridian ami tr in the direefion of the nttnna! to the middle 
.sitirfaeo. Con.sidtuing an element AH of tlie meridian (Fig. IdS), 
we .see that tiie ima'i-a-se of the length of the (dement due to 
ttmgeiitial displaecmeiit,-; r and i* -F of it.' ends i,^ equal 

* .\ tank of this kind v, as constructed hy the (diicauo Itridgc and Iron 
Works; .sec 1,. ihiy, Etuj. .Vnc.i /fee., vol. 103, p. -tlti, llC.k 
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ro •dK[d<f)d<c. Be-can=;v; of tho radM dL-rpkoorfionfe tr of the 
n<.':riri- ,4. and B trio iongth of tho olorcont docroa^os by an amount 
fr dfs. Tno chango in rbo longf.h. of tho olornont duo t.o tho 
differonoo in tho radial dinplaonmonts of tho points /t and /? can 
bo no^octod a? a .omali quanrit;/ of higher order. Thun the total 
change in lerigta of the eiernent AB due to deformation r-. 


dx 


d's — V. dts. 


d^ 

Dhuding this by the initial le.ngth 
rr d's rn the element, vre Snd the strain 
of the shell in the meridiorial direction 
to be 




:"r„' 


-,/J^ 


’ \ 

t A 

'f. 




_ I dr IX 

^ ri d<f Tt 


(a) 


<3^; ^ 


Fn. U9,. 


Considering an ele.m.ertt of a parallel circle it may be seen fFig. 

that ordng to dlsplacernenr.e r and tr the radius n of the 
circle increases by the amount 

t cos c — IX .sin 4?. 

The circnrnfere.nce of the parailei circle increase*’ in the .same 
proportio.n as its radins; hence. 

I, . . 

€f = — 'r cos — ir sin cji, 
rc ' ■ 


or, .s*ibstitTiting u = Xi .sin c. 


— — cot 43 — 


w 


r 

Xs ' Xj 


% 


EiirnLneting a: from Eos, (a) and fl-). v/e olorain for v the differ- 
ential eouation 


dr 

dc: 


r cot (c = r-j£^ — xi€{. 


fc) 


The strain comnonenus and can iss erqjres-sed in terms of the 
lorces ^ and if f by applying Hookeh lax,-. This gives 


^ Eir'^ 


(d) 
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Substituting in Eq. (c), we obtain 

~ - r cot V? = + ''^i) ~ + ^i)]- (221) 

In each particular case the forces Av aiui A'« can be found from 
tbe loading conditions, and the displacement v will then be 
obtained by integration of the differential equation (221). 
Denoting the right .ride of this equation hy f(^), we write 


3'iie general solution of tiiis equation is 

in which C is a constant of integration to be determined from the 
condition at the sui>porf. 

Take, tis ait example, a spherical sliell of constant thicknt'ss 
loaded by its own weight ! I'ig. MOa). In sticlj a ce.'-e rj = r. = a, 
Xf and Xf are given by expresrions (211), and Eq. (221) bccomc.s 


dr 


dc 


V r(tt 

'riii* genera! solution (e) i< liien 
n-<H 1 -T- r) 


ovn -f r)f 2 \ 

V- - • • I cos _ ). 

hh \ 1 -r cos 


i:h 


sin V- log { 1 ~ cos X) — 


Sin s.- 


cos 


•fC.ring. CO 


The ron.-tanl C will now be detennined from the condition that 
fur v- ~ <r the di.'jilaeeiut’Ut r is ;rrro (Fig. MOu). From this 
Condition 




tr<p 1 T 

r.h 


cos (I 


lug (1 4" t'U' o) 


(! 7 ) 


The di'.placement r is oiUained l>y substitution in expression CO- 
'I'he <h-i)!ac( uient ir is readily found from hap (6). .\t the sujv 

port, where r ~ 0, the dis|)!aecnient ir can be calculated directly 
from Eq. (h) without tiding solution (f) by substituting for c? its 
value from the second of the equations (o'). 




o: sZ fo-ce? the tt'?- Edd "o ths fore's? c-on- 

siderod in An;. 73 "to foree 


-T/- ^ 

— r^^r' C-7 Kjirc 
a7 


rc> 


i&zezsL sio-s; of tho olomone, Eot:%. ir_?*.o£.d of Err, ff ; E-trt. 73 }, 


~0 OOOSm tCLO fiq^Zl'-jZL 

^ ri- _ - r ?r.. T- 

^ ^*' t i cos dT 


? f- J’rrr,; = 0, r222}' 


Coz^ii-:^ tea forces in tbs rr-dirsetiori, “c rnnst inclado tfcc 
'msrsnes of tns sncExing forces aerting- on the top and bottoro 
of tbs oismsnt as gr/sn bv tbs szprsrssion 


OOr 


p^dT df ~ dds <2^ = — (riJr d'f, r^j 

OCS ■ f - * -r 
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tlic •‘orcc 

duo to variation of llio force Np and tin; force 

A’f^r, CO-; v" >10 (!<r (d) 

due to the small anj^le cos v' <10 between the shearinj' forces A',^ 
acting on tin* lateral sides of the element. The compojient in 
T-direction of the e.vtenial load acting on the element is 


AVir, do dv'. {() 

SuintniiiK up all th(‘se forces, we obtain the equation 

~(n.A\.?) + "I* <■'*' V' -t- AVrCi = 0. (223) 


'rite third equation of etpiilibriiim is obtained by jtrojectinp the 
forces on the z-axis. Since the jtrojection of .sheariim force.s on 
this axis vanishes, the third efpiation conforms with ICq. (210) 
which was derived for symmetrical loadiin;. 

The pro!)l(un of detenniniiiK tnembrane stresses utider tmsym- 
metrical loadint: reduces to the .^rdiitirni of the three Kqs. (222), 
(223) and (210) for f;iven values of the comjxments A’, 1" and Z 
of the intensity of the e.xternal loail. 'I'lie apidication of those 
etiuatioif> to the case of shells .subjt'cteil to wind pressure will ho 
discussed in the next arti(‘I(>. 

78. Stres.se.s Produced by Wind Prc.'t.surc.’ — As a particular 
example of the applicatioti of the p-neral equtttions of equilibrium 
derived in the prt'vious article, let us consith-r the action of wind 
pri's^ure on ti shell. .Assntnini; that tlie direction of the wind is 
itt the meridian plane 0 ~ ntnl that the pressure is nornnd to the 
surface, we takt* 

X — 1' 0, Z — p sin V* cos 0. (a) 

* 'I'lic fir-t invcstlKatioa ef tliis kinit w;is in.s<l<' l>y II. Ucesner, “Mullcr- 
Itreslaii-Fcs.tsclinft,'’ p. ISl, l.i-iprii;. I!)i2; sm- nl-e ni'Chiiitter ia !'• von 
latipcrKcr'H “ UiokHhk-Ii fur laM-ul'ctoaliuti,” -ttli c<!., vet. 0, Hi-rlin, 192S; 
rl. Wicdcmuiin, Schisti;. lliiuzrittif.rj, vul. IPS, j). 219, lt*3G; aiul K. Girk- 
nuinn, Dt-r St<iUb<tu, vol. (j, llCtJ. 
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f7 ^ 
CiT 




cfy ?r 



^ co^ < 

cfy f 



; -r COS 

dr. 4; 

L .'dtn 


Bt -rr- l£i" of th^-r eq'x&.tfori.T ~o olrrrirriSte tho force ff? 
srd ooraBi r.Le folio Trirg r~ 0 ' ^iffferert'cal e<rri£.*ron-e' of rBe fir?t 
order for dererrrfrLirj^r .V^ and 

cjr^ , (iry^ , . r;cfMr_ „„ 

cf '•nd-'s / u ce { 

^ c r f ^ OiOi r r"' \ ■?' ^ ^ i \ 

Let Tzi mzLF.'i-r the partfo-rxlar prohlerc o: £ sploerical sriell. m 
rdio-L 02 . 5 e rr = = a. We tsLe rLe solatiori of Eo;.e. fc) in. the 

= .SL coe 5- fyL- = *??, .dr. 5, fc) 

Ir Trhio'h .SL sri ?.u are fimo-trorj; of <s orly. S'loetitTiting in 
Ec.=- I'cjr ore oorarr the foUordr-S ordlra-y fiffrereti-tiel ecjiatiorj; 
for the detenrrrattor of theee mr.etrore: 


t 


^ ^ r 




2 o-ottf-r?. 


- 5 .r = —V'Z. 


Ej aiihog and .ettotraothtg these eorriattorj; and iritrodiioin^ the 
ro-tatfor: 

z — »dir ~ ‘r?c-- Lt — hj; (,S’?r. fjj 

the foLordr-g t~o- ordiriary diderertlal eqaatiore. each cortaimrr 
orlj ore nrl-no'Trr^ are ohtarred: 

^ d- (2 cot y^ -f- j r, = -pyra d- cos ,r) 

oTh / I \ 

d- I 2 cot — ; 3 - — ]L% = Jjcf I — cos <C) , \ 

' Tde a-ppIxs-Vr- of 'he .r;res.' fnr.ctKr it ftreatrsatih? rfr-d .=tret.eeff vra? 
n-Tftc 07 A, P.— Ler. P?.5, Zn.ier7-„ coyf S^~,sd-j.-rd. Er/:. voL 5, 

t. 275 , IGSh- 
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Applying tho pcnnral nilt; for intppnitiiip difTcrontial equations 
of the first order, we oI)<ain 


p _ 1 + cos v? 
" ‘ sin^ v’ 


f’c 


1 — cos V" 
sin^ c? 


Cl + 7^n^eos s? - ^ cos'* (, 5 ^] 
Ci — 7>«^cos s? — ~ cos’ <,r^ 


(/<) 


where Ci :uul C; are eonstaiils of iiit<-pration. Substituting in 
]']qs. if) and using ICfis. Ul), we finally obtain 


.V 


*' sin’ V' 


C, -f c, , c. - c. 


cos V* 


7K1I cos 


^eos’ V- 


sin 0 

j* — - . - , - 

sin’ V' 


C, - c, . c, -i- c. 


- 1 . 


! t' 


COS V- 


-r 7>ul cos 


^eos V* 


cos ' 






To determiiK' tlu- constants of integration C’l aiul C; let us con- 
sider a sliell in tin* form of a hemi'|)h«.‘r(‘ and pul c* — r/2 in 
expressions (f). Then tin* forces along the equator of the shell 
are 


-V.. 




cos 0 ^ 


A',, - 



sin 0. 


(.3) 


.Since tin* pres-ure at ••a'*h point of the sjihere is in a radial 
direction, tin* moment <>f tin* wind fori'cs with resiiect to tho 
diameter of tin* sphere perpendicular to tin* plurtc 0 — 0 i' zero. 
Using thi- fact and ajiplying tin* first of the equations (j), wc 
obtain 

r*' C -a f’ t'"' 

I .Yffi' (*os (> lie — (i~ ‘ M cos’ 0 (10 = 0, 

./n - Jo 

whicii gives 

Cl - -C:. (/■•) 

'I’lni s(*e()nd nece.ss.n v equation is obtained by taking the sum of 
the components of all forces acting on the half sphere in tlie 
direction of the horiront'd diameter in the jilane 0 = 0. This gives 
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sin 6 


— fy fy^p sin cr cos 5 ’ a sin a sin <s cos B d<s dB, 


or 


cx- 


Cr - C. 


,2 

-p<2-or. 


© 


irom (hj znd ft) Tre obtsin 


Cr — — l-Sp. 


Cl = fcp. 


SnbsdtTiLinx these values for the constants in expressions (f) 
and using the third of the equations (&). vve obtain 


■ 7 — CO^ ^ COt*; tS fy f ^ ^ 

-1^2 — 3 COS ^ -f cos- <s}, 

i sm- V 

A~j = ^ ■*'' ^1 ■ - (2 cos c — 3 sin- 1 ; — 2 cos-* c?),^ 
3 sm - ^ ■ ■ ‘ 

pc sin e ^ , 
ry f*. = — ^ -IT-:: — (2 — 3 cos 4 r -f- COS' a). 

/• >70'* di 


(r/i) 


Ev using these e-xpressions the vrind stresses at anv point of the 


sheli c-an be readSv calculated, 
a hemisphere, there 'tdll be 
no normal forces acting along 
the edge of the shell, since 
= 0. The shearing 
forces along the edge are 
dSerent from zero and are equal 
and opposite to the horizontal 
resultant of the trind pressure. 
The maxiinum numerical value 
of these forces is found at the 
ends of the diameter perpendic- 


If the shell is in the form of 



ular to the plane B = 0. at Trhich point they are equal to x 2pa /3. 

As a second application of Eqs. (c) let us consider the ease of a 
sheE having the shape of a circular cone and supported by a 
column at the vertex (Tig. 150). In this case the radius ri is 
inSnitely large. For an element dij of a meridian we can -write 
du — Ti d<s. Hence 


_d 

d(s 
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In addition ^\•o have 


n = y ••'ill or, 


f/;'o 

-r- = f>in or, 

(ly 


r-i = y (an a. 


SubslitutinK in I’iqs. (r), we obtain for a eonical nludl .‘■nbmitted 
to a wind presHure Z — p sin is coh 0 tlu; equations 


dy y V sin ct hO 

<hV,, . 1 . 2 ^ 
<)y ' y 


— p sin or cos 0.) 


— psinC. J 


(«) 


'riie second ('(piation can be readily inlejjrated to obtain 




+ c) si., ». 


io) 


The odpe of tiie sliell y ~ I i< fna* from fon-c';; lienee the constant 
of inti'f'ral ion in exqiression {») is 

r „ V^' 


and we finally obtain 


.V., A,, 0. 

.) !/• 

Snb-itilntint' in the first of tlm equations (a), we find 

. .V. (p /•• -ir , . \ . 

... ~ —I ^ -f p sill a 1 cos 0. 

f>;V '/ \.> y‘ -Sin a } 

riie inteir^ration of this ('quation pives 

.. p cos o( I' - tr /• — 1/' . \ 

sin a \ iiy 2y ) 


(P) 


(o) 


which vanishes at the edixe y r- I it should. The forces .V? are 
olitained from the third of the equations (h), which stives 


-V? — — ;iy sin a cos 0. (r) 

The expressions (p), (q) ami (r) ttive tlu' complete solution for the 
stresses dinr to wind firessure on the conical shell represented in 
I'if;. 150. At th(' top y -- 0 the forces A'^ and A'?., become 
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In the pnrtieiilnr rfi'^o of a ppliprirnl shell rj r; >=• a, re ^ a sin <f; and 
Eqs. (d) rcthiee to the following simple fonn: 


dS. 


*"' + 2 rofv-*''V' "5* — See<x 0; 


T 1 


dv- 

— -!■ 2 vtil<,-Stf, -h — <S'f» fi- 
ds' Mris' 


(c) 


Proceeding n« in the previous article, liy tahinp the Mini and the diflcrcncc 
of Eqs. (e) and introdneins the iiolnlion 

f-'ii " AVi -i- Ste^, i'e, " AVs — (/) 

\vc obtain 



The Foliition t!u-e (•iniriti''n- is 



Eroni lyis. (fi v.-e th>n obtain 


Se 


f,. f'-' 1 

2 " 2 r-.n' y 

J 

2 ' o^in-’ v 


i) i) 


(0 


If v.e have a v.ithotit nti ojvninj; at t!:e top, expr('"iiins (i,l inu«t be 
finite for s' - b '1 Ills re<|uin-> that the eoiv<t.-,rit (>: inteftnition C';, = 0. 
iSub'-titut vii: ihi- in lit], (s) .ati<! li'ititt !>)■. (f;\ we find 



SiibstilutiiiK for s* shr- aitvle >*! eorn-'-IKmdint; to the (dee of the .spherical 
shell, »e ;-hnl! olitam the fiorfiial and the sliearifiK fori-e.s which must bo 
distributed alont; tie- < d^e of the .shell to proditee in this .shell the f()rve.s (j). 
Takinp, as an exani i'!e, t he c.-iee when s'i “ r/2, i.e., the .shell i.s a hrnii.sphero, 
we obtain, from exp.'e-sions (j). 
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CO' n6. 


] 

Uu. . ( 

a>W> r = -—sinrA\ 
'^’=2 2 / 


(E; 


jCr'.trT nnv thc pro^ycc'i tn £ spMcncal shell h>j' R/itr/is-i sn/i srie^rffig 

forces applies fo the edge anri r/ropom:ori£l to cos and sin n<>, rcspcc- 
tr/fc’v, ■•.•e csri treat the problem of any d'stnhrition of normal forces- along 
the hy represontlEg tloL? dhtnlritfon hr a trigonometric seri.es in wddedi 
each term of the series is s. soi'ttion similar to the solar.vm 0';-" Take, as an 
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ezampie, the case of a hemisp?i,erieal dome of radra- o, carrrdrig only it?, rrfm. 
rreight of q lb. per senisre foot and sripported hy forir symmetrically located 
co!rimr_*, K the dome is resting on a continnous fonndatron, the forces .?<% 
are nniformly dL-triotited along the edge as shown in Pig, I5I«, in which the 
inte-nsity of force per unit angle is plotted agarn.st the angle 0, In 
the case of four equidistant columns the distribution of reactions vrill lie 
as slnor-Ti in Fig, 151?/, in which 2e denotes the angle cosTfAponding to the 
circumferential dhts-nr^: supported hr- each column. Subtracting the force 
dcstrirrition of Pig. 15Io from the force dLstrihrition of Fig, 1515, we obtain 


^ In using a series />% = § ^ Cj, cos n5 for normal foTC^:s we obtain 

r.-Igi, '" 

a distribution of these forces symmetrical with respect to the diameter 6=0, 
I.n the general case the series will contain not only cosine terms but also sine 
terms. Trie solutions for sine tenr/S can he obtaineri in ezacf.ly the sa.me 
manner a? in oar di-cussion of the cosine terms. It is only necessary to 
exchange the places of cos n6 arid sin nJ in Eqs, (b). 
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tlio distribution of FiK- loir, rcprosontinR a systcan of forces in equilibrium. 
This distribution can be represented in form of a series 

(oAV).„» “ ^ /InCOSTlO, (/) 

in wliich only the terms n -i, S, 12, • • • must be considered, sinee the 
diagram Ifdc repi.'ats itself after each interval of r/2 and has four eiunpleie 
pi'riods in the an>;le 2r. A))i)lyinK the usual method for c.alculatinp the 
eoeflicients of series (/), we find 

2qn- 

A„ sin (nr). 

nr 

ITence the distribution .‘<hov.'n by dias^rarn l.'ilc is represented by the Feri<‘s 

«a 

2e'i= "S^ fin r.r 

(<!•*«•) , " — y, ' CDS 71 <1. (as) 

c-r. ’■ 

r. “ l.S.lt'. •• 

Comparitij; each term of this with the iit'-t of the equations (/:) we 

conclude that 

I',’’! sin >:<’ 

' ri 

The stre sj- , [ifodu'-efi in (he -hell by tie- forces (at) .are now ohEnined 
by tahirq; a sohition of the form lj> corre.ijHin'lim.: to each term iif .series (m) 
and then Mne riyjsuje the-e fdutton*. In such a manner v.e obtain 



fiuper(H>-i!u; 1 solution on .sohition (211), which w.a.s previously obt.ained 
for a dome sup; rted by forc(-s uniformly di“tribtited alone the edpe (Fig. 
l-lOu), We o u.rmulas for calculating the .^tressi’s in a tlonie resting on 
four colum; It must be noted, however, that, wliehas the al«>vis-incn- 
tioneil suj'er, siiion gives the necessary distrihution of the re.active forces 
iN'e a.‘( show,; in l ig lolh, it idwi iiitnuluccs shearing forces Xtf winch do 
not vanish .at ihi' edge of the dome. 'I'liiis onr .snlntion dots.s' not .satisfy 
all the comiitioii'i of the prohlein. In fact, so long a.s we limit otirsclvcs 
to meinhrane theory, we shall not have enough constants to satisfy all the 
conditioiiH ami to obtain tht’ comph-te solution of the prohlem. Iii aetual 





3S4 


THEORY OF PLATES AND SHELLS 


inlonsity of this load iioiiiR doiiolnd, a.s linforc, by X, and Z. 
Corif'idering tlio oquililn'iuin of tlio eloniont and summing up the 
forces in the x-direction, wo obtain 

clx -f d-T + Xrdtp dx ~ 0. (n) 

dx dip ^ ' 

Similarly the forces in the direction of the tangent to the normal 
cross section, i.e., in the 7/-diree(ion, give as a corresponding 
equation of equilibrium 

dx 4- ‘‘dip dx 4- Yrdip dx = 0. (h) 

The forces ai-ting in the direction of the normal to the sliell, i.c.. 



re;. Jia. 


in the r-din‘ction, give the equation 

dp tlx -r Zritp dx ~ 0. (c) 

After simplificatimi, tlie thre erpintions of fspiilibriurn can be 
represented in the following form: 


, I dXr, _ 
tlx r Dp ■ ■ ■ 
tXW, ^ 1 tl^^ ^ 
Ox ‘ r <>v* 

AV r- - Zr. 



(224) 


In each particular case we readily fuul the value of Xf. Sul>- 
stitntinc this value in tlie second «tf the eqinitions, we then obtain 
X-f by intfatration. rsing the value of A’.,, thus obtained wo 
find X. by integrating tln*^ first etpmtion. 

.'\s tin example of thi‘ application of 1/is. (224) let us consider 
a horizontal circular tube filled with litpiid and supported at the 
ends.* Measurifig the atigle v* as shown in Fig. 1536 and denoting 

* 'I’ll is /)roI)!ciii v.’as <ii'ci:.* '-tl by I), 'rhoain, Z. ges, Ttirbintmrtsm, 
vol. 17, p. 40, lUJO, 
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by po the pressure at the axis of the tube, the pressure at any 
point is Po — ya cos (p. We thus obtain 

X = 7 = 0. Z = —po + ya cos <p. {d) 

Substituting in Eqs. (224), we find 

= poa — ya^ cos tp, (e) 

— —^ya sin ip dx + Cii<p) = —yax sin ip + Ci(<p), (f) 

Nx ~ J" 'I <pxdx — 

x^ X dO i(^<pj I /"f \ / \ 

= y-^eos<p-~ + C,i<p). (g) 

The functions Ci(<p) and Cniip) must now be determined from the 
conditions at the edges. 

Let us fir-st assume that there are no forces Nx at tiie ends of the 
tube. Then 


{Nx)x-o = 0 {Nx)x^i = 0 . 

We shall .satisfy these conditions by taking 

C^i^p) = 0, CtM = ^ sin ,p + c. 


It is .seen from expression (f) that the constant C represents forces 
N~^ uniformly distributed around the edge of the tube, as is the 
ease when the tube is subjected to torsion. If there is no torque 
applied, we must take C = 0, Then the solution of Eqs. (224) 
in our particular case is 


N^ = pad — ya^ cos (p, \ 

N xf / ( 22 . 5 ) 

I 

Nx = ~ T-j 


It is seen that Nx^, and Nx are proportional, re.spectively, to the 
shearing force and to the bending moment of a uniformly loaded 
beam of span I and can be obtained by applying beam formulas to 
the tube carrying a uniformly distributed load of the magnitude^ 
-rra'^y per unit length of the tube. 


^The weight of the tube is neglected in this discussion. 
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By a proper selcefion of the function Cziip) we can also obtain 
a solution of the problem for a (cylindrical sludl with built-in 
(edges. In such a case the length of the generator rcinain.s 
unchanged, and we hav(‘ the eondition 

- c.V,)(/r = 0. 

Substituting 


A'.- = - -r) cos v' + C';(c), A\. - piti - -/a- eos 


wo obtain 


and 


CiCv-) ~ yjhn -b ^yr, “ cos ^ 


A% 


yj 


(/ — jr) cos -b yjKn 


■■ (t5 - ”=)■' 


5 (1' COS (220) 


Owing to th(* action of the fona-s and Si there will b(‘ a ccrtiiin 
amount (jf strain in the circmtiferetitial direction at the end of 



Kf.. l.'l. 


the tnh'‘ in contr.adiction to our a-^umption of built-in edges. 
This ini h- .ucs tlnit at the ••nds of the tube tle-re will be some 
lotcal bee.dhig, which is (iisregarded in the membram* thoorA-. 
A more ci.mttlcle solution of tlie problem can be obtniiu'd only by 
considicriiig n.i inbrane stre.-ses together with betulitig stres.sl^sJ a.s 
will be di.i> ussi-d Jn th,. nc.\t chapter. 

Sections of cvlindrical .shells, such as shown in Fig. 154, arc 
sometimes u.-cd as coverings of various hituis of structure. Thc.se 
shells are usually supported only at the ends while the edges AB 



DEFORM ATfON OF EfIELLE WITHOUT BENDING 387 


and CD aro fi'oo. In calcnlalinp; iho mnmln'ano bI/I'chhcb foi' Budi 
fihoilB 1/ho previous IiiciH. (22'1) can again ))o iiHcd. 'Take, for 
example, a fihell of a Boinieireiilar cross H(a:l/ion supporUng ifs own 
weigh!/ which is asBiiined to l^c nnifonnly disl/ribniod over 1-ho 
Hiirfaoc of the shell. In Hiieh a case we have 


X — Y — p sin <p, Z = p cos (p. 

The third of the ofpmtionH (224) givo.s 

~ pa COB (p (//,) 

which vanishofl along the edgcH AB and CD as it fihould. It is 
seen that this condition will also he satiHfied if some other enrve 
is taken instead of a seinicindc provided only i,h(U- <p = ±ir/2 
at the edges. Siibsl.itiiting cxpre.ssion (h) in the second of tlie 
equations ''224), we find 

Nxv ~ ~2px sin (p + Clip). (f) 

By putting the origin of the coordinates at the middle of the span 
and assuming the same end conditions at both ends, x — ±1/2 of 
the tube, it can be concluded from syminetiy that Clip) ~ 0. 
lien CO, 

- —2px sin p. ij) 

It is seen that this solution docs not vanish along the (aJges AB 
find CD as it should for free edges. In structural applicfitions, 
however, the edges are usually reinforced by longitudinal mem- 
bers strong enough to resist the tension jn'odnced by shearing 
force ij). Substituting exjnmsion ij) in the first of the equations 
(224), wo obtain 

Xx = cos p -1- Ciip). (/s) 


If the ends of the shell are supported in such a manner that the 
reactions act in the planes of the end cro.ss seel, ions, the forces Nx 
must vanish at the ends. Hence Czip) = —pV‘ cos p/^a, and wo 
obtain 


Nx 


p cos p 
4 a 


iH - lixA). 


( 1 ) 


Expressions (/i), (j) and (i) represent the solution of lilffs. (224) 
for our particular case (Fig. 134) satisfying the conditions at the 
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ends and also one of tlic conditions nlonp; the edges AB and CD. 
Tlic second condition, wliich concerns the shearing forces 
cannot he satisfied by using the membrane stresses alone. In 
jiractical aiiplications it. is assumed tliat the forces N^c wll bo 
taken by tlie longitudinal memliers that reinforce the edges. It 
can be expected that this assumption will be satisfactory in those 
ca.«es in which the h'ligth of the .shell is not large, say / ^ 2a, and 
that the membrane theory will give an approximate picture of the 
stress distribution in such cases. For longer shells a satisfactory 
solution can be obtained only In* considering bending as well as 
membrane stresses. This problem will be discussed in the next 
chapter (see Art. 91). 



CHAPTER XI 

GENERAL THEORY OF CYLINDRICAL SHELLS 

81. A Circular Cylindrical Shell Loaded Symmetrically with 
Respect to Its Axis. — In practical applications wc frequently 
encounter problems in which a circular cylindrical shell is sub- 
mitted to the action of forces distributed symmetrically with 



respect to the axis of the cylinder. The stress distribution in 
cylindrical boilers sul^mitted to the action of steam pressure, 
stresses in cylindrical containers having a vertical axis and 
submitted to internal liquid pressure and stresses in circular pipes 
under uniform internal pressure arc examples of such problems. 

To establish the equations required for the solution of these 
problems we consider an clement, as shown in Figs. 162a and 155, 
and consider the equations of cquilibrmm. It can be concluded 
from symmetry that the membrane shearing forces 
vanish in this case and that forces iV,, are constant along tho 
circumference. Regarding the transverse shearing forces, it can 
also be concluded from symmetry that only the forces do not 
vanish. Considering the moments acting on the clement in 

389 
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Fig. 1 . 55 , wo. !ilso coiicliidf’ from symmoir}' dial I ho (^’isting 
moincni.s vatii.sh and (iju) tlic hiaiding momcids 

are constant, along tin; circumference. Under .‘'•nch condition.s of 
.symiiK'try lliret! of the six ef|uations of fTjnili!)nmn of tlu; element 
are identically satisfied, .and we iiave to consider only the remain- 
ing three ofiuations, efr., flnwe obtained hy projecting the forces 
on the X- and r-axes, and hy taking the moment of the forces 
about the i/-axis. Assuming that the external forces consist only 
of a pressure normal to the surface, thes'' three eqiiation.s of 
cquiiibrium are 

d.V. , , 

—7—0 tlx OC 

OX 

-^f“'o tlx tlix -h .V,. fix tit,' /o tlx fit! 

(lx 

‘a tlx dv — Qc'i fix fit,' 
tlx 


- 0 , 

= o] (a) 
==■• fJ. 


The first one indicates tlint the forces .V. are constant,* and wo 
take them ef|i(;il to rero in our further di'-cu-'ion. If tficy are 
difTereni from r.'-ni. the iti formatiou and stre-- corresponding to 
stich con'Iani force.' can be e.U'ily l•alculatl•d ami superpo-ed on 
.‘-Ire.'iscs .ami dcform.a'ioie.' produced by l.ateral load. The 
remaining tuo cqn.atior!- e.an be written in the following simplified 
form; 


do. , 1.. 

dx ■ o *■ 



d.\[ 

dx 


Ch - 'k 


il') 


These (wo e<[tiations contain three uidaiown (|uantities A*,., Q: 
and To solve tiie problem we must therefore consider the 

displacen >ls ef point' in tiie middh* surface of the shell. 

From s. I U' Irv \se eomdud*. licit the l•omponent r of the di.'- 
plaeement ■ ’.k- < trctimfercntial liircetion vanishes. We thus 
have to C'".ider otdy the e*uniionents a and ir in the x- and 
c-direetions rcsjieciividy. The expressions for the strain com- 
jioncnts then bccom>' 


ft 




(c) 


' Tlic t.fTccl (if tti<. I’ on i'* h\ ihi'^ 
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(227) becomes 


. hh „ 

D-f-. H -w /. 

ax' a- 


Using tlie nolntion 




Eh 

•In-/; 



Eq. (228) can be represented in tlie siiTijdified form 


(I'w 

7f? 


4p'w 


7;' 


( 228 ) 


(229) 


(230) 


Tliis is tlie same equation as is obtained for a pri^Jinatieal bar with 
a flexural rigidity D, siipporteii by a eontimions elastic foundation 
and submitted to the action of a loail of intensity ZA The 
genera! solution of this ci(iiatioii i-- 

u> ~ r''''(Ct eos -J- Tj ,-in /L-) 

f ■-((', cos f3x -f C\ sin Px) -f/(x), (231) 

in whieh/(j) is a particular solution of lap (230) and Cl, . . . ,Ct 
are the eoiistants of integration which must be determined in each 

particular ease from the eondition.s at the 
° eufls of the cylinder. 

*• ^‘o Taki', as an example, a long circular 

' } ^ f'd*'" stthmitted to the .action of bending 

nmment.s .1/- and .shearing forces Q. both 

uniformly tlistributed along the edge 
' X ~ tt (I'ig. lot*). In this ease there is no 

jiressure Z di-lributed over tlie ,-urfnre of 
tlie .shell, and .Ax) r- () in the general 
[•;„ ;r,-, solution (2.31). Since the forces applied 

at tluM-nd X — U produce a local bending 
which dii-s ..111 rapidly as tie* <listunce x from the loadinl end 
incrcruses, v, . eoiK lude that the first term (ui the rigid side of 
Etp (231) lu i-t vanish. Hence, Ct - -- 0, and we obtain 

tc eos fix -1- C. sin Pr). (a) 

The two constants (', and Ct can now be detormined from the 
conditions at the loaded end which may bo written 

* See natlior’s ‘'.Stri'ur;th of Muti*rlnls," vol, 2, p. -101, lt>30. 
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or^o 


rrr 


Q. 


= —L)' 


hU, I 


r/ r_:: I 
c:rV=-. 




fr.; 


en'2 


r. 




2E-D 




2S-I> 




r:rj=, 5zj — O.i CO-? i?ri, (2Z'l) 


2c -D- 




^225} 


L? taker uo.'Ttrre z^r^ard zde ari? of tie OTifr-ier. ice slope at 


(: 


[~\ = COS -f- <5/cos ,5r -f- sfii 

Zy,'U 

~ 2^]y Q'l}' 


Ej rr.troc“c!rg tLe rotation. 

^ ‘, CO? ujt ~zn> P'-^j • 

i'S~) = o-^e'cos Sr — sfr Sr} A (235) 
f 'Sr; = cos Sr. T'dr} = e~^~ sir .Sr.) 

zLe errrressiors ;ot dedeczior and its corsocntiro derfrativef* car 


) 




:aa in me roj-O”; 


iniit-L-yi ion 


~ d- <>.!'? 'Sr} Ir 

g = ^|^2SJA,rSr} -k <5i-?fSr}L 

T 

AA ~ ~9j£^2S3Si,j-'Srj -r 2^,iS!''Sr}T,^ 

prr == ^l^f'-fir'.Sr} — Q^'St.}\. 


( 226 } 
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Wo thus obtain for the riRiit-hand portion 


"•fir 


w = 


pMo(/\n (ir — cos jSx) + ^ cos Sx 


(a) 


wlicro X is inoasurrd from the cross section at uliich tlio load is 
applied. 9'o calculate (he moment ^Uo which af)pear.s in exprc.s- 
sion (o) wo use expre.«sion (231) which frive.s the slojto at a: = 0, 
In our case this .slope vanishes hecati.'-e of .*^ymmetry. Hence, 


2^Mo - ~ - 0 , 


and we obtain 


.Vo - 


‘1/3 


(i) 


Kubstitutinp this value in expn'-don (a), the deflection of the 
sill'll becomes 




(2.37) 


and bv differentiation we find 


(hr 

(lx 

(I'll 








(Ix^ “ eo-'^x) -= 

d'u' , /' . , . 

,/?■ ■■ ''’ sav/ ' 


■\SIJ 


nSx)\ (c) 


(Jb'--erving from ib) and if) of the pri'ccdinp article that 

-- Q: ■■ 


(Pir 


wo finally obtain the followini: expre-'-ions for the benditiK 
moment and f.he:iring force: 


- ^V'(6’x), Q, - ~~0Wx). 


(23S) 


Tlio results fibtaiiU'd are ail represented in Fig. 159. 

It is .seen that the maximum deflection is under the load F and 
that its value a.s given by luj. (237) is 

- _iL - 

" sav; ■■■ '2i-:h 


ir„ 


(239) 
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The maximum bending moment is also under the load and is 
determined from Eq. (238) as 

= —■ (240) 

The maximum of the absolute value of the shearing force is 



f(fl'A) 

f W 


evidently equal to P/2. The values of all these quantitie.s at a 
certain distance from the load can be readily obtained by using 
Table 45. We see from this table and from Fig. 159 that all the 
quantities that determine the bending of the .shell arc small for 
X > Tr/jS. This fact indicates that the bending is of a local 
character and that a shell of length 
I = 27r/^ loaded at the middle will 
have practically the same maximum 
deflection and the same maximum 
stre.ss a.s a very long shell. 

Having the solution of the problem 
for the case in which a load is con- 
centrated at a circular cross section, 
we can readily solve the problem of 
a load distributed along a certain length of the cylinder by 
applying the principle of superposition. As an example let 
us consider the case of a uniform load of inten.sity q uni- 
formly distributed along a length I of a cylinder (Fig. 160). 



Fig. 160. 
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Assuminp; liiui (he load is at a considerable distance from the 
ends of (lie cylinder, we can use solution (237) (o calculate the 
delhaitions. 'I’Ik! deflection at a i)oint A j)roduced by an ele- 
mentary rin;^ load of an intensity' tj r/t at a distance f from A is 
obtained from expression (237) by substituting q df fop p ^ 
for X !ind is 


1 


^f(cos (}t -5. pt). 


The deflection produced at .1 by the total load distributed over 
the length / is Iheti 




ft ft * 

sin (i^) =-■ ~ ~ r~^'' cos ^c). 


'rill! bendinq moment at a point .1 can be calculated by similar 
apidieation of the method of •■tipcrpo--itio!i. 



Cl/hriilrirnl SI.'U inth it f 'r,ifi'rfii Inlininl J’nitMirt- iFitj. It'd). — 
If the edqc- of iltc ?.he!! are free, the inierne.l pre.-sure p producc.s 
only a hooj) •’Ire-- 


and the radi is of the cylinder increases liy the amount 


0 e 


no, 

E 


pa' 

Eh 


id) 


If the ends of the shell aie built in, as shown in Fig. 161o, they 
cannot move out, and local bciulinq occurs at the edges. If the 


' q (if is the !ii;ul in-r unit h'liclli ef circuiiifcrcnrc. 
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length. I of the shell Is s^xSeiestly large, vre can use solution (232) 
to inrestigate this bending, the moment Mr and the shearing force 
Qz being determined from the conditions that the dedection and 
the slope along the btiiit-in edge r = 0 (Fig. idle) vanish. 
According to these conditions, Eos. ^233; and (234) of the preced- 
ing article become 

^f2:SJrc -r Q^) = 0, 

—here o is given by Eq. (d). 

Solving for Mr. and Qr. — e obtain 

Mr. = 25- Oa = Oc = -45^ Da = (241) 

gy- P 

We thus obtain a positive bending moment and a negative shear- 
ing force acting as shovm in Fig. 161a. Substituting these values 
in espressions (236), the deSection and the bending moment at- 
any distance from the end can be readily calculated by the use of 
Table 45. 

Iz, Instead of built-in edges, — e have simply supported edges 
as shovm in Fig. 1616, the deSection and the bending moment 
M~ vanish along the edge. Mr — 0, and we obtain, by using Eos. 
(233), 

Qz = -25‘ Da. 

By substituting these values in solution (2-32) the deSection at 
any distance from the end can be calculated. 

It vras assumed in the preceding discussion that the length of 
the .shell is large. If this is not the case, the bending at one end 
cannot be considered as independent of the conditions at the 
other end, and recourse must be had to the general solution (231) 
which contains fom* constants of inregration. The particular 
soiution of Eq. 1230) for the case of uniform load (Z — — p) is 
— p/4p-D = —pa-/Eh, The general solution (231) can then be 
put m the following form by the introduction of hyperbolic 
functions iu plnce of the exponential functions: 

— -r Cl sin px sinh Rx -r Ch sin pz cosh px 

-r Cz cos Pr sink Pr -f Ci cos Px cosh Px. (g) 


tr = 
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If the origin of coordinates is taken at the middle of tlie cylinder, 
as shown in Fig. \0lb, c.\pre.<sion (r) must he an even function ofr. 
Hence, 

C. C, = 0. (/) 

The constants Ci and C< must now he .‘•elected so lus to satisfy the 
conditions at the ends. If the ends are simply supported, the 
dedection and the bending moment must vanish at the ends, 
and we obtain 



Substituting exiires-iion (<) in the.-e rehitions and rememlK;ring 
that C’; “ Cj 0. r.e find 

— "b t‘i J-in o sinh o fb eo-i <i eosh a = 0, j 
a I (•(I- << cii-h n — t .’t sin a sinh n = (),j 
where, for the ,-ake of simplieity, 

dl 

2 ^ '*• 

I'rom the'^e ef|iiatioiis v,'c obtain 

jitr : in ft .*-1011 II 

* Kh sin- ti .‘•inn* << -b c-o-- tt cit-h" n 


ib) 


(0 


/<(/- 2 sin n sinh a 

I'.h eo- 2<t d- eo-^li 2« 


/HI' eii ■ <( eo'h It 

* Ell ‘in- <r -■uih- <» CO-- ft ett'-h' ft 


O') 


__ pn- 2 cos a cosh n 
Eh cos 2ff + cosh 2« 

Kiibsiitutiiig the ••ahii-s ij) and (f) of the constants in expression 
(e) and oi.-T' nt: from expri-.--.ion f22t)) that 


we obtain 
"■ ■■ 


ti- /' 


2 sin It siiih « 


(/-•) 


, «. .-'lit ic • - ■ I /> 

1 — sin cir stnh pr 

cos JiX -{- cosll 2<t 

2 etts tf Cfish (t ,, lot n\ 

s Jtf -p cusli 2{t / 


co.s 
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In each particular case, if the dimensions of the shell are kno^vn, 
the quantity a, which Ls dimensionless, can be calculated by 
means of the notation (f) and (229). By substituting this value 
in expression (1) the deflection of the shell at any point can be 
found. 

For the middle of the .shell, .substituting a; = 0 in expre.s.sion (1), 


we obtain 


(w;) 




'pV' ( , _ .2 cos a co.sh a 
64:Da\ cos 2a + cosh 2a 




(m) 


When the shell is long, a becomes large, the second term in the 
parenthesis of expression (m) becomes small and the deflection 
approaches the value (d) calculated for the case of free ends. 
This indicates that in the case of long shells the effect of the end 
supports upon the deflection at the middle is negligible. Taking 
another extreme case, viz., the case when a is very .small, we can 
show by expanding the trigonometric and hyperbolic functions in 
power series that the expression in parenthesis in Eq. (m) 
approaches the value 6o^/6 and that the deflection (Z) approaches 
that for a uniformly loaded and simply .supported beam of length 
I and flexural rigidity D. 

Differentiating expression (Z) twice and multiplying it by D, 
the bending moment is found as 


M = -D— = 

dx^ 4a2\cos 2a + cosh 2a ® ' ^ ^ ^ 


+ cosh 2a 
cos a co.sh a 
cos 2a + co.sh 2a 

At the middle of the shell this moment is 


.sin fix sinh ^x ). (n) 


)■ 




.sin g ,sinh a 
4a^ cos 2a + co.sh 2a 


(«) 


It is seen that for large values of a, i.e., for long shells, this 
moment becomes negligibly .small and the middle portion is, for 
all practical purposes, xmder the action of merely the hoop 
stresses pa/h. 

The case of a cylinder with built-in edges (Fig. 161a) can be 
treated in a .similar manner. Going directly to the final result,^ 

* Both cases arc di-scussed in detail by I. G. Boobnov in his “Theory of 
Stnicture of Ships,” vol. 2, p. 368, St. Petereburg, 1913. Also included are 
numerical tables which simplify the calculations of moments and deflections. 
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WO HOC tluii Iho 1)otKlin}; inoinoiii Mo at^liiiK alonj; tlic I)uill-in 
ocIko is 


Mo = 


p siilh 2a — sin 2a p 
“ ■ s'inh 2« + sin 2a 


2(i- 


wlioio 


x-J» 


sinh 2a — sin 2a 
sinh 2a -}■ siti 2a 


In llio caso of lon^ sliolls, a is latfjf', tin- factor X;f2«) in expros.-inn 
f2}2) ajjproaclifs unity ainl tin- valin* of the moincnl approncJus 
Hint f^ivon i)y the first of tlic expressions (24 1). For siiorter 
shells tin; value of the factor X:(2a) in (242) can he taken from 
'J'ahlo 40. 


'I’-Mii.r, 4e, 


2<r 



.1 

xd.2c) 

0 ‘2 


(KV:-) 

; O.IVViS 

0.100 

n 1 


‘J .'02 

1 0 rvi-’.s 

0,200 

0 r. 


1 I'.rt 

i 0 iKo; 

O.-tOO 

O.s 


t ■2'>7 

! 0 tiv,'. 

O.lOO 

1,0 


t o:t:t 

; I) 1071) 

o.-'ino 

l.-i 


0 

; 1) 2.170 

0.;W 

1. 1 


n sort 

1 0 It 170 

o.nso 

1 li 


0 7.^ » 

1 0 I!!^0 

0,77I» 

1 s 


0 TIt.'i 

! o,:.o:.n 

O.S.)5 

'2 0 


(I Tits 

j O.CiHiV) 

0.02o 

■2 :> 


U s‘r2 

! n S22') 

1.01.'. 

u u 


0 soa 

f 0 0770 

1.000 

It .'i 


0.;»''.e, 

j 1 n.'<c .1 

i.os:, 

! ft 


1 txi*. 

1 I 

1.0.', 0 

■5 .1 


1 .(tl7 

* I OtO) , 

1.027 

U 


1,017 

l.tvtivl ' 

l.OOS 


Ciili’ulricitl Sill'll Unit htj nm! Miiinnits Dti-irilntlai cdnilij 

ihr Ediji-.- In the precf(iin>; s.-eiirtii this prnhleia was discussed 
assuiniiu; dial tin* .•■hell i-. huu; and that each <-nd can he treated 
independ' hily. In the ca-e <if shorter ^hells Intth ends must ho 
considered -.iinultaneously hy u-int; solution (r) with four con- 
stants of inte^^falion. I’loi-fedine ns in the previous e.ases, the 
following re.-iults can he ohtained: For th»‘ cn.s-* of henditi!: hy 
uniformly distrihuted sheariiu' forces (Fit;. U>2<.') the deflection 
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the slope at the ends are 

_ 2<3c6c!* cosh 2a -f cos 2g 

^ gin 2a 


2Q,8a'^ 


Xi(2a),/ 


lA _ . 2Q(.8Nj.- sinh 2a — sin 2a 
^ ~ ~ Eh sinh 2a A- sin 2a 


, 2Q,BNjA 
^ Eh '■ 


Xz(2La).i 


the case of bending bv' the moments 3fo (Fig. 162f/) vra obtain 


_ g inh 2a — sin 2a 

2a At S'in 2a 


'lA ^ ^ AAhSr'oA , co: 
fix Eh .sir 


2M,e'a.^ 

Eh 

cosh 2a — cos 2a 
.sinh 2a A- -siri 2a 

. AMc&a^- 
"■ Eh 


X2(2a), 


X2(2a). 


[n the ease of long .shells the factors xu X 2 and xz in cxpr&s.sions 
(243) and (244) are close to unity, and the results coincide 



Fi(j. 162. 


vdth those given by expres.sion.s (233) and (234). To simplify 
the ealculation-s for .shorter .shells, the values of fxmctioas xi, Xz 
and X? are gi%'en in Table 46. 

Using .solutions (243) and (244), the .str&s.ses in a long pipe 
reinforced by equidi.stant rings (Fig. 163) and .submitted to the 
action of uniform internal pres.sure p can be readily di.scu.s.sed. 

A.ssume first that there are no rings. Then, under the action of 
internal pres.sure, hoop stresses ct = vAll be produced, 
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and the radius of the pipe will increjise by the amount 



Now, lakinp (he ring's into eonshleration and assuming that they 
arc absolutely rigid, wo c-onelufle that reaetive forces will he 
produced hotweeii each ring and the pipe. The magnitude of tlie 
forec'.s per unit length of the eireumferenee of the lube will he 
dimotcd by P. 'J’he magtutude of will now be determined 

from the condition that the 
forces P producf' a deflection of 
' the pij)e under the ring ccjual to 
the exjciiision o created by the 
: itilernal pres'^ure p. In calculat- 
^ itig this dethetion we ohscree 
that a portion of the tulx; be- 
tween two adje.rent rings may bo 
considered as the sh'-ll shown in I'igs. 102'J and 1026. In this 
ease () ~\P, ami tin- magnitude of tie' bending moment 

A/ij under e. ring is determined from the condition that ihr/dx = 0 
at that p</int. lienee from lv|>. 1213) atid 12-M) we find 



P3-n' 

FJ: 


X'J 


lu) 




.x:(2«) - 0, 


from whieii 


M, 


Px.i2a) 

■\3x32<x)‘ 


(P) 


If the distance [ bef.M i-n the rings large,' the quantity 


2.. -PA- / 0 ;5-! 

V nr. 

is also large-, the functions xo'2i«) and x:i2ct) approach unity 
and the monn nt Ah approrn-he-’ the value (2-50). l'V)r calculating 
the force /’ entering in l’.<p i/>) the expressions for deflections as 
given in lap. (2-13) attfl (2-M) inu->t b,‘ used. These e.vpressions 
give 


PfUi' 

Fh 


xA2a) 


P(Ar \1{2ii) _ . fxP 
2Fh .x j<2a) ■ Fh ’ 


' For •» 0.:?. ■2i, « i.gs:>! -vVe. 
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‘lx^xi‘ld) a- 


For large values of 2a. thi= reduces to 


( 245 ) 


voieii coincides vith. Eq. (239). Y»TieG 2a Is not large, the 
value of the reactive forces P Is ealcTiIated from Eq. (245) by 
using Table 46. Solving Eq. (24.5) for P and substituting its 
expression in expression (p), ve Snd 


Me = ^Xi^2«). 


(246) 


Tms coincides vrith expression (242) previously obtained for a 
.shell vith built-in edges. 

To take into account the er-iension of rings vre oljserv'e that 
the reactive forces P produce in the ring a tensile force Pa 
and that the corresponding increase of the inner radius of the 
ring is^ 

Pa- 
= IP-' 

vhere il is the cross-sectional area of the ring. To take this 
extension, into account vre substitfite o — instead of 5, in 
Eq. (245) and obtain 

.jyS . lxi(2a)l PA 

From this equation, P can be readily obtained by using Table 46, 
and the moment found by substituting p ~ (PA/.4), instead of 
p, in Eq. (246). 

E the pressure p acts not only on the cylindrical shell but also 
on the ends, longitudinal forces 

-V. = 

2 

* It is £ssaE254 that the cross-sectional dimensiong of the ring are smali in 
comparison vrith the radins a. 
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are produced in Uie shell. The extension of the radius of the 
cjdindcr is then 



and (he quantity 7)(1 — ’ ••) inst<*ad of p must bo substituted in 
F.qs. (210) and (217). 

Equations (247) and (24.5) ran br also used in the caKo of 
cxt<a7ial uniform j)r(‘ssure provided ihf compre.^sive 
in (ho ritiK !uui in the shrl! arc far rnotneh from the critical 
stresses at which i)Urklini: may occur.' 'I'hi' case is of practical 
importance in the de.rittn of submarines and has been discussed 
l)y several authors." 

83. Pressure Vessebs. — metliod illustrated by the 
examples of tin; pneeditip article can also be apjdied in the 



.'in.'tlysis of strc,---c.- in cylindrical vc'-cl- sidtmitted to the action 
of internal prc<~ure. h» di'^cu-sinj;; thi. ''membrane theory” it 
w.as repeatedly indicated that tlu"’ theory fails to represent the 
true strc'-'- m tho'C portioiis i>f a sliel! clo-e to tiie e<ii;es. .rince 
the ed},'c conditions usually c;tnnut be completely saii'fied by 
consideriu}; only nieml/r.ane strcs'cv. A simil.ar condition in 
which till- membnine theory i*- imuh quate is found itt cylindrie.'d 
pnrssurc ' ••^'e!.. .p the Jttints between the cylindricni portion and 
the oufE of the ves-cl. At these joints the metnbrane stresses 
are usually a.r-ctunfianieil by local bendini; sin’sses which are 

• ntU'Vdiiie <if riiie- and cylimlricat r'ln-lP i-' UiTte-ia! in the ndther'.-i iRtok 
“Theory of llhi-tte Stnliility.” 

’Sec |):ipi'r by K. Von Sanih-ii jiml K. t'liintleT, “Wi-rft niul Keeilorci,” 
vol. 1, in'.’o. pp u.a- lOS, ISd lys. UUV-'eJl, nn.l voS. '2, Itiil, pp. r,oy-iito. 
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dhtrihuted symmetricaUy rdtb respect to the axi? of fbe cylinder. 
These local stresses can be calculated by txdng solution (232) of 
Art. 81. 

Let us begin vrith the simple case of a cylindrical vessel vrith 
bemispherical end-s fFig. 164).^ At a .sriffieient distance from 
the joints ran and m^nt the membrane thc-orj' is accurate enough 
and ^ves for the c 3 'lindrical portion of radius a 


AA 


pa 

T'' 


Ist = pa. 


(a) 


tvhere p denotes the internal pr&ssure. 

For the spherical ends this theort.' gives a imiform tensile 
force 

N = f - (6) 

The extension of the radius of the c^dindrical shell under the 
action o? the forces (a) is 



and the extension of the radius of the spherical ends is 

Comparing ejqjressioas (c) and (d), it can be concluded that if vre 
consider onh' membrane stresses vre obtain a discontinuitj* at the 
joints as represented in Fig. 1G4&. This indicates that at the 
joint there must act shearing forces Qr. and bending moments Mr, 
imiforml^' distributed along the circumference and of such mag- 
nitudes as to eliminate this discontinuiU'. The stresses pro- 
duct by these forces are sometimes called diccaniinviiy ctrecses. 

In cak-ulating the quantities Qr, and Me vre ssmme that the 
bending is of a local character .so that solution (232) can be 
applied vrith sufficient accuracy in discussing the bending of the 
cj'lindrical portion. The investigation of the bending of the 
spherical ends represents a more complicated problem which will 
be fuliv* discussed in Chap. XII. Here we obtain an approxi- 

^Tiii= case was discussed bv E. Meissner, Sduiceiz. Bauzdlung, vol 85 
p. 1, 1S2.5. 
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mate point ion of the problem b}’ npsurning that the bending is of 
importance only in the zone of the spherical shell close to the 
joint and tliat this zone can be treated as a portion of a long 
cylindrical shell’ of radius a. If the thickness of the spherical 
and the cylindrical portion of the vessel is the same, the forces 
Qo produce equal rotations of the edges of both portions at the 
joint (Fig. IGlh). Tiiis indicates that jVn vanishes and that Qo 
alone is sunicient to climinat/- tlie discontinuity. Tlic mag- 
nitude of Qa is now determined from the condition that tlie sum 
of the numerical v.ahies of the defif'ctioris of the edges of the two 
parts must be eciual to the ditTcrence oi — o; of the radial expan- 
sions furnislied [)y the membrane theory. L'sing Kq. (2.33) for 
the deflections, we obtain 


(h 

(i'H) 




pn' 


from whieli, by uring notation (221»), 


Ch -- 


pn'(i'l) _ p 


2A7i 


S,9 


(0 


Having obtaine<l thi- value of the force Q-, the deflection and 
tiie iiending moment .1/, cun be calculated at any point by using 
formulas (23(>) which givt*' 


Mr - -I& - 

<lx' 




Sub-tituting e\pn.',..i()n (e) for Qr and exon'-^-ion (220) for /3 
in the fo.niiula for we o!>tain 


S\/3(l - w) 


(/) 


Tliis motnent a? tain*, its numerical maximum ^st the distance 


’ i:. Mcl i!i t!;i- ;-.l>.>vi>-iai-t>tu>a''<l cd thnt t!ic error in the 

«nnciiiui(li. of till’ t'‘’!i.iie.v’ .itrv-'e- ;i« frimt «:i(*ii jia approximate 

Kihili'in 1 * Miuill for ilmr 'ii’tat'pfu-rier.l -tietii run! i.! smnl'.er tiuui 1 I'cr cent 
if It/I. > tin. 

‘ Note ttint tfie dirertioii of (>> in Fie;. 10 1 opjy.o.lle to tlii- ilirection in 
Fig. l.Vi. 
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% = at which point the derivative of the moment is zero, 
as can be seen from the fourth of the equations (236). 

Combining the inardmum bending stress produced by Ms with 
the membrane stress, we find 


f \ _ t ^ 1 nno^P r^\ 

4 ftV3(i - .’-y W “ • 

This stress which acts at the outer surface of the cylindrical shell 
is about 30 per cent larger than the membrane stress acting in 
the axial direction. In calculating stresses in the circumferen- 
tial direction in addition to the membrane stress 'pa/h, the hoop 
stress caused by the deflection w as \vell as the bending stress 
produced by the moment M^ — vMs must be considered. In 
this wav we obtain at the outer .surface of the cvlindrieal shell 


ap Etc Qv f apf 1 . . Zv 

ct — -rr = -r( 1 •“ d 

A a ir h\ A ^ ' 4 ^ 3(1 - 

Taking v = 0.3 and u-sing Table 45, we find 




(, 7 ,)^ = 1 . 032 ^ 


= 1.85. 


Since the membrane stress is .smaller in the ends than in the 
cylinder sides, the maximum stress in the spherical ends is 
always smaller than the calculated stress (h). rn 

Thus the latter stress is the determining factor 1 — 7 - 

in the design of the ve.ssel. [/ ° ’I ■ 

The same method o^ calculating discontinuity 
stresses can be applied in the case of ends ; T ; 

having the form of an ellipsoid of revolution. \ i ■ 

The membrane stresses in this case are obtained L__1_L 

from expres.sious (217) and (218) (see page 365). n 

At the joint mn which represents the equator 
of the ellipsoid. Fig. 165, the .stresses in the direction of the 
meridian and in the equatorial direction are, respectively, 

. pa , wf-, _ 

2h: ^ h 2hy 

The extension of the radius of the equator is 
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Subsfitutinp: (iiin quuntity irintoad of o; in (iu! previous calculation 
of tlic shcariiiK force Qo, 've find 


5i 


o, ~ 


pa- 

M 2b'’ 


and instead of Kc]. (c), we obtain 



W 


It is seen that flie shoarinc force Qi, in the case of ellipsoidal 
ends is larger than in the ease of henii-jiherical ends in the ratio 
a'/lr. The diseoniinuiiy s!re.--‘-s will ( vidently incre.ve in the 
same proportion. Tor examph-, takini; ajh — 2, we obtain, from 
e.\pres>ions (a) and (A), 


(a.),.. 


lip , oop 

'* /iV-' Kl ~ 

li 


»i •• 1 - 2.172~^^ 


Attain, i*- tie' lurtti-t stress and is cnn->-(inently the dotor- 

ininitn; faetor in design.' 

8-x. Cylindrical Tank.s with Uniform 
Wall Thickness. — If a tank is S!il>- 
niit?<-d to the action of a liquid pre-s- 
O' shoe, n i:i I’it;, 1(10, (he stnvscs 
in (!(•• '.'.ail r t!i Ik- atialyretl by u.-inttKq. 
(2.'{t(}. .'''ui.'^titntinc in this (’{[uation 



Z — —yiti — t). 


{«) 


where 7 Ik the weight jier unit volume of the liquid, we obtain 


(/‘u- 

dr‘ 


*ic 





' Mor»* iKtail r'at r.iintr ni v.ith (■Hip-.e-ti.'i! ends can he 

foHiii! in Itn- !<-, IhCin, *' t'l.''r de- I'e-tr^hi-tt li'-r BiVi'cn unil 

der Zyliii(li-n-'-h:i!'-,'' /.'.iri-li, lO-T. .\I-* in.-ti!,!. <! are ih.e re-iilt- el <-\i)cri- 

mental iiive'-tiy.tliiei-. of tle>-«titinnity -tr* ',v hich are iti a ueod aitn-einent 

wit n ilie tijiproMiiiKte .’litition, ;S. a!'*> r. tSehnlr-Clninow, I r.gfnicur- 

ArcKn-, vol. -5, |i. .It:!. I'.KUi. 
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ticukr solution 


ITr = 


of thi? equation is 
y(d — x) _ y(d — z)a- 


'D 


Eh 


(c) 


espression represents the radial expansion of a cylindrical 
vuth free edges under the action of hoop stresses. Sub- 
ring expression (c) in. place of fix) in expression (231). we 
in for the complete solution of Eq. (6) 

d-rCr cos -f- C; sin -f- cos -f- sin ^z) 

'(id — z)a' 

nost practical cases the wall thickness A is small in compari- 
with both the radius a and the depth d of the tank, and vre 
r consider the shell as inSniteh' long. The constants C7i and 
are then equal to zero., and we obtain 

tr = <r^~(Cs cos ^x d- Ci sin .Sz) — — ^ ‘ 


le constants C? and Ch can now be obtained from the condition.s 
the bottom of the tank. Assuming that the lower edge of 
e waE is bu2t into an absolutely rigid foundation, the boundary' 
editions are 


dix \ _ 


= c, - = 0, 


— .fiCse^-fcos Bx -r sin /Sz) 


f- SCsjr^'icos 8x — sin ^z) -r 


'(d- 

Ek 


0(C, - (7d -h ^ = 0. 


From these equations we obtain 
'(Ord 


Eh ‘ 

Expression (d) then becomes 




)■ 


Ekf 


e-^^\ 


d cos 




sin /3z 


f 


from which, by using the notation of (235), we obtain 


w 


ya-d 

'~Eh 


l-l-SiBx) 






Ce) 
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From (his oxprcssioii (lie clnflcction at any point can be readily 
calculated by (he use of Table 45. The force in the circum- 
ferential direclion is then 




Elnv 

(I 


- -((Ul\ 1 



CO 


From the second derivative of expn>'’ion (r) we oljtr.in the bend- 
ing moment 


M, = -/> 


(l-W 

dx' 


Kir" 

ytiilh 

Vr2Tl - t ') 


-y.fis) + (l - 

t(Bx) -}■ ig) 


Having e.xpresstons (/) atid (g), the nut'anuim stre.-s at any point 
can readily I)e calculated in each particular cie-a*. The bending 
moment has its maximum value at the bottom, wh'-re it is equal to 




V l - w)' 


(7 


The same re-ult can In* obtained by ti'-ing previous solutions 
(2311) tmd (231) (page 31»3). .\x-nniing that the lower edge of 
tlie shell is entin ly free, we obtain from expression (c) 






(0 


'I’o eliminate i!ii> di-j.'lacement .and rotatioti of the edge and thus 
satisfy the e(lge comlition- at the bottoiti of the tank, a shearing 
force Q,. and bending motnent Mr nnisi Is- applied as indic.ated in 
Fig. inCi. 'I'lie magnitude of each of the-^e quantities i.s obtained 
by ecpiating expri-.-do'.i- (2.'v3) and (231) to expressions (i) taken 


with rever-ed .‘^igns. Tin- gives 
' (SMc 


‘JB'-D 


Q.) 

Q) - 


, 7u‘<f 

__7U' 

Kh' 


From these cqua i ms wc again obtain expnxssion (/i) for .Ifo, 
whereas for the -ti.-aring fon t* we find' 

' Till' ncKfUivi ra‘1! laile-at*-- tleit Q; h:is itie iiiref{i<m ^!lOvvn in Fig. IGG 
which i't o()(in-‘ite til tin- ditvctieii ii-cil in Fig. I.’('i whoa deriving c.\prr,'>ion.s 
(233) nml (23i ). 
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Taking, as an example, a = 30 ft., <f = 26 ft., fi = 14 in., 7 = 0.03613 lb. 
per cubic inch and v = 0.25, we find /? = 0.01824 in."* and fid = 5.691. 
For such a value of the quantity pd our assumption that the shell is infinitely 
long will result in a very accurate value for the moment and the shearing 
force, and we obtain from expreasions (/i) and (j) 

Mo'= 13960 in. lb. per inch, Qo = —563.6 lb, per inch. 


In the coastruction of steel tanks, metallic sheets of several different 
thickneases are very often used as shown in Fig. 167. Applying the partic- 
ular solution (c) to each portion of uniform thickness, we find that the differ- 
ences in thickne.ss give rise to discontinuities in the displacement vji along the 
joints mn and mini. These discontinuities together with the di-splaccments 
at the bottom ab can be removed by apply- 
ing moments and shearing forces. Assum- 
ing that the vertical dimension of each 
portion is sufficiently large to jastify the 
application of the formulas for an infinitely 
large shell, we calculate the discontinuity 
moments and shearing forces as before by 
u.sing Eqs. (233) and (234) and applying at 
each joint the two conditions that the 
adjacent portions of the shell have equal 
deflections and a common tangent. If the 
use of formulas (233) and (234) derived 
cannot be justified, the general solution containing four con.stants of inte- 
gration must be applied to each portion of the tank. The dclennination 
of the constants under such conditions becomes much more complicated, 
since the fact that each joint cannot be treated independently necessitates 
the solution of a system of simultaneous equations. This problem can bo 
solved by approximate methods.^ 

86. Cylindrical Tanks with Non-uniform Wall Thickness. — In the case of 
tanks of non-uniform wall thickness the solution of the problem requires the 
integration of Eq. (227), considering the flexural rigidity D and the thickness 
h as no longer constant but as functions of x. We have thus to deal with a 
linear differential equation of fourth order with variable coefficients. As an 
example, let us consider the case when the thickness of the wall is a linear 
function of the coordinate xA Taking the origin of the coordinates as shown 
in Fig. 168, we have for the thickne.ss of the wall and for the flexural ri^dity 
the expressions 



for an infinitely long shell 


^ An approximate method of solving this problem was given by C. Runge, 
Z. Math. Phyaik, vol. 51, p, 254, 1904. This method was applied by Karl 
Girkmann in a design of a large welded tank, Der Slahlhau, vol. 4, p. 25, 1931. 
■^Reissnek, H., “Beton und Eisen,” vbl. 7, p. 150, 1908; see also 
W. Fliigge, “Statikund Dynaraik der Schalen," p. 132, Berlin, 1934. 
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h ax; 

niid Imi- (227) bnromi'H 


/) 


Ea^ 


12(1 - E-) 



, 12(1 - 
-I- r-. — 


12(1 - ,‘h(x - X,) 
/in’ 


Tlif' pnrticiiliir Fnliition of tlii’) f'qttulion i-t 


(a) 


(6) 



Z'77///y////////y/?/7, ^ 

^ 2n >■ 

I’l.i. Hiv 


iCi ^ 



(e) 


TIih (■'iliitioii r> pr>'-“iit-( tlif rndinl expansion 
of n .‘•h'-lt •.i'itli ffi’o under the internal 

pr>-.',',ir>- *,!r -• x..). Aj> n result o', the dis- 
phireiiu-nt !c) ji e. rte-in nnionnt of hejidin;; of 
the }t<-nerntriee^ of the eyliniler oeeurs. Tlie 
rotT\ ''pondiiiir lietoiin;; inoineiit U 



n'a's.! 



(d) 


Thi-i i!in;:i< rii i-i indept tid- nt of x mid w in nil 
praeiie.-d rn-e-. of -'ie}: inafTriitudo that 

)!- i-'.n ii-tielly (;<• nesleeted. 


To otitnin the coniiih-ti- •■..htteits of l>j. ’fo u >• ha*.'*- to mid to the particular 
.••'ilution If) the .Kihitlo!! t>f the honso-'eti.ruis eipiatiofi 



V. hieh, up^m divi-'ion hy r, e.-Mj (e- :\l-<> v. ritteii 



(r) 


The fi-'dut'on of thli erj'.istiou of th*' fourth orxler ran fm rediKvd to that of 
two i'nurit!o:i;-, 1 ( the re.-ond order' if y,.- i)ii-<-r\-e that 


1 ^ 1 ('/ .ifj'l d/ d'Al\ 

s dx’ \ dx’ / X dx dx| X dx\ dx / ) 

To simplify the V ritifiy we introduce the follow ins; rymhoN- 


A(ir) 



(/) 


’ TiiH reduction wiw shown hy fl. Kirehhoff, “llerliner Monat.sberichti'," 
p. Slfi, 1K7(‘; !-e nho I, TiKlhuiiter nnd K. IN-nr-on, ‘‘.V Hhtory of the 
'I'hiairy of F.lnntieily,'' vol. 2, part 2, p. (*2. 
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p* 


12(1 - r=) 


(5) 


Eqaadon (e) then becomes 

ULiu:)} -1- p% = 0 (h) 

and can be renritten in one of the t^ro foUoTring forms: 

UMk} -f- ip'-tr] - ip-{L{v:) -f ip'iA = 0, (i) 

L{LUFj — ip'ir] ■— ip'iLiv:) — ip’w\ = 0, 

Trbere i = "x/— 1. 

TTe see that Eq. (/i) is sstisSed by the solutions of the second-order 
equations 

Z,(tr) -f- = 0, (j) 

Z/(ir} — fp-n: = 0. (/;} 

Assuming that 

ici — "b fyif ^2 ~ y2 "b (Z) 

are the t~o linearly independent solutions of Eq. (j), it can be seen that 

xci = y: — 1V2 and tr< = yj — 2V< (m) 


are the solutions of Eq. (/;), .All four solutions <J) and (m) together then 
Tspreseat the complete system of independent solutions of Eq. (h). By using 
the sums and the differences of solutions (7) and (m), the general solution of 
Eq. (f.) can be represented in the follo'rfng form: 

tr — Cjyi -b Cz<£i "b -b Ct^pi^ (n) 

in 'K'hich Ci, . . . , Ct are arbitrary constants. Thus the problem reduces 
to the determination of four functions c: I, . . . rvhich can all be obtained 
if the complete solution of one of Eqs. (7) and (fr) is known. 

Taking Eq. (j) and substituting for L(tr) its meaning (/}, we obtain 


dhc dw 

X— -b 2— -r 2p-tr = 0. 
dx- dx 

By introducing new variables 

U = 2p-\/ix, 'c = 

Eq. (o) becomes 

We take as a solution of this equation the power series 
ti — Or; Ar Oit] -p 0!i}~ -r ' ■ ■ - 


(o) 

(P) 
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SiibslitutiiiR (his sprifs in Kf|. (r) nnd rquating the rooflioirnts of each 
power of Tj to zero, we obtain tlie followinp; relation between the coefTieicnts 
of series (a); 

(«• — l)fi, '{• o--{ •” 0. 

ApplyiiiR this ecpiation to tite first two roefficients and takinR n_i tr, i- 
we fiiul that Oj 0 and that oi i';in Ik- taken equal to any arbitnirj- constant, 
(’alnilntinp the further eoeflieients by means of !•>{. (t), we find that series (*) 
is 

f (. -^i - ^ ri- .yr.} . i; ~ 'iT (.rni)5’~'s ri- ■ • • ^ « EJi{ri), («} 

where J\(r{) is the Ik-ssel funetion of th'- first kind arnl of the fin«t oriier. 
I'or our further <li“eii;'sioii it is .adv-artt-ttri o:js tou-'-the rekafion 

in which the series in the parenlhe':-, dejKited by J^, ii the Ih-siel function 
of the fir>l kind nnd of ren> order. S'lbstiiiiti.'ir; the eapr>%-.don 2c-\/5for'; 
[see notation (p)| in the ^‘•rie“ represent i tit; J/e) and colli'ctins; the real and 
the. imuftinary teritis, ne obtain 

J-Jr) - ■;t''2c\/r) M 


^ v : 4-.’ .r, 


t :i2c\4'> 


1 X av\4'd’ 


(2 d fi)» (2 - t lO}’ ‘ 


The •nhitioti (u) tlie,': five- 


r: “ -r'iv-:<2e\4j -r .■;ri2c\4;!. (a') 

v.'here v'l and >' d' note th.e derivatives rtf the ftmrtionH ( 218 ) with respect 
to the fintunn :i! 2 e\/r. 

'rhe •■•••. .n>i iniejjrnl of IV]. (r) is of n more t-funpli-.ated form. Without 
(h'riv.ation v. e ..{mil state that it can be rrpre-ented in the fo,’’!n 

f: <”'iv''.''2.-\/r) -f- tV’lt'.VvVd. {&') 

in which v ui'l v'^ are the derivatives with, rc-peet to tlie arpiment 2 ,o'\/j 
of the foil' .n-.; fiinetione; 

’ *1 \ 

v',(2eVr< R, -h !o::,--^-'-4:i':2c\4) ,) 

s:.(2,'.\/r) - ev',(2a\/^) -t- ^ /f, -i- lop,^^“^'t(2c\/r} ,j 
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Sin; ^ 1 -r-^~ A-- ■ ■ 

2 3 n 

3 — 0-57722, 

Esrizz scbrdoz^ (cTj and, (lYj of Ec. (r), — e cm'ikids that ths geixeral sola- 
tmt: (r.> of Err. i; 

rr = -4:. = -^Hiri't(2cVi) -f- -f CrN/2pVi) 

\/z V= 


- cv;;^2pV^)T- (co 


ft'cmerKal rrabres of tiro fTin':tiori3 -li, ... , -pt and th^ir first d^-rrratrres 
ars irr Table 47 -- A. grapbleal represetrtation of the ttuxcticizs p'l. 



tlG. 16 '?. 


- . . , iH gfrerL in. E%. 162- It i= sees that the valnss of these functions 
increase- or decrease rapidb' as the distance front the end increases. This 
indicates that in, calculating the constants of integratfon in solution (S) 'T^e 
can Tert often proceed as vre aid vrith mnctions (23.5), hy consirierine 
the cjlrndsr as an infinitely Long one and using at each edge only toro of the 
ronr rronstants in solution (cTj. 

t THs table vraa calculated by F. Schleicher; see “Eheisplatten auf ELas- 
tiscbnr Enterlage,” Berlin, 1Q2G. More complete tables for the same fonc- 
tfcns are ^en in the hook, by Jahnke-Emde, “Tables of Functions," Berlin, 
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Tahi.k M. — Taiii.k or Tiir, v' (-r) rn.vmo.VK 


di 1 ( 5 ) 
<lx 


+ 1.0000 
+ 1.0000 
+0 . 00% 
+O.OO.SO 
+0.0030 

+0 OSvtl 
+0.1Hj7G 


n , SOTO 


n '.’ 31 1 

0 Wi! 

0 O' .V') 


n.oooo 

O.fXKW 

O.OKX) 

-0.(KK).5 

0.0399 

-0.(H)10 

0.OJ>00 

-0.0135 

0.1590 

-0.0.320 

n.'.’O'W 

-O.OG'24 

0.35S7 

-0.107S 

fl 4SG7 

-0. 1709 


0.0000 

- 0.1000 

- 0.2000 

-0.3000 

-0.3991 

-0.-1074 

-0.59.3.“; 

-O.GSOO 

-0.7727 

-0.8509 

-0.9170 

-0.9C01 

-0.9011 

-0.9013 

-0.95S9 


2 5' V31 

^2 ‘J-C7 

-3 13 IG 

+0.4912 

3 21 to ' 

-2 1122 

-3 4199 

+ 1.031S 

3 92 <i ; 

- 1 sry, . 

to 87 

+ I.C83.3 

! G7SS 

-l IGIO 

-3 82 >>0 

+2.45-2J 

Tt •? iV» 1 


-3 

+3.3122 

G '.oo; ' 

~o ntw' ‘ 

-3,8151 

+4.3512 

G 9V«3 , 

-J O SG 5 S 

-3 G270 

+G. 4835 

7 i 

+2 OSi.5 ■ 

-n.2->o 

+0,7198 

s 2i''iG 1 

■J 3 5597 i 

-2 5109 j 

+S.0153 

s 7‘.';i7 1 

•J-5 lOV.s ' 

-l,5s.V.; 

+9. 4:532 

S .sOSa ! 

+7. +117 . 

~0.'293l 

-J- 10. 3102 


-J-0.5<liVt 1 


0.0000 

■J O 4‘J2G j 

-i,ia3t 

-0.1419 

+0 4480 1 

. (»( (>.5 

-0.1970 

4-0 4058 I 

-0.4412 ; 

-0.221G 

•Ml 3C(8; ; 

-0.28X5 t 

— 0.228G 


+3.1340 

+ 1 .4974 

+0.9273 

+0.G2SG 
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u'Jicrc the fi 3 Tnhol { is tiff'd in plnrc of 2p\/^. From expression (c') xro 
then obtnin 


N, 


Eh 

—• — IP 

a 


Ea 


A/iK'iv'Kt) + Cv’UX) -i- Cri'Ai) -f (e') 

~ ” — [{>':({) - 2v:;a)i - r.'.[ev:i(f) 2;;(£)i 

2x\/x 

-I- “• -f (f) 

(IT ‘oU — r*; 

- C:!a)v;(£) - -Uiiiiio ~ s;;t£)i 
+ Ci'ceivia) - ■U£)v.f{) -h .‘<.-;t£ii 

- f O'; ;f£) - -uovoa) - Sr'ici)]!, 

4- r:!£v’:(£) - 2^,(1)] •• f%!£;.f£) 2;:^-! -f- r.-.'£vO'£) - 2;;c£}il. (V) 


I5\' nienns t>f tln-sc forimil.'iy th.e «ii n‘'’''iot!" nix! tlie rnn If** rnt- 

eillnteil lit :ui_v JioiiU, prt'vid' d t!x' rfuv'tr.nl.-* (' Ct ntv d'^ti'miitird 

from tlic edK'- rondilioii'-. 'l ix- x'niiji < of tlx- ftux'tions v'i» . . . , v'« anc 
their (lerivntivc' are to he tn’.en Ta!'!'- •!“ if '2p\^ C C. rorlarsi.i 

values of llif- v.r-fpnw'tit, tlx- foll.Dt inir a-e. nipto’.ie cxj>r>"'don5 arc siifriricntli" 
acrurnte; 
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As an esaraplc, consider a cj'Iindrical tank of the same general dimensions 
as that used in the previous article (page 413), and assume that the thickness 
of the vrall varies from 14 in. at the bottom to 3j in. at the top. In such a 
case the distance of the origin of the coordinates (Fig. 168), from the bottom 
of the tank is d -r = |d = 416 in.; hence, (2p-v/£)i-ri)+rf = 21.4.5. For 
such a large value of the argument, the functions . . . , ^< and their 
first derivatives can be replaced by their asymptotic expressions (250). The 
deSsction and the slope at the bottom of the tank corresponding to the 
particular solution (c) arc 




-/a- d 
Ea d -r 



70* a:<! 

Fa (sf, -k d)* 


Considering the length of the cylindrical .shell in the aerial direction as very 
large, vre take the constants Ci and Ci in solution (F) as equal to zero and 
determine the constants C't and C- so as to make the deSection and the .slope 
at the bottom of the shell equal to zero. These requirements give us the two 
following equations: 


-y/j. Fad -k Xfl 

— ^^{Ct{2pV^1^2(2pv^y ”2'yi(2pV^)l “<^2[2pV^r'i(2pV^) \ C/0 

2z\/z 


2-,Jj(2p\/^i]f = 


ya- xt 
Ea (d -k Ws)* 


Calculating the values of functions tf,,, and their derivatives from the 
asymptotic formulas (2.50) and substituting the resulting values in Eqs. 
fj"), we obtain 

Cl = -269^ 


Cl = - 299 - 


'V/ d -k Wf, 
ya* 1 


"X/ d -k Zb 


•F, 


where 


= (e 


Substituting these values of the constants in expression (gO- we find for the 
bending moment at the bottom 


il/o = 13,900 lb. in. per inch. 

In the same m a nn er, by' using expression (h'), we find the magnitude of the 
shearing force at the bottom of the tank 


Qo — 327 lb. per inch- 
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Thrsn romiUs do not, differ nuu'h from tJie vnltioH ohtnined boforc for ii lank 
with niiiforiii wall lliiekiieM (paRo -llS)* 


8G. Thermal Stresses in Cylindrical Shells, Uniform Tcmpcr- 
nturr Dif^lnbiition. — If a cylindrical ahcll with free cclpc-s under- 
Roca a uniform temporature chaiiRc, no thermal strcascs will be 
produced. But. if the imIrcs are supported or clamped, free 
expansion of the shell is pn-venterl, and locrd bendiiiR stresses 
are set up at (he cdRcs. KnouiiiR the thermal expansion of 
a shell wIh'Ii (he cdRi-s are free, the values f)f the reactive moments 
and forces at (he edaes for any kind of symmetrical support can 
be readily obtained by usiuR Ktis. i2'A'V) and (2.'M), as was done in 
the cases shown in I’iR. Ibl. 

'J'nupiritlurr (InuliirJ in thr Railinl Dirtdion, — As.sumc that 
l\ and /: are the unifttrm temperature.' of tlie cylindrical wall 
at (he inside and the otit'ide surfaces, ri 'peettvely, and that the 
variation of the temperature ihroutth tie- thiekties-- i.s linear. In 
such a ctise, at point.s at a larRe di-tance from the ends of (be 
shell, then' will be no bendiuR, atid the stn-";*'..; can be mlciilatcd 
by uriiiR lap f.')l) which was derived for rlainped plate's (.«cc 

pace o'l). 'rhus the stresses at the 
outer asul the inner surfaces arc 



/faftt 
2:1 - 


• /j) 

O' 


(«) 


where the upper .stRU refers to the 
outer surftice, iiidicatitiR that a tensile 
stre-s will act on this surface if (; > 


N'ciir the end- tiiere will tisually be s'ome bendinR of the shell, 
and the total thermai Stresses will b(' obtained by .siiperpotsinc 
upon (u) ''Ueh -Eri-'si'S as an- iteccs-ary to satisfy the boundaty 
condilion- I.et us consider, a-, an examfilc, the condition of 
free cdRc.,, m which ca-e the stre-s.-s must vanish at the ends. 
In calcula'iuR the strc'-'c- and deformations in this case we 
observe lb at the edee the stresses f«) result in uniformly 
distributeil : ’iients M,. tl-'iR. ITOu) of the amount 


,t/, -- (i) 

12(1 - *■) ^ ^ 

'I’o obtain a free rditi-, moments of the .same inaRuitude but 
opposite in direction must be supcrpo.seil (FiR. ’ 70 !)). llenco 
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the stresses at a free edge are obtained by superposing upon 
the stresses (a) the stresses produced by the moments —Mo 
(Fig. 170b). These latter stresses can be readily calculated by 
nsing solution (232). From this solution it follovrs that 




Eadi — 

12(1 - y) ’ 



_ I'EafJi — l2)h^ 

12(1 - t') ’ 

Eh Mo Eha(tt — tj) /T 5 

~^Wn " 2V3(i-.)"^ 


(f) 

(d) 


It is seen that at the free edge the raaxirnTim thermal stress 
acts in the circumferential direction and is obtained by adding 
to the stress (a) the stresses produced by the moment M^ and 
the force Assuming that li > (. 2 , vre thus obtain 




EccOi tt)^ 1 

'Wi - v) V 


Vi - A 

V3 /■ 


(e) 


For V = 0.3 this .stress is about 25 per cent greater than the 
stress (a) calculated at points at a large distance from the ends. 
We can therefore conclude that if a crack v.ill occur in a brittle 
material such as glass due to a temperature difference it — h, it 
v,Tli start at the edge and vrill proceed in the axial direction. 
In a similar manner the stresses can also be calc-ulated in cases 
in vrhich the edges are clamped or supported.^ 

Terri'peraiure Gradieni in the Axial Dired.irm. — ^If the tem- 
perature is constant through the thickness of the v/all but varies 
along the length of the cjriinder, the problem can be easily reduced 
to the solution of Eq. (228).- Let t = F(z) he the increase of 
the temperature of the shell from a certain uniform initial 
temperature. Assuming that the .shell is divided into infinitely 
thin rings by planes perpendicular to the 3>-axis and denoting 
the radius of the shell by a, the radial expan.sion of the rings due 
to the temperature change is aaFfx). This expansion can be 
eliminated and the shell can be brought to its initial diameter 
by applj'ing an external pressure of an inten.sity Z such that 

* Several examples of this kind are dfecu-ssed in the paper by C. H. Kent, 
Tram, Am. Soc. Much. Ffty., vol. hZ, p. 1G7, 1931. 

^See “Applied Elasticity,” p. 140, 192.7. 
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£1? 

m 


aal'ix), 


winch gives 




0 ) 


A load of this intensity entirely arre.-'ls the thermal expansion 
of the shell and produces in it only circumferential stresses 
having a magnitude 


aZ 


r. -KaF{x). 

li 


Co) 


To obtain the total thermal stresses, we must superpose on the 

stri-s-’*-.'- (e) th(! slress(*s that will bo 
j)r(Mlu<eil in (he shell by a load of the 
intensity ~Z. This latter load must 
be api>lie<l ii. order to make the lateral 
Mirhiee of the shell free from the 
ext' rnal load given by laj. (/). The 
sirr--'-.’ produced in the shell by 
tie- load —/ arc obtained by the in- 
(••gtation of the ilifTcrential equation 
('2dO) which in this ctuse becomes 



/r~^m 


-b-cvc) 


Cf 






ilT 


■13 hr - 


'7)a 


/■(x). ik) 


(0 
I'l... tn 


As a!i example of the application of 
thi-< (qnaiion h-t ns consider a long 
cyUtulcr, as shown in Fig. 17 la, and 
assume that the p.'.rt of the cylinder to the right of the cross sec- 
tion jHii Ins'- a c■.n-tant tetnp- ratnre L, whereas that to the left 
side ha- a t .np'-rature that drerrase.-, linearly to a tempera- 
ture /( at till- end X h aceording tf> the relation 




iD - t,)-! 


The tempenviiire chang(|at a point in this portion is thus 


!\x) r- t - L 


(U~ Ids 
b" 


(0 
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Substituting this expression for the temperature change in Eq. 
Qi), vre find that the particular solution of that equation is 

Wi = y (<0 - tl)x. (j) 

The displacement corresponding to this particular solution is 
shovm in Fig. 1716 which indicates that there is at the section 
mn an angle of discontinuity of the magnitude 


X 


aa 


{to — ti). 


(/:) 


To remove this discontinuitj' the moments Mo must be applied. 
Since the stress corresponding to the particular solution (j) 
cancels the stresses {g), we conclude that the stre.sses produced 
b}’’ the moments Mo are the total thermal stresses resulting from 
the above-described decrease in temperature. If the distances of 
the cross section mn from the ends of the cylinder are large, the 
magnitude of the moment Mo can be obtained at once from 
Eq. (234) by substituting 

to obtain^ 


Mo = - h). (0 

Substituting for /5 its value from expression (229) and taking 
V = 0.3, we find that the maximum thermal stress is 

(tr*)n^ = ^ = 0.353^Vo6(«o - h). (m) 

It was assumed in this calculation that the length 6 to the end 
of the C 3 ’^linder is large. If this is not the case, a correction to 
the moment (i) must be calculated as follows. In an infinitely 
long shell the moment Jlfo produces at the distance x = b a 
moment and a shearing force (Fig. ITlc)^ that are given by the 

^ If fo — is positive, as was assumed in the derivation, Mo is negative 
and thus has the direction shown in Fig. 171b. 

* The directions Mx and Qx shown in Fig. 171c are the positive directions 
if the x-axis has the direction shown in Fig. 171a. 
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Rcncrnl solution (236) as 

M, = = M^<pWh), 

Qr = = -2PM or m. 

Since at the distance i — h we have a free cdpe, it is necessary 
to apply tlicrc a moment and a force of the maKnitude 

-.1/. = -Mrv-iph), -Q, - 2pMcr(Pb) (o) 

in order to eliminate the forces (a) (Fie. 171r). 

'I’he moment produced f)y the forec.s (o) at the creeps section 
vin pives the desired oorrecti<jn which is to be applied to 
the moment (/). Its value can be obtained from the third of 
the equations (236) if we sub'Jtilute in it — d/cvfS^) instead 
of Mo and —28Mtr(fib)* instea«i of Tlu^se sul.)stitution.s 
pive 

AM -■= -MAyfpb)]' - 2M.lr(r^b)]'. (v) 



As n mirni-riiMl » it cylimli’r hivviia; the followinj; 

dimcn-ioii'c ij >» St|* in., t. t-* 1 , in,, />“ ■?• in., n 101 • 10"’, E “■ 1-S • lO’lb. 
pcrsqimre irn-li, /; — “ ISO'C. Tti'- foriiiiil.t (ii) tle-n i;ive.s 

“ 7,720 lt>. psr s'lusrr iiicli. ( 5 ) 

la calculatinK tin' cnrrc'-Onr: i;>l, v.v hsv»- 


■*/; 5 n - E-) 

V 




lin.)' 


1.50. 


arid, from Tnltli' 


, .■=’>) "> 0.231. rC^t) - 0 223, 

llctirc, frnru Is). i;0, 


A.lf - -.U,a),23S- 2 • 0.223q « -0.l5r,.tf,. 


'I'lii.s indinU' tiin', tlii' jttiovr-ctlciil'tti'd inrixitmim (q) mii.'it be 

dimitii'-hcd by t.'iO pi-r rorit to olitnin tin- i-ornsl tniiximum value of the 
thermal rtrv' 


* 'I’lic oppo*:!!- -iyii In that ill exprv'.'inn (o) U iiss'd here, since Eqs. (230) 
are derived for th" liin rsion of the r-axis op[Ht-iU' to th.at shown in I'i.i;. 
17!o. 
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Tb? E'znrrn. LiT th.= cal'rrlar.ror; of sherirbl in tee case 

cf £ ifnesr tempe-rattne gradient !■£'> can also he easflj ajjp^sd in. cases in 
Tbfrb Ffzj has other than a linear form, 

87. Ineitensitnial Defonnatioa. of z. Circular Cylindrical SlieU.^ 
If the endr or s tMn circular cylindrical shell are free, and 
the loading is not stunmetrical Trith respect to the aris of the 
cylinder, the deformation consists principally o: bending. In 
such, cases the magnibide of deflection can be obtaine-d vdth 
suSdent accoract' by neglecting entirely the strain in the middle 
surface of the shell. An erample of such a loading condition 
is .snotm. in Fig, 172. The shorterdng of the vertical diameter 
along vhich the forces P act can be found nrith good aceuraev 


r- ! rl (o 1 

r 

1 

j r 



i 1 

1 

.2s 

^ v 

[ 

i 

( 

« 

V 

— 1 

r 




'z _ y 

ito. 172, Ft.'}. 173. 

by considering only the bending of tEe shell and assuming that 
th-e mlddl.e surface is inextensibie. 

Let us first comsider the limitations to rrhich the components 
of displacement are Fihject if the deformation of a cylindrical 
sEeli is to be inextensional. Tatung an element in the middle 
surface of tEe shell at a point O and dirc-ctmg the coordinate axes, 
as -shoTm in Fig. 173, vre shall denote by u. v and tr the component- 
in tEe X-, y- and z-directions or the dispEcement of the point 0. 
TEe strain in the x-direction is then 


In calculating the strain in tEe circumferential direc-tion we use 
EO' (Art. 76, page 371}. TEils, 


^ = (ft) 

a ois a 

‘ Tea Fcarrrr cr. mextersfotml deformattons of stells is dee to Lord Rar- 
lerm, Fror. LorAr/e. JfcfA. Foe., voL 13, iSSl, and Free. Fov, See. Lcmdrjn, 
~A. 45, I.s?o 
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The shearing strain in the middle surfiicc can i)e expressed by 


7xv = 


Oh , 9 1! 


(c) 


whicli is the same as in the case of small dcncclions of plates 
except that a d<p tak(!S the place of (hj. The condition that the 
deformation is inextensional then rctiuires that the three strain 
components in the middle surface must vanish; i.c,, 


™ — n ^ - n 

9? “ a 9^- n ■ ’ alii,’ ' 9r 




These requirements are satisfied if we take the displacements in 
the following form: 


" 0 , 

t'l = fl 2!- 

fi-i 

«« 

i/’i — — ;)(«, sin Ov* -r a[ 

r. - 1 




where a is the radius of the middle stirfare of the shell, v* the 
central angle and and /i' ronstants that must be calculated 
for each particular ca.>>- of loading, 'riie tlispl.acenicnts (c) 
represent the cu''’ in wliich ail cro-s seetions of the sliell deform 
identically. On tins'* di-placements we can superpose displace- 
ments two of which vary along the length of the cylinder and 
which are gi%‘cn in- the folhtwing serie-s: 


«: -aV sin fiv* -b h' cos Uv'),' 

fi 

ft I 

' * ~ 


J; " .sin n-x d- l’'„ cos 

ft - I 


(/) 


It can be read i\ proved by .substitution in K<[s. ((f) tiiat thc.se 
expressions also -ati-fy the comluions of inextensibility. Thu.s 
the general expression.s for displacements in inextensional 
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deformation of a cvlindrical shell are 


ti = V. I -r uz; 


w = Wi -r Wz. 


In calculating the inextensional deformations of a c>'lindrical 
shell under the action of a given system of forces, it is advan- 
tageous to use the energy method. To establish the required 
expression for the strain energx' of bending of the shell, tve begin 
with the calculation of the changes of curvature of the middle 
surface of the shell. The change of 
curvature in the (hrection of the gen- ds 

eratiix is equal to zero, since, as can be 
seen from expressions (c) and (/), the 
generatrices remain straight. The ^ 


change of curvature of the circum- 
ference is obtained bv comparing the ” 
curvature of an element mn of the ''' 

circumference (Fig. 174) before deformation with that of the cor- 
responding element tniTii after deformation. Before deformation 
the curvature in the circumferential direction is 


Fig. 174. 


ds ds^ 


The curvature of the element mini after deformation is 

. dc; -f -3-^-s 
dwi os- 


Hence the change in curvature is 


(a — v:)d<s a d<s g-\ ‘ dts-J 

B}' using the second of the equations (d) we can also write 




The bending moment proaucing this change in curvature is 


^ aAda ‘ dff-J' 
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and the correspondinf; .strain energy of l)cnding per unit area can 
1)0 calculated a.s in the di-scus.sion of plate.s (.see page 40) and is 
equal to 



In addition to bending, there will be a twi.st of each element 
.such a.s that shown at point O in Fig. 173. In calculating this 
iM'ist we note that during defornnition an element of a gcneratri.v 
rotate.s' through an angle e({ual to ~fhr/,~ix with respect to the 
i/-axi.s and through an angle erpia! to ec/fV with rc.^-pecl to the 
r-axi,s. Considering n .similar ehniu-rO of rt generatrix at a circum- 
ferential distance a dy from the first one, we .see that its rot.ation 
about the '/-axis, us a result of the displacement ic, is 


fhr )i'ir 

V'*' \ '• 

<fjr Oc 


(i) 


The rotation of the same elenn-tit in tie- plane tangent to the.shell 

is 



Because of the cc'.Ural angle >lx betv.'ee!i the two elemetUs, the 
latter rotation has a (‘onipotient with rc-p. ct to the '/-axis equal to* 



hrom rcsiil!.- tj} .-inii \f:} we eonehnl'' that the total angle of 
twist bf'twiM'u the two eh ni'-at.s under cottsider.ation is 


dc- 



and tliat the umount of strain energy per unit area due to twist is 
{.see fiage 'i(li 


/)(l — i>/ ('I’f , eeV ^ 

a' y/i.,- Or ‘ Or/ 

' lit ilcleriiiiniat; t'l.- -tiat <>f t(it;»t!e!i tte- .scre'v niU' b usisi. 

• stiialt ruiuntity of S'-'-iisitl n;.!,-? i, in this exprvs.siou. 
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xln 

d\ 




Hh. 


iK 


— nn 4* ww Ti-s)P, 

■-71C. ib'j.l 4* Jir)/*, 


SiibstiliitiiiK cxpn>.“sii)i» (2.'il) for V, v/c ohtiiiij, for tho avi: v/lierc n is an 
even nutnher, 


a-P 




fl* — ■ 


tirPtP 


(n- 


\)'rl)ll*rAF- -f- 2(1 - Fm'l 


(n) 


If ri w nn otld munber, we obtain 

n' r' 0. (o) 

lienee in tlii.s e:u-'i>, freni expri'-iioni («•> nini (f), 


n 


e 


te 


Pri' f.c eo-i ru* 

7[Jl ^ (ji-”- I d-lill - 

/'n> N;^ / * 4 '-^1 

rlTl ^ (rdn’' - !)'• (r;-'- iV-anb'' 4- 2(1 - 

n •“ i!. 4.**. • • ‘ 

/'<!’ n;’ f i . .. ’■■’S' 

riJl -iU (in- - l)j (/>»'-’ ii’aoV>''4-~2!T - » 

r,-2A.>t. ■ ■ ■ 



(P) 


If the fori*<;i /’ ntf r!{it)!!'-<! nt tin* tniddie, r “ 0 nrn! the shorteninc of the 
vertical tlnnncter of tie- *'!e !i e 


£ 




•‘‘Sl 'S!' 

rin ^ 


l . Pa’ 

o.l-ift-—- 

- la Wl 


(?) 


'I'he iticrea-e in the hnririinlnl »!’. stie-tcr it 


OJ »• 



--i 1 

2/'rt' {-D- 

t /;{ ^ 

n »■ • • • 


0.137 


2W 


(r) 


The chniiRe . i 1-jm-th of isny oth-r tlinJin-tt-r enn :sl-o be n-atiily calculated. 
'I'he .“.'line l■;^!l■ll!atlo!l-! ran nl-io b- made if r i" different from zero, !ind the 
denertiona vary uttli the dittitnee z- from the nuddle. 

Solution (;)( doc' tuiS aatiify tie- cosolitio!!-; :-.t the fre«' ed(;cs of the .-Jliell, 
nlnee it n-nuires the ditirtluilion of inonieni.t Mt •-> to prevent any 
bending in inuridiotud plane.-!. This iH-iuling it, however, of ft local chantc- 
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chj iTTo sjM KC'bri.? rzsl-i^z s-t. £r.£e a rri:.L one sr-o:ner 


'Tlz, 175). 



irsriH ij: and f- and afe/ 7.he Lendins moments t-anfsL along the edges 
r-.n and r.'zr.z. Snob oondrtions are obtained if the sbeE is supported aft 
fontfte rn r,. to:. r,; bj bars directed radiaEr and Ls loaded bj a load P in 
tcs plane or STrnmet—, Tbe de£e<r;ior: prodnoed by tbis Load can be fotmd 


bj atjj-Tinn ftbe u"* 


rai ntenlacements. 


S3. General Case of Deformatioii c?f a Cyimarical Sliell-*^ — To 
‘^.Brylih. the diS'erenaal ecniatforLs for the dieplacemenfs «, r 
acd tr trhich de5iie the derorraation of a shell, we proceed as in 
ttie esse of plates. We begni with the eqriatroriS of equilibriuin 
or an efemeiit cut OTit front the c-ylmdrical shell by two adjacent 
s^iai sections and by two adjacent sections perpendicular to the 
of tbe cylinder fFi^. 17Z). The corresponding element of 

“ i- general tnecry of bendrnn of tcin sbeGs bas bean deroloped by k. E, K, 
see Pb-J, Trerj!. Bm. Soc.. Jy/r-dr/r,, Sen A- p. 45Lj ISSS; and Iile 
‘'ElaeftL-nfty,” Atb ed.. Cbap. 24. p. 515, 1527; see also H. Lamb, 
Prcc. XorErr. dlcftb. Son, toL 2L * * 
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Uic iiiifldlc siirfnoc of Ihn shell afUir deformation is shown in Figs, 
ITtin and ITGb, In l-'ig. ]70« tlie resnUant forees and in Fig. 
17ofi the resultant moments, <liseussed in Art. 72, are shown, 
llcfore deformation, tin; axes x, ;/ and z at any point 0 of the 
middle surface had the directions of the generafri.v, the tangent 
to the circumference aiul the normal to the mifidle surface of the 
s.heii, respectively. After defornuition, v.hich is assumed to he 



\’ery small, thes<* direc-tiun^ -lightly rh;ing<-<i. Wo then take 
the ;-axts normnl t<i the d' lormed middle -urface, the x-axis in 
the direction tif a tangent to the gerioralrix, which may have 
hecome curved, and the !/-;>\i- perp'-rulicular to the x;-p!ane. 
The flirection- of the re-ulfant forces will ;dsi) have iMaai slightly 
ehiuiged aeenrdiimly, anti the— changes suust ho considered in 
writing ilie equations of equilihrium of the element OABC. 

l,<‘t Us hegin hv estnhlishing formulas for the angular displace- 
ments of the sides HC nml AB with reference to the sides 0.1 
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and OC of the element, respectiveh'. In these calculations vre 
consider the displacements u, v and w as verj* small, calculate the 
angular motions produced by each of these displacements and 
obtain the resultant angular displacement by superposition. We 
begin with the rotation of the side BC vdth respect to the side 
OA. This rotation can be resolved into three component rota- 
tions vdth respect to the x-, y- and z-a:<es. The rotations of the 
sides OA and BC with respect to the a:-axis are caused bv' the dis- 
placements V and vi. Since the displacements v repre.sent 
motion of the sides OA and BC in the circumferential direction 
(Fig. 173), if a is the radius of the middle surface of the C 5 dinder, 
the corresponding rotation of .side OA with respect to the a:-axis 
is p/a, and that of .side BC is 



Thus, ovdng to the displacements v, the relative angular motion 
of BC respect to AO about the z~axi~ is 


1 

a 



(a) 


Because of the displacements op, the side OA rotates vnth re.spect 
to the z-axls through the angle dv:/a d<s, and the side BC through 
the angle 


dw 

a 



Thus, because of the displacements w, the relative angular dis- 
placement Is 



(&) 


Summing up (a) and (b), the relative angular displacement about 
the of .side BC vdth respect to side OA is 


a\dx ' dx dip) " 


The rotation about the y-axls of side BC v.ith respect to .side OA 
is caased by bending of the generatrices in axial planes and Ls 
equal to 
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Tijo rotation about (ho r-axis of sido Ii(J \vi(ii ro«poct to .sido OA 
is duo to bondinf' of tho genorat ricos in tangential planes and is 
equal to 



(r) 


The formulas (o), Ul) aud {<■) tlius give tho throe eompononts of 
rotation of tho sido liC with respect to tho side 0.1. 

Let tis now establish the corresponding formulas for the angular 
displaoernont. of side AH with nspoct to side OC’. Beoatise of 
tho curvature of tiio cylindrical shell, the initial angh; between 
those lateral sides of the clement OA HC is dvr. However, because 
of (he displacements r and to this angle will be changed. The 
rotation of tho lateral side OC v.ith resjtect to the x-axis is 


r , tbr 

O ‘ It ll^‘ 




The corresponding rotation for the lateral side AB is 


lienee, instead 
e.vjtrcs'ion 



In calculating the angle nf rotation e.bout the ]/-a\is of side AB 
with respts-t to tlw -‘■idc l>C v.<- u*->' the cxprt-'sion for twist from 
the previotis article (>;!•(' page -'dUt); thi-’ gives the rctpiinsl angular 
disid.acfunent a' 


/ e-tr 





Uot.'ition .about the g-.axi-- of the •lidc AB tvith rtssjH'ot to OC is 
caused by the displacement', c and te. Heeatise of the displace- 
iiient V, the angle of rotation of side Of’ is and that of sido 

.1/fis 


dr 

Or 


0 I or 


0 O’v: 


'll tluit the relative angular tiisphieeme.nt is 
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Because of the displacement the side AB rotates in the axial 
plane by the angle dvjfdz. The component of this rotation with 
respect to the z-axis is 



(j) 


Summing up (z) and (j), the relative angular displacement about 
the z-axis of side AB with respect to side OC is 



Having the foregoing formulas’ for the angles, wo may now 
obtain three equations of equilibrium of the element OABC 
(Fig. 176) by projecting all forces on the x-, y-, and z-axes. 
Beginning v.nth those forces parallel to the resultant forces 
and Nez and projecting them on the a:-axis, we obtain 


dx 


dx adtp, 


d.<f 


•fi 


d<p dx. 


Because of the angle of rotation represented by expression (/;), 
the forces parallel to Ny give a component in the a>direction equal 
to 



(Bv 
dtp (Jz 


~^dip dx. 
dx/ 


Because of the rotation represented by expression (c), the forces 
parallel to give a component in the avdirection equal to 


Finally, because of angles represented by expressions (d) and (h), 
the forces parallel to Qx and give components in the a:-direction 
equal to 


- Q^(j) 


(i^V) 
f)<p dx 


+ 


dxj 


dtp dx. 


Regarding the external forces acting on the element, we assume 
that there is only a normal pressure of intensity q, the projection 
of ^vhich on the x-axifi is zero. 


’ Tticsc formulas can be readily obtained for a cylindrical hIicII from the 
general formulas given by A. E. H. Love in liLs book “Elasticity,” 4th ed., 
P. 52.3, 1927. 
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Summing up all the projections calculated above, wc obtain 


dx 


,h a.h + * 

- a'- 45* = "■ 


In the same manner two other (quations of eejuilibrium can be 
written. After .‘.■implifieafion, all tlirec equation.' can be jjiit in 
the following form; 



Going nov.' to the thn-f e«(untioii' of moim-iits with re.'peci to 
the J-, t/-, and r-a.\e-> (Fig. and agaiti taking into eon.'id(' ra- 

tion the .‘•mall angular di-placi-ments of tla-.^-idt-.' HC and .1/^ with 
re.'jpect to 0.1 and Ot.‘, n 'je etivelv, ui- oljtniu the following 
ftluations; 


f, _ _ u.l/,. 


DMj, 

'Or' 


Oy 


ox- 




( O'r Oti\ 

Ox Ov' Ox / 

-r- r.Q., ^ 0, 

0^ Ox 0x~ * \or Os,' t>x ) 

- (iQ, - 0. 

+ ,r|i) - ''''(k + “ “■ 
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By tiring the first tvro of these equations^ vre can r-Hminate 
end t?y from Eqs. f252) and obtain in this v/ay three equations 
containing the rrsfultant forces X~, and X^ and the moments 
Zfi. ZTff and By lising formulas (20r) and ('208) of Art, 72, 

all these quantities can be expressed in terms of the three strain 
components and 7 r^ of the middle surface and the three 

car/ature changes Xr- Xr and x^c- By lising the results of the 
predotis article, these later quantities can be represented in 
terms of the dispiiaceraents «. r and tr as follow's-: 


bu 

br 

w 

, bv ' 


bz 



a 

a bis ' bx 

1 


~ — 

dX- 

1 / ov 

\(bv 

^ ~ aV^ 

1 

- 

‘ bx bis) 1 

r (2.54) 


Thsis v.*e finally obtain the three differential equations for the 
determination of the displacements «, r and w. 

In the derivation equations (2-52) and (’2.53) the change of 
curvature of the element OABC teas taken into consideration. 
This procedure is necessary' if the forces X:, Xy and Xz-j are not- 
small in comparison v.ith their CTiiica.l %'alues at which lateral 
buckling of the shell may occur.® If these forces are small, their 
efiect on bending is negligible, and xve can omit from Eqs. (’2.52) 
and t2.53) all terras containing the producLs of the resultant forces 
or resultant moments v'.dth the derivatives of the small dis-place- 
raents u, v and w. In such a case the three Eqs. (’252) and the 
first t'.vo equations of sy. stern (253) can be rex’.Titten in the 
follovdng simplified form: 


'To satLsfr the third of these equations the trapezoidal form of the srides 
or the elerneat OABC r.oaet he coTLeidered as mentioned in Art. 72, Thi-i 
rriestioa h drseaezed in the hook by Fltlgge, foe. cf(,, p, 388, 

- J-ne same expressions for the ehange of curj'atrire ss in the prerioxK 
artrfe are iKed, since the effect of strain in the middle surface ort car/ature 

i-S nc-gLected. 

®The problems of h»t[cl-ning of cylindrical shell? are dhciissed in the 
anr.Gor's “Theory' of Elastic Stability” and will not be considered 
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t)Nr , 

a~r 1 r— 

dx dtp 


= 0,1 


n-—- + oQf = 0 ,) 

Ox up ' 


rr , OM: ^ 

- -I- a -~ - nQ, 

Up ilX 


OM^r 


O.i 


IClitninatitif' lla* shcnniif; forces Qt mul Q,j, wc fiiinlly obtain the 
throo folinwin}' ctinatioiis; 


AV 



o.\\ 

o~— -)■ 


0, 


Of 

'V 


4, 

4. 

OMr, 



Of ' 


n Op 

.U - 

jpyj. . 

0-Mr, 


' Ox Op 

‘ Of- 

~ OpO p 

' n Op- 



(25G) 


By iisiiif' I')f|s. (207), (20'') ami i2'>}), all the quantities entering 
in tliese etiuutioii'; ea.n be exjin-y'-etl by the (ii'-'placements u, v, anti 
IP, aiul \vc obtain 


r'/-» , 1 - V Oht 1 -■ 

Op- 2u=" (V'- •' ■ ■> 


}• ii-e 
<! Ox Op 


1 -}- O'li 

2 Ox Op 


1 


I- 0-r 1 iVr 


r Oil- __ 
a »V 

1 .T-tp 

It t!p~ (! tiy- 


0, 


4.il( 

^ ebe 

\ 

irw 

k ■ 


(1 

(V- ‘ a- flp\ 

■ 12o' 

\0f- Ox 

(I- 

/ ‘ 12/1 

On , 

Of 

ir fr ( 

' OHr 

o 

O’U- , <}*».£’ 

•Tr + 

a Op 

•: ^ 12( 


(2 

cV-’iV^ 'f* p 


.(),> (257) 


' Y~ “ -1. - «7(i - »•'} 

1 \ (J 0x~ Op ' o' Op'J Eh , 


'I’itc itrobleiii of a lai .-ralty loaiietl eyliiuiricat siiell reduces in 
eneb particular ea-e solution of this system of di/Tcrential 

ctpiationH. Several :ipi)liep.tiotis of these etpiiitions will be shown 
in the next two arliele-. 
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89. Cylinarical Shells v/ith Supported Edges. — ^Let us eoa-lder 
the ease of a crjindriea! shell s’jpporf.ed et the ends and suX;rn5f.f/^l 
to the pressure of an enelo-ed Hquid as shoy/n m Fig, 177,^ 77ie 
eondltioris at the supports and the eonditlons of symmetry of 



h) (b'j 

Fry, 177, 


deformation •//iH l/esat!sfie<'J if v/e take the eomnonents of displaae- 
ment in the form of the follov/i.og series: 


7 / = 


V — 

Vj = 



r/iT-;: 


eos tjc C''/-; —7 




YATX 


2j2j^ir-..rAnn<f-nTi 



r«^ sin 


mxx 

IT’ 


(«} 


xn y/hieh I is the lengt.h of the 7 ,'ylinder and <c is the angle measured 
as shovm in Fig, 177 E 

The intensity of the loa/i y is represented by the folloy/ing 
ezpressions: 

o = — 70 ( 00 - ^ — cos a), v/hen (f. < a, \ , 

a = 0, x'/hen /f > a, j 

in ydiieXi 7 is the specific '/.'eight of the liquid and the angle « 
defines the le'/el of the liquid, as shov.Ti in Fig. 177&, The loa/i 
0 esn isi represented by the series 




o = ^ 

the coefncients 7/,,., of '.x'hlch can he readily calculated in the 

'See the actheFs of Ela^,£.ri£;,-," vol 2 , p, 2 ^ 5 , Ht, Peters- 

f.'.'rz, tRa'e;,s:r2;, 

* Bv e-:r,etftctLeg expre-siori.' Oi; jn Eo?, tg-vt/ it esn he sho'/vri fiiit the 
^/e.e forces 11% fend the r.oornerits .tf- yfe.r:h:h et tf.e ends; the s-hieferfng 
reree; do cot s-fecMh, Loy/e'/er, s:r;ee 7^,, sad fere not zero &t the emds. 
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usual way from pxpressions (b). Those coofTicicnts are repre- 
sented by the expression 

J)r,n ~ — 71 eos net sm a), (d) 

wliere 


111 - 1, 3, o, • • • and n ” 2, 3, 4, • • • , 


whoretis 





Dn-i - 

4711 , . . 

— -— if sin Cl — ct cos ct), 
mx- " 

ic) 

and 





IK, - 

- — lf2ft - sin 2o). 
mr- 

if) 


In the CHse of a f vli[nlri<-;d shell eotnjdftely filled with liquid, 
we denote tiie pre,'-tire at the uxi-. of the eylimh r* by yd- then 

ij r - --;(,/ <> eo^ c), (g) 

and we obtidn, instead of expre. -ions (d), (r) and (f), 


r. 0, ]),.. 



IK., 


rriT 


ih) 


'I'o ol)lnin the deformation of the shell we sub-titute expressions 
(<t) and ic) in (2'i7). It! thi- v.ay we obtain for each ptdrof 
values of m ami o ti sy.-tem of tiiree linear efpiations from whirh 
the (•orresi)ofidinq vahn-' of the ei,<{|ieients .I,,,, and C^, 
can be euleiilated.t 'rakiny a partindar eas*- in whirh d - a, we 
find that for n ~ (I and m -- 1, 3, o, . hr-e etiuations arc 
(‘spt.-eially simjile. and we obtain ^ 


IK.- == 0 . 


where 


C.. 



<»V' 








For n — 1 the ex, -.;-.sif»ns fi>r the ete ffirients are more compli- 
cated. To show iiow rapidly the eisdlicients diminish as in 


' In ft ctij i’ii ImiJrii-al jirt 'turr ran !>- i:krv;rr thnn ft"). 

* .Such calc til iUniH h :0 '- lifcn ne-.df fur >-afr:tl particuhtr c.-ecs by I. 
Wojt.'isrnk, I'Kd. Mag., s.-:-, 7, vo). tS, p. PHtft, ItXM; s.c iil-o ti pnj)or by 
II. ncis>iiier, Z. ar-.g-'.r. Mu'J-.. Mrch., v<>!. Kt, 13a, UXta. 
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h = 7 cr;. 



I Table 4S r.b.e arimerrc'al values cf the 
:!ar es?e ie Tmic-b c — 50 cui-. I — 25 ctu-. 


O ^ ^ /r* 

'I^J t-iJ— ^ C— M • 






rs , 

2 - Tr-- 

2 - IG-' 

■2-. - 10' 

,r 

^ n-L ' 

2 - 10' 

„ 2 ' IS' 

A 

7Ul 

.V A 

.Vf. 

-Vr, 

2*n 


— ,g 

-I,2L2 

“S-rG* 

— TI 


-I.IS6 

C \ 

G.IOTS- 

- 6.742 

0'.SI2I 

— 0 

.0744 

— 6.70.7 

; 

p.m.'os 

— G''.52iv 

6.6247 

— 0 

.0056.7 

- G.52-7 

It 

15 3=^^ rr^r 

*P?£- 

nt.s rapidiv , 

dfmin 

J ^ 

re increases- 


ir/j* irmi ~nig o: r;0‘rt:iri^'at5 r.o tG0-5e grven ni 

tbe table. — e sbaE ob'.aiu the detorraaeiou of rbs shell vitfa. 

£0. D££sct:.o:u of £ PorSou cf a Cvundrical ShelL — ^The 
n.r±o<i csei ir tbe p-e-fous artiole can. also be applied to a por- 



tiev. of a ejiindftc-at shell v 
£vbrh:ted to the actioa of 
to the srirface (Tia. 178 }.- 


Tiio-h h supported aloug the edges and 
a uniformlv distributed load g normal 
vv'e take the components of dlsplace- 


m une lorm or tne senes 



(g) 
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in wliich a is tlic central angle subtended by the shell and I is 
(he length of the shell. It c.'in be shown by substitution of 
expression (n) in F.q. (254) that in this way wc shall satisfy the 
conditions at (he i)oundury, which require that along (he edges 
V? = 0 atul v" “ rt the deflection tc, (Iw; force and the moment 
Mf vanish and that along the edges x = 0 and x I the deflec- 
tion ir, the force A'^ and (he moment Mr vanish. The intensity 
of the normal loatl q can be repn'sented by the series 




I). 


sin 


UTi,- . m-zx 
f-itt - 
tr t 


% 


Snbstittuing scries {«) and (5) in (257) and neglecting in 
these equations the term /r '12o- a.'- iH-ing .-mall in comparison 
with unity, we obtain the fnllov.imt system of linear algebraic 
equations for calcul.ating the coenieii-ji < *' •'J ^ n f ra •% and C„,: 



To il!n-t : :'.te the applicc.tj.m t.f tii,-,- equations I('t ns con.sidcr 
the ca-e 1 r a uniformiy di-tribuo. <1 load' acting on a portion 
of a cylindrical -he!! living a small angle a and a srn.all sag 
/ n[l — cos 2)]. In this particular tVL-v e.xprcssion (6) 
becomes 


It*',' . triTX . nx.,'* 

, Mill - ' Sin > 

I « 

I r 1 ■ > 


‘ The lo;ut i.-* n‘-ti!ai d to net toward ttic ivx's of tlie cylinder. 




id) 
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. "<-V 

U CT (. „ Mli » 

>--J Cl 

t' >1 „ C-OH < 

^ ft 

n: . "'^v- 

tr y. II „ i-lll ■ 


(J) 


m u'liirh 6'n, r„ iiiul ir„ arc fimrtiojH of z only. SiiG.stitiiting tlioso .‘^crit-s 
ill Mijs. ( 2 ') 7 ), we oiilain for f„, I'., iiml ir„ tlirvc oriiinary ilifTi-renttal 
(■fpialiotis with foii.slant coi-Hii‘i<-iit''. 'I'lifM' (‘(iiiation?; ••an he infeRratctl 
liy nstiiK I'xjioiii'iitial functions. An !in:iK>!s o! this land nunlc for a ringed 
cylindrical .shell' shoiv.s th;it th<‘ .solution is very involved .•iiol that re.-tiU.s 
.snitahle for practical ajijdicatioii can he ohlaiiu-d only hy introducins; 
simplifying assumptions-. 

91. An Approximate Inventift-ation of the Bending of Cylindrical Shells. — 
From the discti; sion of the previous artieh- it may he coacludcd that the 



application of the tlo^try id le n.dini; of cylli;i}r: ‘.s.l <:•.■ !!•= in even the 

“iniph-t C O-”- re ults in •. ery roniplie.;*. -I e.-.h-nl itneis. To m.ake the theory 
applic.ihh- to tie- ’•I'lulion of prc.ctic -.1 pro'n.-ias »,i!ue further .sitnphfscation.s 
in thi*' theory ao- to --.•^..-iry. lr> c.ia-:d> rin'.r the r.'.etnhr.ine tloMry of cyltn- 
dncal shells \t sl.at'sl that that th'>-ry rti*. e- s^tiimi-tory re-uh.s for 
portion- o! a "lo ll at a c>in"'.diTa!de di*t.a!oe frou', the c'it;<'s hut that it t.'t 
ilisuliic;. at 'o -ati-fy .!! th- condu.’o.'!' ,al the iMcmdary. It is li':;ic.al tlicro- 
forc to tale th ■ •lohitoei fumi-hed hy *!.•' no-ndtrat-.e tlo-ory C-s a first approxi- 
mation .and * 1 ' " tlo* i;n»re ••-aletr.it*" !e-tidi;iy th*sir\* otilv to .s;;ti-fv the condi- 
tions at the •'..o-s. In applyim; thi- latter tlo-ory, it must h-s aN-uincd that 
no cxt'-nifil !•' d ix di-trihutssl over the -hell and that ordy forces and 
moment' -in-;, le are mvi -ary to s -.ti-fy the houndary conditions are 

* fs's-e papi-r lei Iv, Mil— , 1 . /r:^ -.MVer-.lrc'.tV, Vid. 1 , p. 29 , 1929 . An 
ai>plieation of the theory to the (‘.slctilatum of .'trc.s.i in the hull of a fub- 
marine is shoun in thi' paper. 
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s-EEi'i sl?~c ib? ccjif- lb? b?~dir:g procbired bv such forces esn be 
tri'TSS^issted by rising Eqs. ^,2-57' after placing the lead c equal te rero in 
these ecnatiens. 

In annli.-atiens such as are en-conntered in strnetnral engineering^ the ends 
r = P and r = i cf the shell rFig. 179} are trsnally supported in such s 
manner that the displacements r and c at the ends vanish. Experiments 
shorr that in sneh shells the bending in the axial planes is negligible, and tve 
can assnm? JI- = 0 and (}- = 0 in the equations of eqttilibrintn (25o’>. We 
can shsc neglect the t’.visting moment .Vc-.-. With these assumptions the 
s-ostern of Ecs. o2?-5'* can be C'onsiderably simplified, smd the resultant forces 
and comnenents of displacement can be all expressed in terms- of moment 
Jdo. From the fourth of the equations 12.5.5'! v,-e obtain 




1 cdr*. 


c 


ic’S 


Snbstimtinc: this in the thhd eqttation of the same sj-stem. o-e obtain, for 
c = 0, ' 



The components of displsu'ement can also be e.xpressed in terms of and its 

derivatives. We begin with the known, relations [see Eqs. (207) and (20S)| 




Trc 


far 



c;j dv 

c cwT On 

cr tn 

G CsT C 


S-Op c-h 

2a 4- r) 


Eh 




_1 

Eh 


(-Vo - 


(e) 


- In recent times thin reinforced cylindrical shells of concrete have been 
successfully applied in structures as coverings for large halls. Descriptions 
o: some of these structures can be found in the article by F. Dischingcr. 
‘'Handbuch f. Eisenberonbau.” x-ol. 12, Sd ed.. Berliiu 192$; see also the 
paper by F. Efischinger and U. Finsterwalder in SGufnpensetir, voL 9. 192$, 

- This approximate theorx- of bending of cylindrical shells was developed 
Fy F. Finstera-alder; see fnpcnsenr-.-l refur, vol. 4. p. 45, 1933. 



448 


THEORY OF PLATES AND SHELLS 


From these equations we obtain 


^ ^ /V V ^ 


i}z' Eh 


<T 

t>x 


if) 


2(1 4. 

itx n \ ('»v- dv’ / _ 

hr 1 r / ,V;Y, d’.vA dbV,.- 

■~T y * •“ "■■“■• I T 2(1 >•)■“■ ■ ■" — 

j- Lh\^ y t)x“ Oz* / Or e<c 

_ _ ’■•-^'A 

A>v= ‘ -vv 

I’sinc tlx'.-f' expro.'Mons top^etiier witli Fq“. (h), (r) and (dj and v.'ith the 
expression for tlie licndinK nionn nt 




(?) 


xvc finally obtain for the detemiinatinn of Mf the follnivinq differential 
c(piation of the eit;hth order; 

■rio + „ .. rt,: ^ ^ ,1 

*’v <»X ( « i • f y 

oMf.. . oMf,. .'-Mf, 

-r 2f2 -f. On’. - v" d- -™ ••• e:’-.;,- -r- fl -i- K)bi-~-r" 

-b (2 ■:■ v,'\- _ , . ; 12n - y’j r= 0. (h) 

f'Z* **$■"** A* Or* 

A particular rni'itien of ihi’* i qiiatieii •* afford' d f»y tli" expre-'ion 

(0 

t''.iie'titiit!!iq It in I,q. (h) arid u'se-K th" ri'iiation 

riT'! 

the fnlloa irit; edeebraie <-qi!at!o;i for c'drtil.isint; « I" obtainefi: 

«’ d- (2 - (2 r -aV-la' 1(1 - 2.)>.' - 2'.2 ~ 

O' 

-r- ( . f- (1 •;• rr-' • - (2 -b •<• 12.1 - ” 0. (1-) 

Till' ei^ht rooi" of thii eqmin'u t-an be put in the form 

o) 5 1 1 *-■ 4- i7i ~ • b). oi < J > “ i fa':)- (0 


.1/,. .. 



GESEBAL THEORY 07 CYLIHDRICIL SHELLS 




CIIAPTHR XII 


SHELLS HAVING THE FORM OF A SURFACE OF 
REVOLUTION AND LOADED SYMMETRICALLY WITH 
RESPECT TO THEIR AXIS 

92. Equations of Equilibrium. — I.<-i us coiiMtlcr tlic conditions 
of (•quilil)rium of an clcnionl c»it from ;v shell by two Jidjacont 
meridian planes and two seetions pei [emdieidar to the meridians 
(I’i^. 180).* It can he eonehided from tin' l•ontlilion of .symmetry 



that only tiornud •<tre---j-s will net on the.-^tdesof the element lying 
in tie- meridian plarie.s, 'I'he .stre^-.s riui 1 h- retlm-t-d to the 
re.stiltant foree .Vj rji/y- and th.e resultimt moment .Y» 

and M * being ind(-j)endent of the angle n which defiiu-.s the posi- 
tion of the meridian--. 'l’h<- .-ide of tin- element jx-rpendicular 
to the meridian.s whieh is defined by the angle c (Fig- 180) 
is aeted upon by normal .-tre--*-s which re.sult in the force 
.V^ r;hin do and tlie moment r^.-in <,• dO and by .shearing 

* We u-'>- for r-.elii of t-ur%'utiiri- aai! ter ntigh-H the same notation a-s in l ig. 
13S. 



SH-EZLS FOE.irryG surface of revolution 


451 


foTC-e? TTfuc-h ri^ince the farf;e rj sin ^ f!E normal to the shell. 
The exr.emal load sctin? upon the element can he resolved, as 
before, into tmo components Frtrj sin df and ZviVi sin « d--^ dd 
tanvent to the meridians and normal to the shell, respectively. 
Asmiming that the membrane forces 21 a and iy'<r do not approach 
their cfrivj-t^ values,- ve neglect the criange of ceirvature in 
deriyung the equations of ecuilibriurn and rmoceed as was shovni 
in Art. 73, In Eq. (f j of that article, which was obtained by 
projecting the forces on the tangent to the meridian, the term 
—Qfh must now be added to the left side. Also, in Eq. (j), which 
was obtain.ed by projecting the forces on trie normal to the shell, 
an admtional term VJCi^rl) [d<c must be added to the left side. The 
third equation Is obtained by cori-sidering the equilibririrn of the 
moments with respect to the tangent to th.e parallel circle of all 

This gi^'es- 


the forces actirta on the element. 


-h -h de - Muim- <fd<pd.e 

— sin cf Tt d<s d6 = 


0 . 


After simplification this eqrjatf on, together with the two equations 
of Art. 73, modified as erq>Iained aboe'e, give us the following 
system of three equatio.ns of equilibnurn: 


cos c — rr,/5,r -r J'r.rt}' = 0,| 

■ i 

m Zr,rr, = 0,^ 


dc 


'1 -r AVi sin — 

— dlftr cos sr — Q^rin, = 0. , 


r25S) 


Tr 




three equations of equilil>riam are five urimown 
quantities, three resultant forces f>h, A? and Q* and two resultant 
moments .Id? and ZIg. The number of unlmowns can be reduced 
to three if we ermress th.e membrane forces 21 g and Zv’' ? and the 
moments 2/£g and fidj in terms of the components r and w of the 
displacement. In the discussion in Art. 7G of the deformation 
produced by membrane stresses, we obtained for the strain 

-TLe qmstfow of troc-klr-cg of spiierfcal sberis h CKCusHed fn fhs atrtEors' 
‘^‘TLeoiv of Elawh Srabdvjj” p. 4&i, L&3^. 

' In tcf? csrirattoTiL we oheero'e that tLe ac^e betweiKi the placss in, wfcicS 
tae morasnts J/j aoS £; ocrxal to- coe ir <Jf- 
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components of the niidtllc surface the expressions 


1 (h< rr 

ri (Lp ri 


V , w 

fs = — cot ip — — ) 

r: r» 


from which, by usinp; Hooke’s law, we obtain 


Ne = 


Eh 


1 - »- 
Eh , 


1 - i- 




"b — fr cot tp 
ri 


v:) 




' 


(250) 


To Kct similar expressions for the monumts and M( let us 
consider the changes of curvature of the element D,4/jC shown in 
Tip. 180. C’onsiderinp the uj)per and the lower .«ides of that 
element, wc see (hat the initial anple betwf en these two .sides is 
dp. Hecausc' of the displacemmit e almip the meridiati, (he upper 
side of (he element rotates with re-'pect to the perpendicular to 
the meridian plane by the amount c/r,. .\s a result of the dis- 

placement tc, (he .‘■atne side further rotate- with respect to the 
same axis by the amount dw/ri dp. Hence the tola! rotation of 
the ujtper side of the element is 


f , dir 
r- ' f! dp 

For (he lower side of the eh-mont tlm rotation is 


(«) 



Hence the' <di:‘.npc of curvi-.tiin- of tlm meridian is® 



To find till' chanpc of curvature in the plane perpendicular tothc 
meridian, ue observe that Ifcau.-" of symmetry of deforrn.a- 
tion the lateral side- of the element H.l />’(■' each rotate in its 
meridian plane i)y an atmle piveit by expressioti (o). Since 
the norma! to tin- hitera! sitle .Mt of the clement makes an .angle 
(r/2) — cos p do with the tangent to the meridian DC (y-axis), 

' Tiie stmii! Ilf til'- mill'!!'- ; arf.-ti-i- i- neuli-eti-d, ami the chnnge in cutraturc 
i» nbt»inr-il hy diviihnt' tl-c attK'-iIar hy the length rj dr of the are. 
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of sid'; .4 /> in if.' <r/m pfenfi hx.' a c^raj'/jncrit 'nf.h 
to t:io y-gxi-; ooaa! to 

^ r: r: dc/ 

Tfi:.= roriitr" in a ohango of rnirvst'iro 

( V , df/r VrO' / r , di/r \cof. , . 

= ( t: ~ rTKyl-^ “ in ^ 

Ofn^ ozpro'.stor}.^ f5> and v/o thort obtain 

^ -X I d( V , d>r \ , , dw \ , 1 \ 

3/< = — //j - 7 -{ ~ d r I d* -I ~ n -,- ) 'Pd. U j 

lridrs\r: nd^c) r^Vr; r^d's jl 



, z/v byyt ^ 

n_ d. 



t, - 

■ dr^J r* 


d/,5^ 

n ‘ r:zb.s/J } 


S'fbr.itffdng o^praardori.'-- f25f/) and into Eo-, ('258), v/o 

obtain tbroo o^njatio.nn rdtb tbr% n.nknov/Ti ofiarif.ir.iaa' r, w and 
Jjb'oot-dori of tinot'O oonatio-o.' fdll F/f; loft to tri-o noxt arf.ioio, 
IvV; oan al^o rs.-y: o;;pro'don.' ''250) to ^r-tabibb a.n important 
condftdori ro^arding tho aoonraer of tbo mombrano t?ioorr dr.?- 
in Cr.aro X, In Art. 75 tho <?'/fiatiorj.o for oalofdating tho 
di.'irdacomnrifa' r and tc r/oro o-rtablbh*'?'!. By .*;'ib.'titfit!ng th.o 
di.h‘p!aoom'onfe giron hy tho% oofiation.-. in axpro-adoTi,-; (2^'/)), tho 
fjonding rnornon? « and bonding can fro oairnilatod, 7'h%v; 

vmro n<'r:dootod in tho rnornbrana tiioonr. By comparing 
f.hair rnagnitfido' v/itit tbo'-io of tho mornbrano y.\.rK-pf<', a con- 
obidon can ro: drarm r<^^zarding tho accrjracr/ of tho rnombrari.o 
tbaorn 

tako a- a particular oncampJo a .-pborical shall Tjnd.or tho 
aetro.n of its o'atj; ymight f page 350), If tho .supports aro as .showTJ 
in Hg- i40c, tho di.splaoornorit.s as given by th.o mornbrana theorv' 
from Ifos, (f) and (An. 75; are 

^ rrVI d- f'} / I I \ 

^ B/i V 1 ~ cos a i -f cos ^ I 


IX = cot cr 


, , I -r O'ors 
‘ i -f cos 

1 d- r \ j 

^Mld-cosc^ j 
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momont.s, wo obtain 

Me = M,. 


qM 2 + y 
12 i - r 


(‘OS ip. 


ic) 


Tho forrospondinfc iMMulinn stress at tlio surface of tlio shell is 
numerically etpial to 


q 2 + (' 

2 ’ 1 - 1 ' 


cos V". 


Taking the ratio of this stress t<j the eoini)ressive stress c Riven 
by the membrane theory (see l->is. f2Il)), we find 


q 2 i- _ nq 

2‘T - c •■■/((I d- 


o -i- 


20 


f) n 


(1 -r cos v) cos 


'I'he maximum value of this ratio is fotmtl at the toj) of the shell 
wln're y = b tttui has a magnitude, for c of 



n 


if) 


It is seen that in the ca-e rtf a thin shell the ratio if) of bending 
stresses to niemlirane stii-'cs small, and the membrane theory 
Rives s.aii^factory re.-ult- proviiled that the conditions at the 
suii[)orts .are .-m h that the -hell e.aii I'reel.c e\p.-tnd, as shown in 
Mr. lM)(i. ."sid'sf ifiiiioR esprc'-ioa (>; for the Is-adinpr nioments 
in I'sis. (2.aS). chi«i-r a|>[>roMni:ition- fur tie- metni»r;'.ne forces AV 
:ind .V> can !»■ obtained. 'I'iiese ri--ulis v.iil (lifTcr from .solutions 
(21 1) only i>y small quantities havini: the ratio Ir/c- ;is a factor. 

From tills discussion it fotlous that in the calculation of the 
.stress-fs in 'Vmniettic.ally loaded shrlF we can take tts a first 
ft[)[)roNimc.tion the schpiuti 'dven by the membrane theory and 
('alculate I ;.' corrections i>y means of i'i.'i's). Sucii corrected 
values of the .stres.,-- v. ill in- accurate enoiiRli if the etlttcs of tho 
.shell tire free to expand. If the edRiss jire not free, such forces 
must be su tipplied aloin; theedec as to satisfy the boundary condi- 
tions. 'I'lie cidcul.'itioii of the stresses produced by thc-se latter 
forces will e di-citssed in the next article. 

93. Reduction of the Equations of Equilibrium to Two Differ- 
ential Equations of the Second Order. - From the discus.sion of 
tho previous article, it is -een that by usiuR expressions (259) and 
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(260) we can obtain from Eqs. (258) three equations with the 
three unknowns r, w and <9^. By using the third of these equa- 
tions the shearing force Qe can be readily eliminated, and the 
three equations reduced to two equations vath the xinknovms v 
and w. The resulting equations v/ere used by the first investiga- 
tois of the bending of shells.^ Considerable simplification of the 
equations can be obtained b 3 ' introducing new variables.- As 
the first of the new variables we shall take the angle of rotation 
of a tangent to a meridian. Denoting this angle bj' V, we obtain 
from Eq. (a) of the previous article 

+ M)- <“) 

As the second variable we take the quantity' 


U = r^Qc. 


(&) 


To simplify* the transformation of the equations to the new 
variables we replace the first of the equations (258) bj' one similar 
to Eq. (209) (see page 358), which can be obtained by considering 
the equilibrium of the portion of the shell above the parallel circle 
defined bj* the angle <p (Fig. 180). Assuming that there is no load 
applied to the shell, this equation gives 

2TrrcN^ sin 07 -f 27rroQp cos <p = 0, 


from which 


= — Qc cot V 


U cot 07. 

r2 


(c) 


Substituting in the second of the equations (258), we find, for 

Z = 0, 


riA'f sin c 


— AVo — 


d(Qcro) 

d07 ' 


-See A. Stodola, “Die Dampfturbinen,” 4th ed., p. 597, 1910; H. Keller, 
3/lff. Forschungsarbeiten, vol. 124, 1912; E. Fankhauser, Dissertation, 
Zurich, 1913, and V.D.I., vol. 5S, p. 840, 1914. 

' This method of analyzing stresses in shells was developed for the case of 
a spherical shell by H. Eeissner, “MuUer-Breslau-Festschrift,” p. 181, 
Leipzig, 1912; it was generalized and applied to particular eases by E. Meiss- 
ner, Physik. ZeiUchr., vol. 14, p. 343, 1913; and Vierteljahrsschr. d. Natur- 
foTsck. Ges. Zurich, voL 60, p. 23, 1915. 
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and, olwcrving tlmt ro = r; sin ip, we obtain 


No 


-lA 

n dtp 


(Q.r,) 


rt dtp' 


(d) 


Thus both of the membrane forees.A'^ UTjd Ne arc represented in 
terms of (he quantity U which is, jis we see from notation {b), 
dependent on the shearing force (?«•• 

To establish the first equation connecting V and U we use 
Eqs. (259), from which wo r(*adily obtain 


A 

dtp 


— JC 



V cot V' ~ " 



•.Vc). 


(e) 

if) 


Eliminating ic from these; e(iuations, we find 


^ — c cot tp d" »Tj);N f — (r: + ‘fOA'*]. (g) 


lyifferontiation of lif]. (/) gives* 


A 

dtp 


cot v” 


r 

sin* v” 


thr 

tip dv'l Kh 


- “ II (-.V _ ,.V ^ 


(h) 


The derivative dv/dp can b<; n adily eliminated from Kqs. (g) and 
(A) to obtain 

dw 


~L - 
‘ dp 


r.E 


-I- >Tj)A% - (r. d- er,)AM 


d 

dp 


£(a% - .iv.) 


Substituting exprcs-iotis (r) and (*/) for A% and A’*, wc finally 
obtain the folh>wing equation n lating to L' ami V'; 


r- d-7/ 
r; dp' 


, r- rj dli 

dp\rj ri * r./. tip 


dlj 

dp 


ri i-dh 

cot- — i- ~ j cot p 


, , ,0' - EhV. (2C1) 

r; f.dp J 

The second equation for i’ and 1' is obtained by substituting 
expressions {2()()) for and in the thirtl of the equations 

‘ W(“ coieid'T tv t^i-ncrivl etv^” by n-.-umiiiK in tlii'f licrivation t!i;vt the thick- 

III-'.-, h of till' lihl-11 !-i 
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arc r:.^:r.-g ^Cj an/i ''5}- Ig thi- '"sr/ --nh fed 


TiC';-' 

■» 

Tf C'^ 


11 Sf"^} 

T' 2 ,_C'C - :':/ 


if 

fei ' 


^ rr}.&c\d^c 

5 P’ C*^ d (j? 


-r- -r — 


A ‘ r; 


V = 


U 

'h 


^ 2 o 2 > 


Tc"' tfe zprrJrF.Hrr. c: hdr.crn;? r.f a 'Gal fevr^g tr.a forra of a 
of rorola'cor: \r/ foroa- aa/I raorr.oar.' rraffoTrah' n,b~ 
r.rfetod aloT-d r.ha paranoL orrolo T^-ZiZf-s-y-r.-Jxz.'^ r.oo od^'o k rafriood 
to rfe feograt^oa of tr.a r.r'o Eo-, f2oIj ar-d i^2o2j of tr;a 'oooa.d 
orfea 

If fea Irfe-fe-tat of T.h-; sliol L- oo'-taat, rEo torra.' ooatafrfeg 
crJc's a- a factor '/ar;E?i- ar.d tho dorlratr/e- of tlo oaPaiO/ja-t 
E acd E fa bota ooratfoa' ha'/o tla garao cooS-feat?, Bj 
fatrocrofag feo aotatfor: 


f ^ _ ir ' 

y ^ 2 . 


^d/r) 


, if d 


Crc' 


d' . . 

-;: Oor. ^ 

Tr 


lE 22 Hif(' 

rj'ri 


)r r*; 


rco fifTratfoa- oar. Sto- roproaor.r.od fa too folforfeg gfraa;:£od forra: 


BEJj -a £r/ == 

_£( 

h] 


JJY^ _ ^7 


1255 } 




c^: 

. , 


tcf- -r-tora of t—o- gfrariltanoo'i' dfEsroatfal omiatfoas of 
toad order t.-o read:!;/ ofotaLa for oaca trafeor-.a aa ognatfoa 
fo'atE order. To acooaoprf-E trfe r/o- potforra oa the gad 
o-a-iatfoae ('2d5> tae oporar.foa fadioated ?rr tEe .era: fool 
, '). rdaca gfovto 

T/yi .7 -E pz/^j = Bojr^T), 

tatfa-g froar tae -oo-oad of fh.e oqriatfoa.' f2d5> 


T/XY - -r 


X/ r:Bh 


TJU) -r -E 

?'i: 


r/ 

7 J 
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wc ol)lain 


IMU) + 


i-. 




®'o-. 


(204) 


In the same mannor wo al^'O find tho sooond oquation 

mv) 


vL[ 1- ) + -UV) - Zv « -^v 


I'l 


D 


If the radius of ourvaturo r\ is oonslant. as is tlie case of a 
spherical or a conical shell or in :i ritiK shell such as is shown in 
Fip;. 145, a further simplification of hajs. (2G4) and (2G5) is 
possible. Since in this case 


'■('D ” 


by using the notation 


, Eh !•' 

(J) 

r -jr- - 

both eipiations can be reduced to the form 


LUE) d- •- 0, 

(2GG) 


which can be written in one of the two followitij' forms; 


L\L{V) H- d- JM-f'l ^ 0 

or 

L[lAl') ~~ qj'f i -r I'n'i/e. f ) — — 0. 

These equ.atioiis indicate tiint tie* srdutiofi-' of the second-order 
equations 


UJ-) m-f -■ 0 (267) 

are also the solutions of l.'q. (266). By prucccdin.c as was 
explained iri Art. 85, it can !»• shown that the cornf)Ictc .solution 
of }']([. (266) can be obtained from tin* solution of one of J*'qs. 
(267). 'I’h(‘ a[)plic.'ition of f267) to particular cases will be 

discussed in the two following: articles. 

94. Spherical Shell of Constant Thickncs.s. — In the case of a 
spherical shell of eonst.ant rhiekness rj — r- ” «, and the symbol 
(f‘) of the preceding article is 



t,” r/) 
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c! d.~ ' ^ 


— c-o".* rU ' - • )\. fa) 


CozAz-ierizz msrri™ cQcr. En?:e£.(i of f', a.? otio o: rh^ 
nxfeiO'TTTS in zh': frxrthor dn?'; "lesion nnd inr.rodanin^. instond of tko 


^ _ CIS- _ Sc-V I — ?-j P- 
^'"2 \ 4 '' 




^ i- eo:; o-^ - co:- rsQ^ d- = 


0 . r 2 i 


A ftir^ter simnlific-si'ion is ob'.ninod trT introdric-ing zh.e 


^ _r^ I' _ *1 

-*■! 

V(it:h tGL'cse Tartnblos r-c. f2dSj bocomos 

, ,, d% , / 5 T\d£ , 1 — 2jp' 

rt - 1 ,jp. - 2 jj- -f — ^ - 0 . W, 

Trzfs earstfon bolongn to s knonrri n.'pe of diS'oren.rrn! equcrion of 

-na - r]r/' d- [7 - fc d- s -r 1)^1/ - cafy = 0. (e) 

Errizdiozs ^ ii nnd f d] coincfdo if —e jnc 


7 = 2 . 


3 ± V 5 d- 'SjV' 


^ _ 3 -7 V 5 d- S-fp' , ^ 

^ ^ fjj 


A solntion of Ec. 'd; can. bo taken in tbe form of a ooTrer st 




ibstitriuiin this semes in i:,q. ("e) and eariatiiiz rbe coeScfents 
fr eaet po—er of r to rerr?. tre obtain the foUovniig relations 

- TL5s sUszZic- 0 : cL* given tv E, ileissnsr, ?<r>r. cfn, p. 45-5, 
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between the coefiicients: 




. 4 _ (« + l)(/3 + 1) . 

Ac, oZTIirTt — 


An A rv— 


afi 

2(7 + 1) 

(a + ?i - ])(^ + 7! - 1) 


n(y + 7/ — I) 


With tiif’KO relation? ?oric.s {g) becomes 



nd , or(rt + 1)»^(^ + 1) , 

, + 

o(ot + !)(«_+ 2),^(/? + 1)(3 + 2) , 
"i •2-:t •'■7(7T1)(7 +‘2) 





This is the so-called hypiTp ometrienl series. It is convergent 
for all value.^ of x le.---- than nnity and can he ii-cfl to represent one 
of the intet^rals of h)q. (c/). Hnb'^titutini: for n, ^ atul 7 their 
values (/) and using the notation 


o Sip~ '1 + 


/I2nhl - 


\ 


(0 


wo obtain as the solution of Mq. id): 



.5- - 0* , (d* ~ o-}( < • — 0-) . , 
IG ■ 1 • 2 ■ 1G= • 1 • 2 • 2 • 3 * 


O') 


which contains one arbitrary con-tant A~. 

The df'rivatioii of tlie second infr*gr;d of Mq. (</) is more 
eomjdicated.* This integral can l»e written in the fonn 


Zi log X + 



(/••) 


where v-fx) is a power .serie.s that i- convergent for |xj < 1. This 
secotid solution becomes infinite for x -- 0. f.e., at the top of the 
si)here (Fig. 170), and should not be considered in those cases 
in which thi‘ro is no hole at the lop of the sphere. 

If w(' limit our investigation to tliese latter ciisc's, we need 
consider only solution (J). 8td)Ntituting for 0- its value (i) and 

* DilTeretitiat t-qwritiojin tlint nri* edved by liyperRCDinotrical scries are 
ilbctis-ii'd in the book " Uiencoui- Wt-ber, die partiellcn JJi!Ten.'uti.a!-G!cich- 
iingi'n,’* vol. 2, pp. l-2‘.i, ltK)l. 
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,, DfdV , . ,A\ 

= - » W + " '7 

If u. f tA 

In cnlculalinp; (lin components v and in of displacement ^vc use 
the expressions for the strain in the middle snrfacc; 


1 

Eh 


(N, - cA',), 


'Eh 


(A% - cAv). 


Substituting for AV and A’n their expressions in JJ and V, we 
obtain expressions for and <« which can bo used for calculating 
V and w as was explained in Art. 76. 

In practic'al applications the displacement 5 in the plane.s of 
the parallel circle's is usually important. It can be obtained by 
projecting the comiionents c and tc on that plane. This givc.s 
(Fig. ISO) 

6 — r cos y ~ «' sin v- 


The exprcs.sion for this displacement in terms of the functions U 
and F is readily obi aim'd if we observe that 6 rej>res('nts the 
increas(' in the radius ro of the parallel cirt'le. 'riiiis 


a sin (Ttt 


0 sm V', V 
"/•.Vi"- ' 




sin v/df 

i:7i V.V 



'riiiis all the qu.anfities that rlefine the bending of a .spherical 
sIk'II by forces and couples uniforndy di'-tribufed along the edge 
can be n.'pre^'ented in terms of ilu* two series /. ami /;. 

'riu' ea-e with which pr.aetieal a{)[)!ication of this analy.sis can 
he rn.'ifle (h jiends on ilu' rapidity of (ainvercence of the sene's h 
and /;. 'I'his convergence' eie-p'-neis principally upon the magni- 
tuele' of the! quantity 


P ' 




•r' 




whi(;h, if r- is ne'gh'cte'el in comp:iri''On with unity, hocomes 


p r- 
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Calculatioas show^ that for p < 10 the convergence of the series 
is satisfactory, and all necessary quantities can be found without 
much difficulty for various edge conditions. 



Ar an example v.'c shall take the case of a .spherical shell submitted to the 
action of uniform normal pressure p (Fig. 181). The membrane stresses 
in thLs case are 


I" n\ 

= - 2 ^’ 

and the corresponding membrane forces that keep the shell in equilibrium arc 

(N (a) 

Bj-- superposing on the membrane iorrjjR horizontal lorr.rm 

rr 7 '“ 

I! ~ — cos a 
2 

uniformly distributed along the edge of the shell, v/e obtain the case, repre- 
sented in Fig. 181a, in which the loaded .shell is supported by vertical reac- 
tions of a horizontal plane. The stres-ses in this ease arc obtained by 

* Such calculations v/ere made by L. Bolle, Schweiz. Bauzeilung, vol. 60, 
p. 10.5, 191.5. 
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KupprposiriK on the inenibrane slres,'-es (<) the .stresses prochicod by the hori- 
zontal forces H. These hitter stres-eH can be obtained by usint; the general 
solutions (n) and (/)) nnd detennininp the constants A and li in tlicso solu- 
tions so as to satisfy the boundarj' conditions 

(AV)c-<t ” // cos ° 0. 

'i'he stresses obtained in this way for a partieiilar ctisi- in wliich a oG.3 in., 
/( " 2.30 in., <t aiUlrf:., p 2S ! lb. jiersfiuan- inch nnd »■ «= 0.2 are shown 
in FiK. 1S2. 



r: is,-. 


I’y ■ i!p'-r|w>'i!!p; on the m.-inbrr.;;'* for'->-' ('i) th.'- horiroatnl forces Hi and 
I'-iiiiitn^ niono-nt- nnif'undy ib»tr:!i'!!*'.! aloe." t'ne cd^e, we can a.lso 
obtain the cr.-o of a .-h'-H i. ith. built-in i dc,i - 'l ijt. ISUd. The strc.sses in 
tlii-' an- obtaie.' d by -■!!>*-f;>.oi!ut on, tie* lU' i'.ibrane str( '>e.s ({) tlie 

pri). lured in the -In l! bv tin* fore-.- //; and the tnonn'nt.s .Vn. These 
hatter r-tre-' ari" obtain' d e.' befotr from th<- Kein r.il solutions (n) and (jO, 
the t'onstr.n!- .1 .and /» hadtut f<> determined as to .‘•ati*fy the boundara’ 
conditioni 


(•/u- 




^ 0 . 
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For (lie case represented in Fip. 1S16 the formulas arc: 



It was assumed in the forenoiiiK diseussjon that tlie f-liel) has no liole at the 
top. If there is sueh a hole, we must satisfy the honndaiy conditions on 
both the lower and I lie upper edees of the shell. This retjnires a considera- 
tion of both integrals (j) and {!:) of la), (d) se*- p. .JttO and finally ri-sults in a 
solution of Ffp (20()) which contains four constants which must be ndju.steil 
in each particular case so as to s:iti'fy the boundary eondition.son both cdRcs. 
Clalculation.s of this kind show' that, if thi‘ ai.^jle o is not small, the forces 
distributisl alone the ufiper e<iK«: have otdy a very small influence on the 
mapnitude of stre.-scs at the lower •■■ice, .'ince tle -e latter stres,-es 

are usually the most im[iort;int, we can obt.’tin the m ce,*.s.ary infonnalion 
for the tiesicn of .a shell with a hole by usiiic for the r.dridatifUi of the ni.axi- 
muin .stre-'si's the formulas derived for shell., without ho!iv«. 

The method of caleulatinc stri -'es in spherical shells di'cus.ed in this 
article can abei be aiii)!ie<l in ealeuhitinc tliennal stre.-. e.s. ,\»su!iie that the 
tempenitures at the outer and a! tie- inner snrfae.-.. of a spherical shcdl are 
constarit but that there is a linear varic.tioti of temperature in the radi.al 
dinu'tion. If I is tie- ilifTcrenee in tie- temp'-ratTiri . at the outer and inner 
Mirfaees, n-sjieetively, the heieimc. of the sl el! preducf d hy the tempcmturc 
difTcrence is entirely arre-ted by <oristat;t hendmp meiuents fsi-e Art. M) 


In the ca'-'c of n comidete spij. r,- the—- tnon-i-nts .aetii.aliy e\ist and produce 
beiidint' ;.tre«.-/-s tin- jii.'mmum vnlm-s ,,f v.hich are 




o.-F 

•jir-'r)' 


If We have only a portion of a spl.e-e, »u[>p-)r!ed r.' ►!;■>«!! in I'ijt. ISbr, the 
edpe i>, free to rotate, ami the total tlu-rma! site..--, are obtained by super- 

po-inj;; fvu ftn's.’e-s (t.~) the stt< that are prod\u-ed in the shell by th.c 

moments 


uniformly «!istri!nile<l al.uip the • .Ipe. The.e latter stresses .are obtained 
by usitep the (iK tho l di- -ii--. >l i:t this arti>’Ie ' In the c.'i.se .shown in I'ip. 

’ See paper by Holle, /(S', f.;,, p. -li’Ct. 

■ Thermal etr(.. ..es jn shi-ll- have luaui dbcuvsiHl by G. Kicludberp, fosch- 
liritj'arh^ sti-r., no. 2<>;t, Ut2d. 
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181b the thermal stresses are given by formula (tc), if the temperature of the 
middle surface always remains the same. Otherv.'ise on the stresses (w) 
must be superposed stresses produced by forces li dnd moments Ma which 
must be determined in each particular case so a.s to satisfy the boimdarj' 
conditions. 

95. Approzimate Methods of Analyzing Stresses in Spherical 
Shells. — In. the pre\'ious article it has already been indicated that 
the application of the rigorou-s .solution for the .stre.s.se.s in .spherical 
shells depends on the rapidity of convergence of the .series entering 
into the solution. The convergence becomc.s slower, and more 
and more term.s of the series must be calculated, as the ratio a/h 
increases, i.e., as the thickne.s.s of the .shell becomes smaller and 
smaller in comparison vith its radius.^ For such shells approxi- 
mate methods of solution have been developed which give very 
good accuracy for large values of a/h. 

One of the approximate methods for the .solution of the problem 
is the method of asymptotic integration.- >Starting vith Eq. 
(266) and introducing, instead of the shearing force the 
quantity 

2 = Q^s/sin <p, (a) 


we obtain the equation 


2^'’ -{- fliz” -f Giz* -{- (/S^ -f- ao)z = 0, 


( 6 ) 


in which 
ao = 

02 = 


63 


+ 


9 


16 .sin^ <p 8 .sin^ ^ ‘ 16 


9 3 cos ip 

Ql : 7 , 7 


3 5 

'2 sin* ,p^ 2’ 


sin- (p 

» (1 _ ,!)( I + i|f!y 


(c) 


It can be seen that for thin shells, in which ajh is a large number, 
the quantity is very large in comparison with the coefficients 
Oo, Oi and as provided the angle p is not .small. Since in our 
further discu.ssion W'e shall be interested in stresses near the edge 
where a = a (Fig. 181) and a is not small, w'e can neglect the 
terms with the coefficients oo, Oi and 02 in Eq. (6). In this way 

* Calculations by .1. E. Ekstrom in Ing. Vetensk. Akad., vol. 121, Stock- 
holm, 1933, show that for a/h = 62.5 it is necessary to consider not le-ss 
than 18 terms of the series. 

* See 0. Blumenthal’s paper in Repts. olh Intern. Cong. Math., Cambridge, 
1912; see also his paper in Z. Math. Physih, vol. 62, p. 343, 1914. 
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■\ve obtain the equation 

2 ’'' + = 0 . {d) 

This equation is similar to Eq. (230) which wc used in the 
investigation of the sjunmetrical deformation of circular cylindri- 
cal shells. Using the general solution of Eq. {d) together with 
notation {a), we obtain 

Qf ~ cos fiyp -f C; sin pKp) -b cos 

Vsin If! 

-f Ci sin ^<p)]. (c) 

From the previous investigation of the bending of cylindrical 
shells we know that tlu; bending .stres-cs produced by forces 
uniformly distribut(‘d along the edget decrease rapidly a.s the 
distance from the edge increase.'-. .A similar condititm also exists 
in the ease of thin splu-rieni shells. tj!)s* rving that the first two 
tenns in .solution 0) decre.-i.'-e while the .‘•eeond two incre.a.«e £ls the 
angle v? decrease,'-, we conclufie that in the ease of a .sphere without 
a hole at the toj) it is permissible to lake only the first two terms 
in solution (c) and assume 

Q. - /■/' (C, cos /tv* -b U: sin dv-). (f) 

\--'sin V* 

Having this expression for CU and using the relations (6), (c) and 
(i!) of .■\rt. lt.3 e.nd the relations Ip), (ir) and (r) of .\rt. 91, all the 
(iu;inlitii-.s defining tin- bending of the 'iiell can be calculated, and 
the c(jnstan(s Cj .'iml C\ can be determined from tlie rondition.s at 
the cflge. 'J’his m<-t!iod (-an be applie(| without any difiiculty to 
p.-irti(-n!ar easi-.s .'tnd gives good aceijraey for thiti shells.’ 

Instead of working with the differential (’<|U!itiun (2GG) of the 
fourth order, we can take, e.s a basi' for an apj)roximate investiga- 
tion of thf- bending of :i sple-rical sln-ll, the two I-fq.s. (2G3).- In 
our ciise ih'-'C e(juations t an lx- written as follow.s: 

' An exrtiiiji!'- (if e: th<- Jin-tieeJ of .•viyinptotk' integration Ls 

rivcii in till- .'uitlmr’s pap.-r; ?.••• U’Al. .Xiv. /’ras. Tfch., Ft. IVtersburg, 1913. 
In tli<- papi-rs hy liUiitu-ntlml, pmioti'ly uice.lieni'd, nie.ans art; given for 
ttie improvi'tiunit of tin- approximate .'oltition hy tin- calnil.ation of a further 
api)roxi(nnt!i)n. 

* Thi.s method was propo'cd by J. \V. (li-ekeh r, f'er.'cAunjt.eirhrf.'cn, no. 
27t’.. Berlin, 1()‘20, 



F.HELL8 FORlfVJG SURFACE OF REVOTJJTTOE 


469 


^ ^ cot fcot^ - u)Q, = EhV, ) 

fUc- ' d<s ^ f \ 

dW , ^ dV , ,, , ... aKi^i 

Trhcro Q^. h t.Ko f-.h.'-r&ring' force, and F h the roteiion of g, tgngent 
to £ merfdfen £.-: dctiri.ed by Eq. (a) of xirt, 93- In the C£.-;c of very 
thfri?iiclk. if the angle c:i.= not .ernalL the quantities' hud V are 
damped out rapidly the di.-U-ance from the edge increases and 
have the same oecillato-’y character ae piae the function (f), 
Sinee S 1= large in the case of tPiin ehelLs, the derivative of the 
function (f ) is large in comparison vdth the function iteelf, and the 
second derivative i.s large in cornpari.son vdth the first. This 
indicates that a sar.isfactorv' approximation can be obtained by 
neglecting the terms containing the funct-ions and F and their 
first derivatives in the left side of Eq.-;, (a). In this way Eqs, (q) 
can Pje replaced by the follovdng simplified system of eqtxations^: 


% ■ 


E;/' dirairi&tlnq F from th.ese equations, v/e obtain 

^'4-4>.U = o, 

wh.ere 

= .311 - (j) 

The general solution of this equation is 

= C'td-^ cos Xtf -r sin >.« -f- cos X-ii 

-h CufT'* sin X^, (}i) 

Consid-eEng tlie case Ei which th.ere is no hole at the top (Tig, 
IA4«) and the shell is bent by forces and moments uniformly 

* TP.fs .dr.'.plf Scat ton of tt.c pTrAIorri k ecnivalent to tXe replaror/jf-iit, of 
tf.o: porfior. of toe sr.ell near the edze hv a tar.gf-nt oorJeaf ?.he!( and applrea, 
tror. to thife cor.Leal shell of the efiriatfo>r. that waa rieveloperX for a rarenlar 
fUev-oer TArt, Sljjsee E, Ifeiaener, “A-, Stoiola Featechrift,” p. Zurich. 
ic-2y 



470 


THEORY OF PLATES AND SHELLS 


distributed nloiip; (he edge, wo need consider from the general 
solution (k) only the Orsl two terms, wliicli decrease as the angle 

<p decreases. Thus 

Q,, — Cif?"'' cos d- sin Xy, (Z) 

'J'ho two constants C'l and C- arc to 
he determijied in each ])artit!ular ca.co 
from the conditirms at the edge 
(y = ff). In discussing the edge 
conditions it is aflvantjigeous to in- 
troduce the angle 4 ' = ct — (I'ig. 
ISt). Substituting a — ^ for y in 
exprt'sdon {/) and using the new con- 
statits C and y, we can represent solu- 
tion (i) in the form 

Q, - sin (Xv'- -b 7). (m) 

Now. einiihiying l‘!<|s. (6), (c) and (d) 
of Art. (t.'b we find 

col l<f — r)(-‘' siti (X\t -f- */)>! 



( 260 ) 


,Y,. - -Q,. fot y 
V 'KK . 

.N (I ~ , • ' - 

I'rtim the first of the c<iu:ition- ;A) we obtain the c.vjirr'ssion for 
the angle of rot.-ition 


dn ^Xv’ -f y - j 


V 


■ CO. t.v; -f 


( 270 ) 


I dT.), 

i:it dy- 

'I'lii' bending moment- e.ui be dett rmineil from laj-'. (<;) of the 
preceding tiriiele. Neglecting the terms containing T in these 
eijuntioiis, we find 

]\f A.; .1. d- t\) 

ndy Xx 2 V V o.T 






( 271 ) 


Finally, from Fq. tr) of tin- previous article we find tlio horizontal 
component of di-placement to be 

sin y//f' 


0 


Kh dy 


-in (<« - v')X\^2CV- sin (xy' d* 7 - fj' 


( 272 ) 
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Wt~k. the £id of forwjilsj: (26Q) to (272) VBnon- partictilsr eases 
can readily he treated- 

Take as an e^amtile the case shown in. Fig. 1S46. The bound- 
ary conditions are 

07 = 0- fh) 

Bv sribstituting = fj in tfee first of the eoTiatrorts f2dT). it can be 
concladea that the second of the boandarv conditions fn) is 
satisfied by taring the constant y equal to zero, Substituting 
0 and = 0 in the first of the equations r27I). vre find that 
to satisfy the first of the conditioris ^ n) we must have 

a ^ 

2 X"''* 

Jf^21 
a 


wmca gives 


✓7 


Sub-situting values thus determined for the constants 7 and C 
in. expressions f270) and ('272} and taking = 0. ve obtain the 
rotation and the horizontal displacement of the edge as follows: 




4}d3r« 


Cs)?-', = 


2>d sin a 
Eh. 




(273) 


In the case represented in. Fig- ISdc, the boundary conditions 
Ete 


(3r«.)y— r = 0; = —FI cos a. (0} 

To satisfy the first of these conditions^ we must take 7 = — ^/4. 
To satisfy the second bosindary condition, we use the first of the 
equations (269) which gives 

—H cos a — C cot a sin ~t 

from which we determine 


2H sin a 

~vr“ 


Suhr Limiting the values of the constants 
(272), we find 


7 and C in (270) and 


2>.- sin 


ra),^ = r274) 


It can be seen that the coefficient of 37= in the second of the 
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formulas (273) is (ho samo. as llu; coe/RcicrU of 7/ in the first of the 
formulas (274). Tiiis .slioulcl follow at once from the reciprocity 
(hcorem. 


roniuiln.s (273) and (274) ran rcailily he aj)])lif'fl in FolviriR particular 
proldciUH. Take as an c'xamplc the c.asc of n spherical shell with a huilt-in 
edge and suhinitted to the action of a tiniforin normal prf“-stire p (Fip;. 185a). 
Con.^iderint; first the corresjjondinK nieinhrane prohlein (T''iR. 18.55), we find a 

unifonn coinpresiion of the shell 





Nf " — 


pa 


'I'he cdttc of 1111 “ .shell experiences no 
rotation and iinderKoes a horiront.al 
displficeinent 



fi sin fc 


/’-■•(I - >) 

~‘2Eh 


.sin a. (p) 


'!'(> olitain the ."ohition of the piven proh- 
^•.'n «-cfupe.--jKrw.o!i themernhrane forces 
of Tis. 1.855 forc/‘T .and tno.'nents uni- 
formly dl'trlhtit*^! nlons.- the etlj^e as in 
rut. 185c. Th<-*e forces and rnonients 
-are of Mich mnitnitnde that the corre- 
•jocelinc; l.oHrittitnl dhplaecment is equal 
-and ojipo'irc to the di'pl.arenient (p), 
and the coro-'-jHindinK rotation of th*- *-dp<' ic ictual to r<‘ro. In this way, 
hy ii’-intt formula-. .'27.'ii and t27 »i, v-eohlain the follottirift i'f|ii.at!on.s for the 
dcterininrition of ;’.f„ and //; 


fe,. IS.'., 


4>.' 2v’ ..-in «, 

“p-r-V. ... ll “0, 

AaA l.t. 

2\* fin n in- <t /'a-i'I — t) , 

. n „ -sin a, 

/. r. /. e. 2 r. c. 


from which 


// 


p/pn — *.) j./i.a I 1 

2.5 


(! •'ill ft 2.\ ‘•in o 


pa,*-. I t “ c 

-!>.5 “ -V'\3!rd-”i-y( 

P'ltl — f) 


(c) 


The negative ) 4 ;n“ Indicati- that .lf„ mul // have directions opposite to those 
shown in I'ii;. 1,81, 

The approximate equation- (h) xxere ohtainial hy neitlectiiift tlie unknown 
function!! and 1' and ther fir-i ili-rivatives in the exact equations (?)• 
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A b-efier Epproximatioci fe obtained if ?re introduce tbc hctt variables^ 
-= sin e, Vi = r -y/ sin <p. 


Substitutiss 


Qr = 


sin c: 


T' = 


T'l 


Vsin ^ 


in Eos, {q), ~e fed that tbc terms coataining the first derE-atives of <?i and 
El vanish- Hence, to obtain a simpIiSfid sj'stem of equations similar to 
Eos, (h), ve have to negieot onlv the terms containing the quantities Qi and 
Ei in comparison vrith the terms containing the second dernrativas of the 
same quantities. This ^es 


dNh 

drr 


= E/.Et, 


d=E: 



The solution of these equations can be obtained in the same manner as in 
the case o: Eos, (/,), Returning to the original variables Qp and E, ve then 
obtain, instead of expressions fm) and (270), the follorring solutions:* 

Qp = C'— p=== sin d 

V sin fa — sJ'/ 

^ 2>*,, e->^ 

E = ^ COS 

V sin (a — 


" 7'/> 

-f- '/). 


(275) 


Proceeding novr in exactlv the same wav as in our previous discu-ssion, we 
obtain the following expressions in place of formulas (259), (271 } and (272) : 


It c — — oot (a. — if-jC 




-\/sin (a — if) 


sin (>A -f y), 


ffe = C , ■■ — [2 cos (?^ -r v) — (/n -f ?ij> sin -f v)I,j 




3/? 


2'\/ sin (a — 


2?- \/ sin (a — '^) 
c _ 


ds'h -y / gin f a — i! 


[fct cos -r '/) -r shi fX-^ d- 7 >I, 

SEd d- d- /rj) - 2tjl cos f>^ d- v> j 


('276) 




d- 2 j'* sin (>4' d- y) 1 , 1 

c sht fa — if-} ^ 

O = — — — C y =r[eos Odr-V -f) - ktsm {h4 d- v)!, J 

-y / sm {a — if) ^ 

- This is the same transformation as was uad by O, Elumenthal; see Eq. 


(o), p, 407, 

*TMs closer approximation was obtained by il. Hetdnyi, Puh. Inlem. 
Azzrjc. Bridge Slrud. Eng., vo!. 5, p, 173, 1938; the muaerical example used 
in the further discnsrion is taken from this paper. 
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where 


1 - 2 .' 

hi 1 — cot (ff — v!'), 


A'l 1 — 


2X 

1 -i-2.' 
2 .\ 


cot (n — ^). 


ApplyiiiR fonniilns (270) to the purtieiihir enj-e^ previotiply tlb-ctis.xcd 
nnd repre.'-ented in 18 Ih iind IKIr, we nhtniti, iri'tte.'id of formula (273) 
(ind (27‘1), the followiiiK better !ippru\iiii:ition.-: 


Eahhi 
2.\* ..-iti o 




2>.' .“it! « 

"ttXT"' 


Mn 


(277) 


2,\- ..-iti >M Em' ttf , l\ 

(, , 4- ^Jn. (=73) 


Hy !ip])lyiiit; tlie.-e formtilti'' to the p:irtieiil:ir c;i »• j-hov.ti in I’ii;. ISOa, 
s-econil npproviinntioiH for i!ie reoetive inoineni-, .1/,, jind renetive fori'e-! H 
are readily olttaine<(. 

'IV. compare t!ie ftr-l and .-e,-ond approxiinationf \vith the e'cact yohition, 
•VI' shall com ider a miim rica! i \ample in v. hich o « W in., h ^ S in., 
ft e. ti;l j) •= 1 Ih. p.-r .•■'itiare inch atn! r ••• {, 'Hie first and yeconil 

ajiproxiniatioiei for .U,. ha\'e I cah nlc.te.l (,y tie- first of the etjua- 

tion>i t271j nnd the thir.i of the e,|imtiiin>i i'27i't' ntid are r> pri-‘ titifl hy the 
dotteil linei in I’it*. IJ'O. Tor compari-on the < \aet •‘olntion* has nl-o heen 
calculated hy u>'in!.'; the .•e;i. ^ of the previ'ois article, 'flii'' e\act .‘olntion L« 
repres'-nted hy the full lim- in Tie. Is'l. In I'i'.;. IS7 the force Si as calcn- 
hite<i for the jiaiiie iiiinierical example s'- .•■hie.-.ii. From thi -e t«o npircs it 
can he conchidiai that the feeoad approximation hax Verx' sati-f.actorj’ 
aceiiraey. Oleerviny that iii o-.ir * xamph- the ratio a I, i- only 3<3 nnd the 
aiptle a U.l dejr. is compar.ttively .~mat!, it ran he conehld'd that the 
-eeoml apjiroxiination cat! he njiphed v, ith .»ti!licie}it ni'niracy in most ettyea 
t nrounteted in pre'cnt etne tural practice. = 


‘ It wa- neee-'. iry to tahe It* tentf in the w-ries to nhtain .‘•"ufiicient accu- 
racy i>i this cn-e. 

• 'i’he l■'•.“e in nliich tile atn.'h‘ <» is •'m.ail atei the .sohition (275) is not 
"uflicieiitly accurate is di'cn-'ed hy J. \V. tleckch r, /r.ji'ntVti.c-.lrc.t.fr, vol. 1, 
!>. 25.5, I(i30. .\pplieaiion of the e.'piation» of finite difTere!ire,s to the yanie 
prohletii has heen maile hy !’. I'.i-ternal.. X. ce.yctr. .Uii.'/.. X'ol. G, 

p. 1, Ih'JG. "file ca>e of iion-niitropic shell' L' considered hy F. Steuermnnii, 
y.. (if.fjcir. Miilh. Mrfh , vol. .5. p. 1, 11)25, One particular case of a spherical 
shell of variahle ihicl.ne... i- di“.‘U"<-d hy M, F. Sjiotts, J , Ayp. .^[ech., 7Votis. 
A.S.M.E., vol. Gl, Hi.’lfi. 'file prohletn of non-symmetriral deformation oi 
sphericid shells is considered hy .\. Havers, lr.i^<‘r.iriir-ArH.iv, vol. G, p. 2S2, 
11*35. I'urtherdi sell' sion of the .same prohlem in connection with the stn's.s 
analysis of a spherical dome supported hy cohimn.s i.s pven hy A. Ai\s Jakob- 
ren, /ni/f/iiViir-.lrc/.ic, vol. S, p. 275, HK17. 
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, Corical Saells. — To spply the general eqnations of Art. 93 to the 
rrrlzr csse oz s conio&l shell fFig. IS&x), we introduce m place of the 


\ [J5d'|c=9a 


Kerfd'oncI bending morr.erTf; i"ch lb:./hch 


V Apprc/,1 1 


Fro. 


Membrane haap fores 45.0 lbt.psr fnch 


ng Ng (bs/inch 


Appro/.. 1 


Fio. 187, 

variable <s a new variable y which defines the distance from the apez of 
tLe cone. The length of an infinitesimal element of a meridian is now dy. 














in 
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instead of ri df ns was previously used. As a result of such elinnp;ca in the 
variables, the followitiR transformations of the derivatives %vith respect 
to v arc necessary; 

d d d- d / d\ ,d^ dr, d 

dv' '^'d;/ dy-- dy-y ‘d,jJ 'dij‘ dy- dij 

With tlies<‘ transformations, the symbol (t) in Art. O.'l hr'comes 
, ^ d-( . . . ) f df; Ti \di . . . ) 1 , 

Oh."ervinR that for a rone the aiiRle y- ron-.tant and nsini; notation a for 

t /2 — y- (1‘i};. l.SS), We obtain 



r; *■> II tan a, 


d-j 


" tan a 


^ Suh'tilntin^ the rtpreysions into 
i/t' and j);>ttitiK rj « k , the symbol 
L{ ... ) le-eomes 


Id 


) « tan ft 


•H . . . ) 


d’j'- 



d('_.__._^) 1 

dy " " ? 


5;<juat!o;i- i 2»;T} of .\rt. 03 are then 


dV f’\ . .. 

• ) * iii-f •=• 0, 

y / 


dh'vQ.’i . db.OP ,, , »»•><?, 

<!'/ t.xfi rt 


or, V. ith I' " r,Q, y t.an nQ,,‘ 

0 . 


r-uitt the Tifitation ! j) of .\ri. 03 and i!',tr>siurint: the new notation 




IP. 


t.at;’ ft D 


rot- ,t 


12(1 - s’) 


A’ 


'• col® o. 


we finallv obtain 


ih) 


dy® dy 


(f) 


* Thf' .sub‘Tn|)t y it u-ed instead of y- in the further discussion of conical 
i‘heUs, 
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Ck)nsidermg the first of these equations, v,-e transform it to the knomi 
Bessel equation b 3 ' introducing, instead of y, a new variable 


which gives 


rt - 


d'(yQ..) . l d(yQ.,) 

d-rj- ' 1J di] 



0 , 


id) 


ie) 


A similar equation has already been discussed in the treatment of a cj'lindri- 
cal shell of non-uniform thickness (Art, 85). The functions . . . , 
which were introduced at that time and whose numerical values are given 
in Table 47 can also be applied in this case. The general solution for yQy 
which satisfies both of Eqs, (c) can then be represented in the follovring 
form:* 


yQ, = Cl 


Mi) + ^iii) 


-f Ci 


Mi) — ^i(f) 


+ Oi 


’f'iii) 4 - jMi) 




S 


CO 


where $ = 2\'\/y, and the primes denote derivatives with respect to 
From our previous dLsctusrion and from the values of Table 47 we know that 
the functions and and their derivatives and have an oscillatory 
character such that the oscillations are damped out rapidly as the distance 
y decreases. These functions should be used in investigating the bending 
of a conical shell produced by forces and moments distributed imiformly 
along the edge y — 1. The functions and with their dcrivath’es also 
have an oscillatory character, but their oscillations increase as the distance 
y decreases. Hence the third and fourth terms in solution (/), which con- 
tain these functions and their derivatives, should be omitted if we are dealing 
with a complete cone. The two constants C'l and Cs, which then remain, 
will be determined in each particular case from the boundary conditions 
along the edge y — 1. 

In the case of a truncated conical shell there will be an upper and a lower 
edge, and aU four constants Ci, . . , , in the general solution (/) must 
be considered to satisfy all the conditions at the two edges. Calculations 
.show that for thin shells such as are commonly u.sed in engineering and for 
angles a which are not close to •k-/2, the forces and moments applied at one 
edge have only a small effect on the stresses and displacements at the other 
edge.* This fact simplifies the problem, since we can use a solution with 


* A very complete discussion of conical shells is given in F. Dubois’ 
doctorate dissertation "Ober die Festigkeit der Kegelschale,” Zurich, 1917; 
this paper also contains a series of numerical examples vrith curves illustrat- 
ing the stress distribution in conical shells having various angles at the apex. 

* For a 84 deg., F. Dubois found that the stress distribution in a trun- 
cated conical shell has the same character as that in a circular plate v/ith a 
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only two consfnnts. Wo hpo llio forms of tlio jntogral (f) with the constants 
Cl and Ci when dealing with the lower oiIko of the shell and the terms with 
constants Cj and C, alien consideritifc the conditions at the upper odKC. 

To calculate these constants in each particular C!L“c we need the expressions 
for the angle of rotation T, for the forces .N% and Ne and for the inoincnts 
dfv and Me. From l'>i«. (c) and {<1) of Art. 03 we have 

N^ " tan or, 

ill' iI(t.Q^) iKijQt,) 

A t — 7 “ ,• ■ " tan n. 

ilij il’J 'i’J 

From the first of the (‘(piations (2i't3j we obtain the rotation 



j „ , 

r.ii I.!. 


. iLyQ,) 

U ■ -r - , - - Q, 

liy il’j 


{/‘) 


The hending moments a.s found from Isj-r. t2>>0i are 



I5y sulistituting <j tan « for <t in Fip t; of Art. Pi ue fmd 


j -iJi ii *1 

El 


o' vV/‘ 




(«•) 


CO 


Thus all the fpiaiitilies that define the bending of a cone-al .“-liell are t'xpn'.S'ed 
in terms of the -le-aring fotee v.hieb i' given !>y the general solution (/). 

'file funetions <; • v , and tle ir first derivatives ate given in Table -t” 

for { < For larger value- r tf;easyit;ptot! 'expri'.-s,‘.j;t,s fpage-tilt)) 

of the-e fiitu i iii!i“ c.ui le- u-e,! -aith -utlwient aeeuracy. 

As an eiamph- ve take the ea->- repri -i-nti ti in Fig. IS.'vr. We as'-uinie that 
the sliell j., loader! only by its •,\etght and that tie- e<ige (y «» /i of the shell 
can rotate freely but caiiiiot mov<- laterally, (’otisidering first the corrv- 
.sjeuiding. tnemltrane prohh-m fl'ig. iss.'.), we find 


.V, 

A'. 


-ijy sill o tan «, 


(/■•) 


when- <j is the Weigh; p'T uiiit area of the -shell. As .a n.-sult of these forces 


hole at the ei-,iter. 'I'hi- indieates that for such angh-s th.e forces and the 
moments ajijilied at both lalge-s mu.st fte cotisidi-red •iimultaiuHnisly. 
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there Tvill be a circmnfereiitial compression of the shell along the edge of 
the amount 


? = ~ = ~ 
Eh 


qJ- 


2 cos a. Eh 


(2 sin- a — v). 


© 


To satisfr the boimdary conditions of the actual problem (Fig. 188a) 
•we must superpose on the membrane stresses given by Eqs. (/:) the stresses 
produced in the shell by horizontal forces H (Fig. 188c) the magnitude of 
•vrhich is determined so as to eliminate the compression (Z). To solve this 
latter problem we use the first two terms of solution (J) and take 


vQy = 






Ci 


=($) 


2., 


(f) 


(m) 


The constants C\ and C- will now be determined from the boundary 
conditions 


(^7y)j^2xVr “ ~ «f^sin O' 


ql- tan 
” 2Eh 


-(2 sin- a 


"), («) 


in which expressions (f) and (j) must be substituted for M.j and o. After 
the introduction of expression (m) for yQ.j, expressions (r) and (?) become 


3/, 




4(1 — y) 

(^) -r 2(1 — j')i!'j(?) — — 


-f C; 


S-y,(«) - 2(1 - - i^l^V.'(f) 


}• 


(o) 


y sm -- . sm a tan a 

o = — — (As — vN.jJ — ■ 


Eh 2Eh 

-r Ci 

V sin a tan a 


{c. 


f^'i(f) - 2^^x(s) - |^:(f) 


~ 2)^j(f) -b ~4''i{k) 


} 


Eh 


f.[ 


'('AO -F-^ziO 


+ Cz 


'{'AO — -^'liO 


(p) 

}• 


Substituting 2\'\/i for f in expressions (o) and (p) and using Table 47 
or expressions (2.50), we obtain the left-hand sides of Eqs, (n). We can 
then calculate Ci and Cz from these equations if the load q and the dimen- 
sions of the shell are given. Calculations show that for shells of the propor- 
tions usually applied in engineering practice the quantity | is larger than 6, 
and the asjmptotical expressions (250) for the functions entering in Eqs. 
(o) and (p) must be used. An approximate solution for conical shells, simi- 
lar to that given in the lurevious article for spherical shells, can also readily 
be developed. 
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Tilt' r.'iKt! of 11 t’oiiitiiil silt'll the l!iicknt.'ss of wliirli is proporlionnl to the 
(lisliuifo y from thn npox t-nii also ho riRoroiisIy trcatctl. The solution is 
simpler limn that ftir the f'.'i“e of uniform thickness.' 

97. General Case of Shells Having tlie Form of a Surface of 
Revolution.— 'J’lit! general method of .solution of tliin .shell prob- 
lem.s n.s developed in .Vrt. 9.1 can also be applied to ring .shells such 
as .shown in iMg. bb"). In this way the deformation of a ring .such 
n.s .shown in Fig. 1S9« can hr; diseu.s.scd.- Combining several ring.s 
of this kind, the problem of ettmpre.ssion of corrugated pipc.s .such 
as shown in Fig. ISOh can be tn-ated.^ Combining several conical 



fni. 1S‘>. 


'du ll-;, wt' obtain n corrugated pipe shown in Fig. ISOc. The 
coinpn - dtin of ,*-uch a pipi' can be inve.stigated by using the .solu- 
tion tlevflojjefl for conical shells in tlu^ prt'vious .article. The 
rnetiioil of .Art. tH i.s abo applicablt* to mort' general .surfaces of 
revolution pnivitied tlu' thieknes.s of the wall varie.s in a .specific 

' 1!., V{rrU!jr-A.r •>/•?■, r, Sn'.t'.'fc'fc}.. fiVt. Zorich, voL CO, p. 

23, UU.'i; .“<‘t. iiK> ]'. lltpsii '.is.a'r, ‘'IV''.ip|5,i.iri5»t>ri*t'hming ven Kt'cchclmlen 
rnit liiii-nr viTiitithTlichi-r Wnti'l-tarla',” thtflornl ihfsL'', Zurich, tOlP. 

’ rriihh-m" tif tht.t ktiiil arc rir."n'U.‘!y trvnti'i! tii ihi* paper t'y H. Wis-.^lt'r, 
“Tr<tigk<-it.''!n ri rhmmg veil Hii!t;lh«chi'ri«i-h.'\h-ii,‘’ tloctor.ri thesis, ZOrich, 
101 C, 

' .‘sttrh forrxipnteii pip'-s wore ceariihreit hy K. Sl.'inK'*, InQ-rr.iextr-Arehif, 
vnl. 2, p. -17, 1031. 
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msjiner, that th.e geTi^rral gqTjatioii= (251) and (252) obtain, the 
form (253)/- Tha solution of thgso equatioris, pro-vdded it can be 
obtained, 1= rnraaliy of a complicated natTire and cannot readily 
be applied in sohdiig practical problems. 

At the same time, ail the mdsting solutions indicate tliat for 
thin shell' for ~hicb the angle is is not small, the stresses produced 
by forces and moments rmiformly distrii>uted along the edge are 
of a focal character and die out rapidly as the distance from the 
edge increases. This fact- suggests the u-se in more general cases 
of the .same Hnd of approximate solutions as vrere discussed in the 
case of spherical shells. Starting vdth the general equations (251) 
and (252) ( page 457), vre ne-glect on the left sides of these equations 
the functions 77 and V and their hnst derivatives in comparison 
with the second derivatives,- This results in the following 
slmpIiSed system of equations; 


r; d-U 

ri d<s~ 
r.dW 
r\ d.<s- 


J1 

D 


(a) 


DiSerentiating the first of these equations twice, we obtain 



(h) 


If after differentiation we again retain on each side only one term 
containing the derivative of the highest order of the functions U 
and F, we obtain 

T.dAU ^,diF TArf?7 
r| “ n Z) 

After the introduction of the notation 


w _ 1 Thr? 
4 Tjj 


5(1 - y2) 


zL 

rIZZ 


(d) 


psper, loc. di., p. 4,S5. 

- ini? rsethed r,: ebtstniris nti approzirnate solutton m a general case i? 
dva to J. W, Geckaler, Er/r?.(}MnQzarhti‘f.T.^ n.o. 276, p. 21, Berlin, 1G2G, 
mi ertenaiorL of^BIiiraantiiarH rn.et?iod of esj-mptoti.r: mtogratton on ths 
ger-eral case of sLe!L? in form of a surface of revoluhon iras gh'en by E. 
Steu-errsaiia, ?A Cr/nn. AppL Med.., voL 2, p. 60, 1030, 
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Eq. (c) bccoines 

(PU 

^ = 0 . (.) 

'J’his is of the same form as JC(j. (/) in Art.. 95, wliicli ivns obtained 
for splierical shell.s. Tlio difTerence bf.*t\veeri tiio two equations 
eorisist.s onij’ in the fact that the factor A, (^iven b3’ expression (d), 
is no longer constant in the general case but varies with the angle 
V. Since liie function O' dies out rainrlh' as the distance from tiic 
edge increases, we can oi)tain a satisfactorj' approximate solution 
of Eep (r) I)}’ replacing A l)j- a certain constant average value. 
The approximate solution previously- ol)tained for a sj)here can 
tlien be direct Ij- applied henr. 

To obttiin a more .-^.'itisfactory' result the .shell can be divided 
by- parallel circles ijito several zone,-; fur each of wliicli a certain 
constant average value of A is tised. beginning witli the first 
zone at the (‘dgi; of the shell, the two constants of the generrd 
solution (275) are obtained from the conditions at the (>dge in (he 
satm* mamier as was illustratcil for a sjdierical shell. Then all 
{piaiitilie.s defining the deformations anfi stresses in this zone are 
obtained from I'iqs. f'27f>). Tin- vahi>'.s of these fpjjintities at the 
end of the first zone give the initial value.s of the same quantities 
for the second zone. Tints, after changing tlie nttmerical value 
of A (or tin- .second zone, w<- c.-tti eontintie the calculations by 
agaifi tisiiui the general .solution <275).’ 

If tlif- factor A can be n pre- < nfed by the expression 


in which n and h arc constants, a rigorous solution of Eq. (e) can 
be obtained,- However, since Eq. (c) is only an approximate 
relation, such a rigorous .•-olution apparently- has little advantage 
over tin- previously- dc-cribed approximtite calculation. 

' .Vii npjitisnuosi of t!u». iie-tlioii to till- cjiti-nlatsoa of stn-s.-t's in fu!! hf-.-nls 
of jir< ‘*!irc vc*‘eb i-' civ<n in t?e- jrqv-r t>y W’, At. f'o.'Uc-., Tmn*. .Iw. Si^:. 
.t/sf/;. , v»!. .V.', p. iir, 

( os't.fti’r's (■:{., |i. -JSl; :i!i npjilir.ition of tliis foUition to 

till- (••\!ciil:>lioii of in a ijosnc i-< given in Flugco’s hook, 

‘‘Stntii; nml iJyiwnii!; ti< f Srhah-n,” p. 172, H'-rlin, 1035. 
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A 

Anisotropic plates,. ISS 

Anticlastic surface,. 39 

Approjumate calculation, of critical 
loads, 313 

Approrimate investigation of bend- 
ing, of cylindrical shells, 44t) 
of .shells haring form of surface 
of revolution, 481 
of spherical shells, 4G7 

A^^mptotic integration, of equation 
for bending of spherical shells, 
407 

Average curvature, 37 
E 

Bending moment, relation to curva- 
ture, 41 

Bending moment-!, in plates, 41 

31011/6 circle for determination 
01 , 42 

in shells, 3-54 

Bending of plate, under com- 
bined action of lateral loads 
and forces in middle plane of 
plate, 299 

to cylindrical .surface, 1 
by lateral load, 8-5 
lev moments distributed along 
the edges, 39, 199 
rigorous theorv of, 105 
to .spherical surface, 46 

Boundarv conditions, for built-in 
edges, 89 

for curvilinear botmdary, 93 
for elastically supported edges, 92 
for free edges, 89 
KirchhoS’s derii'ation of, 9-5 
for simple' supported edges, 89 


Buckling, appro.rimate calculation 
of forces producing, 313 
of circular plate, 322 
of compressed angle sections, 317 
of elliptical plate, 325 
of rectangular plate vrith built-in 
edges. 320 

of rectangular plates with tvro 
opposite edges simply sup- 
ported, 314 

Buckling load fsce Critical load) 
Built-in edge, boundary conditions 
for, 89 

(See aho Clamped edges) 

C 

Circular hole, in circular plate, 63 
Circular membrane, corrugated, 337 
deflection of, 337 
Circular plate, central hole in, 63 
concentrically loaded, 63 
corrections to theoiy of bending 
of, 78 

diflerential equation for, 58 
eccentrically loaded, 266 
on ela.stic foundation, 275 
large deflections of, 3-33, 338 
under linearh* varying load, 260 
loaded at center, 73 
supported at several {joints, 270 
symmetrical bending of, 55 
symmetrically loaded, .57 
table for deflections of, 68 
uniformly loaded, 58 
of variable thickness, 282 
Clamped edges, boundary condi- 
tions for, 89 

rectangular plate vrith, 222 
Columns, bending of plate sup- 
ported by rows of eauidistant, 
239 


487 
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CoinbitK'd action, of lateral load and Cylindrical (•licll.a, approximate in- 
forccji, in middle plane of plate, 

290 


Concent ratnl load, circular jdate, 
under centrally applii-d, 73 
under eccentrically applied, 
200 

local stress's under, 7'i 
on plate on elastic foundation, 2.V2 
reetanmdar plate, with clatnju'd 
('di;es under, 220 
vitli simply suiijeirted edi^ec 
under, CiO, 17! 

Conical slu'll“, liciuliny fd, •i7.> 
nietnlmiue stre^-e-; in, nc,2, ;{77 
Con-laut stri-UKtli. sltells of. "00 
Contiiuiou'- rr-etanyular plat*--. 2.'!2 
( 'ornutati'd cirenla.r plate*, 3r)7 
Corruv.ated pip- -, utuler .axt;-.! coni- 
prt '■ ion, •!’'0 

Critii-al !v>;ei. for circul.-.r pl-u.*-, a22 
for { lliptic.il plat*-, .‘-PJo 
metlreh of lietcrniinatio'i of, oil 
for re-'t.at!i;u'ar jdate V. ith loult-i:-, 
edl'e-, 2i2ll 

jor uiiif'>r!nly co;:;pr>~'- 1 re--- 

laf.'ivd plate v.ith i”.i»oji;-.o 

*!i>- 1 1 !,*' < '■'.mply ><'!p;“'ri>'l, 


Curvatur--, avi r.v,p-, .37 

1' -teiite.t of plat. li ir.iti.al, 

27. :?2''. 


of sh.-htlv M 

plat' 3! 

; mall jn;t!-.!. 32 


f 'urvatur.-, pr.ii'-;; 

Ml. ;i7 

('iir;'. '1 plate ., 

-•eiti.g of inltiilly. 

( 'tuvibtiear !■.'>•,!! 


for. f‘3 


( 'ylindro-.i! b- ■;.] 



fdat* ■ !!! hull of *^!iip, 21 
of p! it.-, 1 

‘.‘.Ith loult^iu edci-,, 10 
din>-:e!it!a! etpiati-'ii b'r, 1 
v.!tfi ela- ti -;d!y iiuilt-iis edtres 
17 

V. itli simply rujijmrtei! eile,-;. .} 
of p!'0* a, on elus.tii" fonii'lation, oil 


ve.stiyation of bendini; of, *1-10 
bent by forces distributed along 
edgt-s, .)02 

deneclion of uniformly loaded 
jvartion of, -}-!3 

genera! i-fpiations for deflection of, 
•?)0 

general tlnauy' of, 3?9 
inextenvionnl deformation of. 427 
ii‘.embr;vne tlii-oiy of, n'v? 
reinforeed by ring*, 40.3 
supjwrted at end-j, under liydro- 
str.tic pr<a '■-■ur*-, 441 
‘yinno-trieally load's!, SSD 
tliermal .stre.- '-^ in. 422 
umler iirii.'’or;!! intenial pn's-Tirc, 
3'.)s 

( 'y!in'lrj'*al t.atd.", v.itb non-uniform 
v.al! thi.-5;r:e -, 413 
with ntiiform v..s!t thickness, 410 

I) 

D.-fleetinn, of elliptical platfs? (i'f 
l.'lhjitica! j)l,ate..i) 
of hiter-ally load's] ])!at'-s, 53 
d;!T> re;it!al e'pt.atinn fo.', SS 

Large, 

lutiit-ati'-ns rigarding, .ol 

-t:-,:-.!!, S.*. 

of plate-', uroh'r combined lateral 
I'.'.iling s.tid held in middle 

(d,-.!;e, 2'Xi 

of j»>rt! ':! of cylindrical sh.cll, 443 
of ••tatig-’L-.r pl.vte-'', witii .-.juiply 
s:!;if'''rt'’d (slges, 113 
cif .anl-''tri>j>’.c material. IflS 
utidef c<>!ice:stnit(si load, 15i>, 
174 

line til temiK-nsturc gr.idient, 
170 

litnier bydn'-tatic lo.ad, 13! 
of infinite !<-ngth, Ui7 
jeartiiilly lo-.uicd. Ml! 
under siiut-oida! load, 113 
uriih r triangular load, 143 
uniformly lo;\dc<l, !2.‘> 
of variable thickiKVs. 10! 
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Deflection, of rectangular plates, 
with %'arious edge condi- 
tions, 199 

vdth all edges built-in, 222 
v/ith three edges simply sup- 
ported and one clamped, 
211 

with two opposite edges sim- 
plj' supported and other 
tv/o, clamped, 20-1 
v.dth two opposite edge-s sirn- 
plj' supported, third edge 
free, and fourth edge built- 
in or simply supported, 
215 

of triangular plates simplj' sup- 
ported, bent by moments 
uniformly distributed along 
boundarj', 102 

under concentrated load, 294 
due to temperature gradient, 
101 

uniformly loaded, 293 

Developable surface, bending of 
plate to, 51 

Diaphragms, conical, under uniform 
pressure, 475 

spherical, under uniform pressure, 
403 

Differential equation, for bending 
of plates, anisotropic, 188 
under combine<i lateral loads 
and loads in middle plane 
of plate, 301 
to cylindrical surface, 1 
with large deflections, 343 
under lateral loads, 88 
for bending of spherical shells, 
459 

for deflection of membranes, 344 
for symmetrical bending of cjdin- 
drical shells, 391 

Discontinuity stresses, in ellipsoidal 
boiler ends, 409 
in pressure vessels, 407 
Displacements in symmetrically 
loaded shells, 370 


E 

Ellipsoidal ends, of boiler, 409 
Ellipsoidal shells, 304 
Elliptical plaP*', unifonnly loaded, 
with damped edges, 290 
with simply supported edges, 
292 

Jflongations, due to bending of 
plates, 40, 304 

Energj' method, applied in bending 
of plates, 120, 303, 307 
in ealciilatirig large deflections, 
333, 345 ^ 

Exact thcoiy, of plates, 105 
F 

Finite difference equation, for deflec- 
tion of rectangular plates, 1 80 
for large deflections, 3)4 
Flexural rigidit}', of plate, 3 
Free edge, boundary conditions 
for, 89 

G 

Gridwork Hyntem, bending of, 190 
II 

Hull of ship, bending of bottom 
plates of, 21 

I 

Images, method of, 174, 294 
Inextensional deformation, of cylin- 
drical shells, 427 

Initial curvature, bending of plates 
vritli, 27, 320 

L 

I^rge deflections, 329 
approximate formulas for, 333, 349 
differential equations for, 331, 343 
of rcctangiilar plates, 347 
of uniformly loaded circular plates, 
338 
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Lornl Ktrcs-ips, under concoiitnited 
loud, 75 

Ix)np; rertniit;tdnr plates, 1, 1(17 
hendiiif; of, to rylindriea! fitir- 
face, 1 

with huilt-iii edpcs, 10 
on elastic foundation, ,"10 
witii elastically huilt-in e<ipe.-', 17 
with sirnidy fiii[iporled edpes, 
Hinall initial cylindrical ('urvaturi- 
in, 27 

M 

Mi'inhranc erpiatioii, application of, 
in hcndinp of plate--, li'j 
Mcinhninc forces, in «!icl!*., r’.'d 
Mcinhranc thcorj', of cylindrical 

shellv, .'{Kd 

of shell', 1551 

Meinhrancs, di-flection of cinnilar, 
15157 

deflectio!! Ilf Mpiarc, 315 
difTcrenti.’d ^'I'f.'ttion, for de'lec- 
lion of, :i 1 ! 

Middle plane, of plate, 31 
Middle fiiirface, of plate, 3} 
of .-hell, 351 

Mohr'*- circle, for deterniinitiy cur.'a* 
tiirc'i, 3s 

for deti-rniininp tnotnent-, -52 

N 

Navier ’ohitioii, for iKirtinn of 
cyhtidr;c.al * hc!I, -1 1.3 
for -iinplv '■ipjvirli'd pl.ate--, 17 
Neutral .-irface, .|0 
N'on-luie ir pruhti-ins, in le-ndiuK of 
circuh'.r plate-., 2^7 

1 ’ 

Plates, circular, 55, 270. 27.5, 

2'^2, 33:5. a;5H 

under (yiudime 1 lateral load ami 
force- 111 middle ('lane, 2'.>15 


Plate.K, on ela.-tic foundation, 30, 248 
on equidi.stant eohunns, 239 
with larpe defleetionf!, 329 
reetnnpular, ."iinnlv supported, 
113 

with \'ariou.s edpo ronditions, 199 
of various rliapr-s, 257 
Pol.ar eoordiiiate.s, in bendinp of 
(dates. 257 

hendiuK and twi.stinp rnoinonts 
••x(iri-."ed in, 259 
differ'-ntird e<iuation for deflec- 
tions in, 2.58 
Prc.-'aire ve-.el.s, 40*1 
di'continuity .stre.-.-i-s in, 407 
Prii!ri()a! eiiraattirr-, 37 
(il.an'a of, .37 

Pure hendinp of (drites, nnlid.'i.-tie 
.-urf.acc in, 47 

limitation of ileflis-tion in. 51 
('articular ca-e,,' (,f, .(.5 
ri'latiof! iietu'e.-n hemline mo- 
ments atid eiirvatun.' in, 39 
.-hijv {-,nd curvature in, 3l 
strain em rey in, 49 

J1 

Ite-.ictiom.. at l-ound.aty of .--imply 
rrs('jvirt'-d rect.anctil.ar ('late, 
(imler hydr»“tnt!c load, 1.39 
under triangular load, 14.3 
utid'T uniform load, 131 
Uectangular j'lates, a[i[)!ication of 
cti'Tgy iiiethoil in catciilaline 
tleflections of, 120 
ti.-:iding, <if ani-'tropic, 1S.8 

hv moments dlstrihuted along 
'cdg.-'of. 199 
of vartah!'- thie5;iK>s, 19! 
rh-n.-etion of. by finite differenee 
method, 180 

under hydro'tatie ('rw-sim', 134 
of infinite length. IG7 
loaded by coneentmted load, 1.50, 
174 

(cutially loadisi, 140 

with t.im(dy KU('i>ortcd edees, 113 
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Rectangular plates, under sinusoidal 
load, 113 

thermal stresses in, 176 
under triangular load, 143 
Tinder uniforni load, 117, 125 
vrith various edge conditions, 199 
vrith all edges built-in, 222 
vdth. three edges simply sup- 
ported and one edge built-in, 
211 

vrith tvro edges simply sup- 
ported and other tvro 
clamped, 204 

•with tvro opposite edges simply 
supported and other two 
supported elastically, 219 
•with two opposite edges simply 
supported, third edge free, 
and fourth edge built-in. or 
simply supported, 215 
Ei^dity, fiezuraL 3 
Rigorous theotv', of plates, 105 

S 

Sector, plates in form of, 272 
Shear, due to bending of plate, 44, 
ISl 

Shearing strain, in plate, 44 
Shearing stress, in plate, 44 
Shells, conical, 362, 377 
of constant strength, 366 
deformation of, ivithout bending, 
351 

displacements in sjunmetrically 
loaded, 370 
ellipsoidal, 364 
in form of torus, 365 
membrane forces in symmetrically 
loaded, 356 

non-symmetrically loaded, 373 
spherical, 361, 379 
■wind pressure on spherical, 374 
Simply supported edges, boundary 
conditions for, 89 
rectangular plates with, 113 
Spherical dome, Tinder action of 
its weight, 453 


Spherical dome, approximate analy- 
sis of bending of, 467 
example of bending stress calcu- 
lation for, 474 
membrane forces in, 359 
supported at isolated points, 379 
•wind pressure on, 374 

Strain energj-, in pure bending of 
plates, 49 

Strain energy' method, in calculating 
critical loads, 312 
in calculating deflections, 120, 
303, 307 

Stress function, in calculating mem- 
brane forces, 375 

in equation for large deflections, 
343 

Stresses in plate, normal, 45 
sdiearing, 45 

Successive approximations, in calcu- 
lating bending stresses in shells, 
452 ^ 

Surface of revolution, bending 
stresses in shells having form 
of, 480 

shells having form of, 356, 450 

Sv-mmctrically loaded cylindrical 
shells, 389 

particular cases' of, 395 

Sjunmetrically loaded shells, having 
form of surface of revolution, 
356, 450 

displacements in, 370 
equations for determining mem- 
brane forces in, 358 
particular eases of, 359 

Symmetrically loaded spherical 
shells, 458 

SjTiclastic surface, 39 
T 

Tanks, of constant strength, 366 
cylindrical, with non-uniform vrall 
thickness, 413 

with uniform wall thickness, 410 
spherical, 361 
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Thormnl Btrc“srfl, in cylin'lricitl 
Hlu'lls, •1*22 

in plutcs with ehmipcd 
in Hiinply Fnp|)ort(‘<i ri'nlniiKuhir 
plnti-.-i, 170 

in fiplipriciil bIicIIh, -lOt) 
in triunpilnr plntfs, 101 
Triiintpihir hcul, r.-cCinRulnr phit/-<! 
nndiT, MO 

Trinny.iihir idntp, ‘•imply ‘•npiMirUti, 
hi'nilini; hy nmmi-nt.'i uni- 
formly (li.‘'lril>ul'‘il (lions; 
houmhiry of, 102 
lonrh'd by foiirr iitmtcl lo.-itl, 27-S 
thiTimil Bln-.- in, 10 > 

uniformly lon'h il, 200 
Twiht, of Mirfni-o, OCi 


rwislinj; moment, 42 
(■xprc“-sed in tcrnmof deflections, 44 

U 

1 ’niform lo:nl, eircnlnr pkte under, .'>9 
rlnmivd rectmiKuliir plate under, 
222 

contimions rcetanuular plates un- 
der, 2.T2 

portion of (lylindrical shell under, 
442 

.-imply Mipported reetnnpular 
jdale under, 117, 123 
on • pherieal «hi'l!, 4C.1 

W 

Wind pn- ■ mri', on “plserical dome, 274 



